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Chapter 1

Introduction

The AdS-CFT duality is a string theory -based, conjecturedE] relation between string
theory in Anti de Sitter space and conformal field theory in Minkowski space. On a
specific limit the duality simplifies to a relation between ordinary general relativity and
conformal hydrodynamics. The purpose of this thesis is to give an introduction to this
subject. Although many introductions are already available, this aims to differ from them
in various aspects. Firstly, the objective has been to collect all information needed for
the process of deriving conformal hydrodynamics into one work and to represent it in a
chronological way, i.e. explaining subjects along the way instead of providing first some
knowledge whose purpose is revealed only after several chapters. Secondly, we have tried
to fill in the gaps in the reviews written by some of the most brilliant researchers of this
area, gaps that might seem trivial to those who have explored the subject for years, but
puzzling to newbies. Finally, the emphasis has been on a straightforward point of view,
meaning that we have chosen to explain things using the approach, which is easiest to
find or to understand? instead of the mathematically most beautiful or most generalizable
approach, if the generalizations and mathematical formulations are not needed for what
is represented later in this thesis.

Of course, within the scope of this thesis, some things had to be left out. We expect
the reader to be familiar with general relativity, specifically with black holes. Also we
expect that the concept of quantum field theory and its path integral formulation is
known to the reader. As a smaller subject, conformal symmetry is expected to be known.
Otherwise this thesis is supposed to be as self-explanatory as possible. This is not to
say that all subjects related to the AdS-CFT -duality are explained here. It would be
impossible to fully describe string theory and supersymmetry here, as they are subjects
to whole books. Nevertheless, as the thesis is aimed for younger students, it would have
been unwise to have these subjects as prerequisites here. Therefore, the decision was
made to only give short, qualitative descriptions for these subjects and to merely list the
results needed from them in this thesis. This was possible, as during the main process of
deriving hydrodynamics from gravity one does not have to be immediately aware of the

!Conjectured in a mathematical sense, the duality has passed all the numerous tests made so far.
2What is the most straightforward way is naturally always contestable.
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deeper foundations of the machinery although it will be useful when trying to apply it
further. For readers not familiar with but interested in these topics, references to various
books and introductory notes are given.

We begin by reviewing some concepts of hydrodynamics and providing a way to
derive relativistic hydrodynamics up to some constants. Then we go through the same
procedure for conformal fluids. The rest of the thesis is about a process which fixes the
constants for the conformal fluids. In chapter 3, we will motivate the conjectured AdS-
CFT -duality, based on string theory, and then show how it simplifies at a certain limit
to a practical machinery between gravity and conformal hydrodynamics. In chapter 4,
the machinery is used in order to sketch a procedure giving conformal hydrodynamics as
a gradient expansion. Then it is used to compute the stress-energy tensor for conformal
fluids explicitly up to first order. Here some mechanical calculations made using Maple
are omitted, as it would probably not be illuminating. Finally, some further results are
noted.

Throughout this thesis we use the mostly-plus metric, 7’ = diag(—1,1,...,1). Also
the Einstein sum convention is used.



Chapter 2

Hydrodynamics

Originally, hydrodynamics meant a dynamic statistical description of liquids. However, it
can be seen in a wider perspective as an effective theory for any interacting many-particle
model, or more generally, for any interacting field theory, under certain conditions. These
conditions are called the hydrodynamic limit of the underlying theory. In the following,
we will specify what this hydrodynamic limit means, and then formulate hydrodynamic
equations for any relativistic theory. After this we will consider the special case of con-
formal hydrodynamics, i.e. the hydrodynamic limit of any conformally symmetric field
theory, which is the most important result of this chapter needed later in this thesis.

2.1 Hydrodynamics as an effective theory

In hydrodynamic description, one wants to specify the state of the system using only
thermodynamic variables (T, p, p, U,...), which are continuous variables in space and
time. Then one needs some dynamic equations (involving some constants typical for the
system examined) defining the time development of the system. Clearly, this is not always
possible. Before moving to hydrodynamic evolution, consider first the conditions under
which the state of a system can be exactly described using only the thermodynamical
variables. In order to have well-defined temperature, the system has to be in thermody-
namic equilibrium. Also, as the thermodynamic variables are continuous in space, there
may be no structure, as point-like particles, even when considering very small scales.
On the other hand, the matter has to fill the whole space considered in order to have
thermodynamic variables defined everywhere. These conditions can be summarized as

1. Global thermodynamic equilibrium
2. Continuous matter filling all space at all scales

It is clear that no realistic situation satisfies these conditions. However, usually when
considering a many-particle situation, one is not interested in the physics of arbitrary
small scales. Therefore, if the aforementioned conditions are satisfied above some length
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scale [, it should be possible to obtain hydrodynamic description which similarly is valid
(i.e. a good approximation) above this scale.

Every interacting many-particle or field theory has a built-in length scale, the mean
free path l,,,¢,, which is the average distance a particle travels between successive collisions
or, more generally, interactions. Intuitively, if we examine the system only at scales
[ > lnyypp, we can assume that enough collisions take place to relax the system into
local thermodynamic equilibrium, so that the hydrodynamic description is valid at all
scales examined. We can approach the situation more formally: first assume the whole
system is in global thermodynamic equilibrium. Then the hydrodynamic description
is trivially valid at all scales above any small-scale inhomogeneities, which violate the
second assumption above. Then, let some fluctuations take place around this global
equilibrium. If the fluctuation wavelength A > [,,4,, we have local thermodynamic
equilibrium everywhere. Of course, the fluctuations have to be long also in time, so that
for fluctuation frequency w we have wt,,;y < 1, where ¢,,5; is the mean time between
successive interactions. So we can formulate practical conditions, under which we can
have a valid hydrodynamic effective description for a field theory or classical many-body
system [I]:

1. For all fluctuations around global thermodynamic equilibrium, kl,,;, < 1 and

2. We examine the situation only at scales | > l,,,5, and At > ¢, 5.
3. There are no inhomogeneities at scales | > .

The last condition is rarely restrictive, as the scale of inhomogeneities (for example, the
size of a particle or localized wavefunction) is usually much smaller than [,,,. If not, the
particles are either very big or sparsely scattered, so that one intuitively does not even
consider applying the hydrodynamic approach.

2.2 Relativistic hydrodynamics

In the following, we consider 3-+1 -dimensional relativistic hydrodynamics. The stress-
energy tensor T contains all information about the energy and momentum density of
the system. These are conserved because of Poincare symmetry and these conservation
laws can be summarized as |2]

VT =0 (2.1)

This equation contains four scalar equations. The stress-energy tensor can be calculated
from the action of the theory as |2]

0L,

TP = 2 9P Lo, (2.2)

Jap
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where L,, is the matter part of the action, i.e. one gets the total action by adding £,, to
the Einstein-Hilbert action. Note that the stress-energy tensor is symmetric.

However, as we are looking for an effective, hydrodynamic theory, we do not want
to compute the stress-energy tensor from the exact, underlying action, which in general
can be unknown. As the stress-energy tensor contains thermodynamic information, we
should be able to express it using thermodynamic variables. The relevant variables are
the energy density p (note that this consists of both the rest mass energy and kinetic
energy), the densities of conserved charges ¢;, fluid velocity u,, pressure p, temperature
T and chemical potentials ;. Of these, p, T, u are intrinsic and are defined by a system-
dependent equation of state in terms of the other variables. [3],[4] So we have 5+ I scalar
variables left in total, where I is the number of conserved charges. As already mentioned,
equation (2.1]) gives only four scalar equations, so we need more equations in order to
formulate the effective hydrodynamic theory. First, for the conserved charges we trivially
have

V. Ji =0, (2.3)
where J! is the current corresponding to conserved charge ¢;. This gives I scalar equa-
tions more. One more scalar variable is removed by noting that u,u* = —1. Thus the
effective hydrodynamic theory can be formulated as

VoI = 0
V. Ji =0 (2.4)

All that remains is to define 7*?and J¥ by using the above-listed variables of this effective
theory.

2.2.1 Ideal fluid

We begin with the stress-energy tensor and conserved currents of an ideal fluid. Ideal
fluid consists of identical, noninteracting particles, the velocities of which are isotropically
distributed. In the local rest frame we can then deduce the form of the stress-energy
tensor directly from the standard interpretation of its components [2]:

T is the energy density, in the rest frame it is just p

TY is the i:th component of energy flux, so for ideal fluid in its rest frame it has to be
Zero

T% is the k:th component of the flux of the i:th component of momentum. As in the rest
frame the situation is isotropic, we must have T = Cd; ;. The T%-components are
easily interpreted: the change of momentum across a surface is equal to the force
across the surface, so these diagonal components are just the pressure p.

Thus, noting that in the rest frame must be u* = (—1,0,0,0), we can write the stress-
energy tensor for ideal fluid in its rest frame as

T = pu®u® + p(g™® + u*u?). (2.5)
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As this is already in covariant form, (2.5) is valid in any frame. The conserved currents
are trivially
Jr = quut. (2.6)

2.2.2 Gradient expansion

Ideal fluid is a simple but not a very realistic model. It does not capture any dissipative
effects, which we know through our everyday experience to be present in most realistic
fluids. The standard procedure to create effective theories for QFT’s is to list all terms
allowed by the symmetries of the exact theory and add them up, multiplied by phe-
nomenological constants to form the effective theory Lagrangian. Correspondingly, we
can now list all terms allowed by the fact that the stress-energy tensor is symmetric and
then add them up to form the stress-energy tensor and conserved currents. As noted be-
fore, the condition for having a valid hydrodynamic description was that the wavelength
of the fluctuations around global thermal equilibrium is long. Therefore, it is sensible to
write the stress-energy tensor and the conserved currents in a gradient expansion: the
more derivatives in a term, the smaller it has to be, as short-length fluctuations do not
exist [3]. It means that we list the terms up to some order of derivatives. In principle,
we have to consider the derivatives of u*, p and p, but when considering the n-derivative
terms, the n — 1 -order equations relate the n:th derivatives of p and p to the n:th
derivatives of u*, and we can use these equations to eliminate some of the derivatives.

We can further constrain the number of allowed terms in the expansion. Because in
general relativity, mass and energy cannot be distinguished, we have an ambiguity defin-
ing the velocity field: it is not unambiguous, whether it is the velocity of the conserved
charges, the velocity of energy or something else. Here we choose the Landau frame,
following [3]. It means, that we define the velocity field to describe the energy flow,
i.e. we define u* so that in the local rest frame, the components of the stress-energy
tensor longitudinal to the velocity give the local energy density. This is exactly what we
did already when forming the stress-energy tensor for ideal fluid. We see that it can be
written as follows:

T = puu’ + pP*, P = ¢ 1y = (2.7)
P*us = u®4u*(—1) =0 and P*’Ps, = g% + 2u*u, — uu, = P*’gg,

So P*? is a projection operator to the subspace orthogonal to the velocity. The com-
ponent longitudinal to the velocity is the local energy density and we are indeed in the
Landau frame. An equivalent definition for the Landau frame is that the dissipative part
of the stress-energy tensor is orthogonal to the velocity field. If it were not, the com-
ponent of the stress-energy tensor, which is longitudinal to the velocity, would contain
dissipation, i.e. energy flux, which would be in contradiction to the original definition
of Landau frame. Thus we have three constraints for the terms to be included in the
gradient expansion:

1. The stress-energy tensor is symmetric
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2. We are in the Landau frame, so (T — pu®u®)ug = 0

3. The lower order hydrodynamic equations constrain the number of independent
terms

Next we will construct the gradient expansion to the first-order. As there can be only
terms orthogonal to the velocity field in the expansion, it is useful to list separately the
scalar, orthogonal and longitudinal parts of the constraint equations from the expansion
to the zeroth order:

ugVoT% = 0=
U’ UV op + pusu’Vou® + pusu®Vau”
+us P’V op + pusu’Vou® + pusu®Vou’ = 0 <=
—uVop— (p+p)Vou® = 0 (2.8)
af
Py VoT ) = 0=

P, u®uPVop + pPﬁuuo‘V&uﬁ + pPguuﬁvauﬁ +
P3PV op + pPsuVou” + pPsu’Vou’ = 0+
(p+ P)Psua’ + PiVap = 0 (2.9)

VJi =u'V + ¢Vt = 0 (2.10)

where we have used a® = uVVWufB , the acceleration.

We can eliminate all other derivatives except velocity gradients and the acceleration
term (p + P)Ps,a” using the constraint equations —. However, as the acceler-
ation is orthogonal to the velocity, it can not be part of any two-tensor in the Landau
frame containing only one derivative. Therefore, for the stress-energy tensor, we need to
examine only different combinations of velocity gradients. Decomposing Veu? gives

1 1
Vvl = —u'VouP + §(V”uﬁ + VPu®) + §(uauvv~yuﬁ +u u'Vu®)
1 (63 1 (03 (64
1 1
+§(u°‘u“’V7u6 —uPuIV u®) + ﬁVﬂﬂPaﬁ
1
= —ud’+ 0" +w + mmﬁﬁ, (2.11)
where we have defined
1 1 1
o8 — §(vauﬁ + V) + §(uamvvuﬂ + PV u®) — ﬂVWJ.DW (2.12)
1 1
W = §(Vauﬁ — Viu®) + §(uauwv7u5 —u UV, u) (2.13)

g = V7 (2.14)
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Clearly, w®® is antisymmetric and thus cannot be part of the gradient expansion. Also,
0 is clearly symmetric and traceless:

1
0%, = V%u, +uu"Vyu, — ﬂvvznpg
= V%, +u*u"Vyu, — Vyu! =ua, =0 (2.15)

and orthogonal to the velocity:

1 1 1
Uaﬁzw = éuﬁ(vo‘uﬁ + Vﬁuo‘) + §uﬁ(u°‘a5 + uﬁao‘) —T 16’Po‘ﬁu5

1 1 1 1 1
= §u5vauﬁ + §uﬁvﬁua — éao‘ = §u5vau6 = —§uﬁvauﬂ =0, (2.16)
where the second last equation comes by partial integration. Therefore, this will be
included in the gradient expansion. Another term included is P%%, as it is symmetric
and orthogonal to the velocity. The u®a® -term will not be included, because we are
working in the Landau frame and one easily checks that this term is orthogonal to P5:

u®a’ Pog = u®a’(gap + uaug) = —1+ (—=1)% = 0. (2.17)
Thus we have the relativistic stress-energy tensor to the first order in gradient expansion:
7% = pu®u® + pP*? — 2na*? — O PP, (2.18)

The coefficients have been chosen so that when considering the non-relativistic limit,
the usual classical hydrodynamic equations are recovered. [3] We can interpret the mean-
ing of different terms already before any calculation, by analogy to the classical situation.
w* is “cross-product -like” term, and must be the vorticity, as it is antisymmetric and
does not cause dissipation. ¢ is the traceless symmetric part of the stress-energy ten-
sor, so it represents shear stress, and therefore 7 must be the shear viscosity. As 0 is
a “divergence-like” term and contains dissipative effects occurring in the flux direction
(diagonal terms), it must represent the viscosity of the fluid, so ¢ is the bulk viscosity.

We have not yet calculated the first-order corrections to the conserved currents, let
us do that next. Here, we can again eliminate some terms using the constraint equations
—. However, as we are now searching for vectors in Landau frame, not two-
tensors, the acceleration term (p+ P)Pg,a” is now contributing. Instead, no other velocity
gradient terms contributes: we should contract ¢®’ and w®® with u* in order to get
vectors, but these are both orthogonal to w*, and the only vector we get from 6 is Gu*,
which can not be used in Landau frame. We choose to eliminate acceleration with the
constraint equations, so we are left with

Jr = q — x1 PN oq; — i PPV p — PPV p, (2.19)
which can be written using the chemical potentials and temperature (u; = ¢;7):

Jr = qu — XIJPWYVW% — PV T (2.20)
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We now have the stress-energy tensor (2.18) and conserved currents to the first
order in gradient expansion, and we can get the corresponding hydrodynamic equations by
inserting them into (2.1) and (2.3), respectively. Whereas the form of the conservation
equations, stress-energy tensor and conserved currents is the same, the constants, i.e.
the different transport coefficients that appeared, have to be computed separately for
fluids of a different kind. Depending on the specific situation, one could try to compute
these constants based on the microscopic properties of the fluid, or determine them
phenomenologically. However, it might be a hard task. While the gradient expansion
can be continued quite mechanically to arbitrary order, it will bring forth more and
more constants, and so the challenge of defining them all will grow rapidly in complexity.
Thus, it is remarkable that it is possible to define these constants unambiguously and to
all orders for conformal fluids, with a process described later in this thesis.

2.3 Conformal hydrodynamics

Conformal fluids are a special case of relativistic fluids and the theory describing them
is called conformal hydrodynamics. As hydrodynamics can be seen as an effective theory
for field theories, conformal hydrodynamics is respectively an effective theory for con-
formal field theories (CFTs). In order to be conformal, the fluid (i.e. its stress-energy
tensor, conserved currents, and the equations describing its behaviour) must be confor-
mally invariant. The conformal invariance of a tensor means that under a conformal
transformation (¢ is a smooth scalar function of the coordinates)

Jap = € Gap (2.21)

the tensor transforms as

T = T (2.22)

where w is the conformal weight of the tensor and is clearly dependent on the raising and
lowering of the tensor indices.

We want to explore how the equation behaves under conformal transformation.
For this, we have to know what Va is. Using some basic differential geometry results [5],
we know that (as with the Christoffel connection)

(0% 1N0[ -~ -~ -~
8y = 59 5(V,3975 + V955 — V(sgﬁv) , where (2.23)

% T, = V4T, — V4T, (2.24)

By using V,gs, = 0 and (2.21)), we get

1 . _ )
By = 569" (=267 913V 50 — 267055 Vo + 2673,V s0)

= 9*°93, Vs — 05V s — 65V 10 (2.25)
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So for (2.1)) we get

Vol = Va(e"T) + C%,e™ T + CF "1™
= VT 4 (9°°gar Vs — 05 Vap — 85V 0)e™ T
+(9” gar Vo — 55Vag0 — 00V ) e T
= VT 4 (n—d — 2)e™ TV o + g™ TV 50 (2.26)

Now by demanding this to be conformally invariant we get two constraints for 7%° :

T =0 (2.27)
TP = ld+2)eab (2.28)

So the stress-energy tensor must be traceless and its conformal weight is d + 2.

2.3.1 Ideal conformal fluid

Previously, we got for an ideal fluid the stress-energy tensor T = pu®u® +p(g** +uu?).
Using the constraints (2.27112.28)), we can see how the stress-energy tensor for an ideal
conformal fluid looks like. From the tracelessness, we get

Ty = —p+pld—-1)=0+=
p = (d—1)p (2.29)

Also by using (2.21)) and the normalization of the velocity field u,u* = —1, we get

w9, = 1+
ﬂuﬂae%"g““ = 1=
u, = e u, (2.30)

Now we get from the second constraint (2.28)

TP = @2l = 52 (¢*F + du®u®) =

p = e%p (2.31)

Using p oc p o« T%, one can write the stress-energy tensor for an ideal conformal fluid
simply as

T = CT (g™ + du®u?), (2.32)

where C is a dimensionless constant depending on the fluid in question.
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2.3.2 Gradient expansion for conformal fluids

Just as the conformal symmetry restricted the form of the stress-energy tensor for ideal
conformal fluids, it also restricts the terms allowed in the gradient expansion. We have to
check which terms of the gradient expansion for usual relativistic fluids comply with the
restrictions given by conformal symmetry. In the first-order expansion , we have
two terms to investigate: no®? and ¢ P*?. Let us begin with the latter term. As shown
above , conformal symmetry demands that the stress-energy tensor is traceless.
Because tr(sP*®) = ¢f(d — 1), must be ¢ = 0, as in interesting situations d # 1.

For the first term, we have to compute how it behaves under conformal transforma-

tions, as it is traceless by construction, as seen in (2.15). Using again (2.24) and (2.25)),

we get
508 — Lo | 8o 4 L @em i 4 PN — L Pos
g = é(V u +V u )+ i(u u”Vvu +u u”Vyu )— HVVWP
1 ~ary 0P, Y v, B CP e’
= 5(9 + efuefu) (V. (e?u”) + Meu)
Lay e B, e o o9yl
+5(977 + ePu”e?u)(V, (e¥u”) + CF e?u’)

2
1

—ﬁ(vv(e%ﬂ) + O efu’)e?o pY
1 1
= g8 4 563“’(P0”u5 + Pmu")vvcp + 56‘0’99(1[’0‘70%#S + PBVC%A/U(S)
1
d—1

1
= 0% ¢ 563"”(Pa7u5 + PPu™)V,p

e*? (V.0 + C'gvué)PaB

1
+§€3¢Pa7(gﬁ“gmvu<ﬁ — 6V s — 05V o)’

1
+5635"Pﬁ7(g°‘“g(;,yvu<p — 09V sp — 0§V o)u’ + Ve u’ PP =

~ 1 1
g = ¥gP 1 563“’(P°Wu6 + PPV 0 + 563@130‘79/3“%@%
1 1 1
—563“"P°‘ﬁV5g0u5 — 563“"P°‘7V7<puﬁ + 563‘"P'BVgo‘“Vugpu7
1 1.
—5639"PBO“V5§0U5 - 5639"P6VV%0UO‘ + Vgpe?’“"u‘sPo‘ﬁ
= 3% (2.33)

Thus this shear stress part is conformally invariant (must be 77 = e@"Y¢p), and the
stress-energy tensor for conformal fluids up to first order in gradient expansion can now
be written as

T = CT(g*" + du®u®) — 2no*”. (2.34)
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The process above can be continued as long as wanted. One first lists the terms
allowed for general relativistic fluid, and then examines them one by one from the con-
straints given by the conformal symmetry point of view. For example, with second order
contributions the stress-energy tensor becomes [3]

T = CTYg* + du®u”) — 21no®? + 27, utD,0*" + fiC’fL‘fu“u” +

2/\1(0“a05 — a“ﬁaff) + )\g(a”awﬁ — a“ﬁwg) + %(w”awﬁ — w”ﬁw/‘f), (2.35)
where 7., Kk, A\123 are new transport coefficients appearing at this order, C’ﬁf is the
Weyl tensor [6] and D,is the Weyl covariant derivative [7]. As mentioned already, for
conformal fluids these coefficients can be determined, using a process built upon the AdS-
CFT duality. In the next chapter, the duality is explained and in chapter 4 is shown how
it can be used to determine the coefficients mentioned.



Chapter 3

The Duality

The AdS-CFT duality (called also AdS-CFT correspondence, gauge-gravity duality/
correspondence, Maldacena duality..., with some terms describing a larger idea than
others) is a conjectured relationship between two seemingly completely different theories.
The conjecture was first proposed by Juan Maldacena in late 1997 [8]. AdS stands for
Anti-de-Sitter, referring to the one side of the duality: here the type IIB string theory on
AdS5 x S° space. CFT refers to the other side: here ' = 4 (the number of supercharges)
supersymmetric Yang-Mills theory on four-dimensional Minkowski space, thus a confor-
mal field theory (CFT). Since its discovery, the duality has passed numerous tests and
created a whole new branch of theoretical physics although it has not been proven math-
ematically. The duality gives mathematical machinery relating objects and phenomena
in one theory to those of the other. This is useful, as it turns out that the duality maps
some features hard to solve on the CF'T side into the features of string theory that we
can compute and vice versa. The AdS-CFT duality in general is a kind of an umbrella
term for various specific dualities like the one mentioned above, but in this thesis we shall
need only this one.

As the process used computing the coefficients for the stress-energy tensor of confor-
mal fluids is based on this duality, we will go through the basic and relevant properties
of it. First we note some results of string theory without calculations, in order to be able
to present the D3-brane, an object of string theory around which the duality is built.
Secondly, the duality is motivated (as it is only a conjecture, a derivation can not be
given) and we note the exact formulation of the duality given by Edward Witten [9] and
Gubser et al. [34]. Finally, we show how using a special limit of the duality, one can
achieve a link between conformal hydrodynamics and Einstein gravity: the fluid-gravity
correspondence. We encounter many topics so comprehensive that it would take books
to fully describe all their features (string theory, supersymmetry, conformal field theory
etc.). Therefore, only short general descriptions are included here, with references to
more comprehensive sources for readers interested but unfamiliar with the topics. The
main focus here lies on the idea of the duality and some specific features and calculations,
which are the most important for the purpose of this thesis, the description of the process
for the calculation of the stress-energy tensor for conformal fluids.

15
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3.1 Results from string theory

String theory, first invented in the late 1960s in an unsuccessful attempt to model the
strong interaction [10], is now one of the most promising programs to unify the particle-
physics standard model and general relativity and has already given rise to many by-
products, like the AdS-CF'T duality in question here. The basic idea in string theory is
to represent all particles as one-dimensional objects, strings, instead of zero-dimensional
particles. This single assumption, with the demand of having a self-consistent theory,
turns out to be very restrictive and it outlines a theory which seems to address many of
the problems of the standard model, e.g. it removes the high-energy singularities. Also
the theory is bound to contain general relativity and some kind of gauge theory. |11]
Some of the main problems left are that string theory gives few testable predictions and
that it has turned out to be hard to find a string theory solution, the low-energy limit of
which would describe the standard model gauge theories/l]

One can imagine two kinds of strings: a closed, rubber band -like string, and an
open one. A closed one will just float in space, but the open one can have its endpoints
attached to somewhere, or, more exactly, it has certain constraining boundary conditions
for its endpoints in some dimensions. These boundaries, on which the open strings are
attached, are called branes.

For a single string, the theory is rather straightforward. The vibrations of the string
are quantized, and demanding the symmetries of the supersymmetrid? string action to
apply also at quantum level restricts the number of dimensions to be 9-+1. With multiple
strings, the situation becomes more complicated. In general, one can then work with
only effective theories left at the low-energy and small-curvature limit: at this limit one
can get some more complicated restrictions instead of the condition D = 9 + 1 through
a series expansion, and these restrictions turn out to be classical equations of motion
for some theories, which are then recognized as effective theories for the corresponding
string theory setup. In general, the effective theories for closed strings are supergravity
theories, and gauge theories for open strings attached to branes.

There are, however, some exact solutions known. Here we will need the solution [10]
for type IIB string theory with a stack of D3-branes’] Basically the ITB string theory
contains only closed strings, but the introduction of the branes brings open strings there
too, as the excitation states of the branes. We will here need only the background metric
of the solution:

3
1 /| R
ds® = ————=(—dt’ + Y _da}) + \/ 1+ (=)"(dr® + r*d23) (3.1)
1+ (&) i=1 "

!For a comprehensive introduction to string theory, see e.g. [11] or [10]. For a qualitative introduction,
see for example [12].

2For an introductory review of supersymmetry, see e.g. [29]

3D3-brane is a stable 3--1 -dimensional brane. For more information of different kinds of branes, see
e.g. [21]
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with
R* = %4mg,N, (3.2)

where R is a curvature parameter, [, is the string length, g, is the closed string coupling
constant and NN is the number of adjacent branes. Open strings are bound to live on the
branes, whereas closed strings are free to move in the surrounding bulk space, which is
curved by the branes.

For the purposes of this thesis, we will need some more information about the coupling
constants of open and closed strings. Rather easily one achieves the result [11]

Ges = ggs. (33)

Without knowing string theory, one can justify this informally by thinking of the world-
sheet of a basic closed string interaction, where three closed strings meet each other
(imagine a junction of three tubes). If one wants to change this worldsheet to describe
an interaction of three open strings (imagine a junction of three sheets), one needs to
make two cuts for the worldsheet - with one only two of the three tubes can be cut open.
Also we note that by analyzing the string action and the dimensions of the coupling
constants, one can deduce that closed strings are non-interacting at the low-energy limit.
This is essentially the statement that gravity is infrared-free, as the low-energy theory of
closed strings was supergravity. [15]

3.2 The Maldacena-duality

3.2.1 Motivation

Consider the metric of N adjacent D3-branes (3.1)). The brane curvature parameter R
divides the space in two areas: one with r < R and other with » > R. In the first case,
the metric is approximately (as 1 < &)

3
r R
ds® = (}—{)2(—4752 +) da?) + (?)er2 + R%dS2, (3.4)
=1

i.e. an AdSs x S°-metric. We call this the near-throat limit. The properties of the
AdSs-metric will be examined in the next section, when we have first seen why it is
important.

On the second limit, the metric becomes (as 1 > %)

3 9
ds® = —dt® + ) " da} + dr® + r7dQZ = —dt’ + ) da. (3.5)
i=1 =1
This is the well-known ten-dimensional Minkowski metric.
Next one can think of two different limits, or points of view, R < [, and R > [,, with
ls being again the string length. The first limit, R < [;, corresponds to a very stringy
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viewpoint. Here the stack of branes can well be thought as a four-dimensional object in
an otherwise flat spacetime, as the area where the metric is of the form is virtually
non-existent. Therefore, the physics here consists of open strings with endpoints attached
to the D3 branes and closed strings propagating in the Minkowskian bulk (see .

I X4

X5

fi

H
R

Figure 3.1: The solution of N D3-branes from the viewpoint of R < [;. The situation
is projected to directions xy, x4 and x5. The branes are extended objects in directions
x1, T2 and xr3 and are marked by blue in the picture. As R < [,, the area where metric
would be of the form ([3.4)) is too small to have any effect. Some open and closed strings
are drawn in the picture.

In order to see the duality take shape, it is enough to consider merely the low-energy
limit of the physics. In section we noted that the low-energy effective theories for
open strings attached to branes are gauge theories in general. In this case, the low-energy
theory turns out to be the N' =4 U(N) SYM -theory. For the closed strings, the effective
theory is simply IIB supergravity. Because the closed strings are non-interacting at the
low-energy limit (as noted in section , they decouple from the open strings and we
are left with N’ = 4 U(N) SYM -theory describing the physics on the branes, i.e. in
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3+1 dimensions (with N still being the number of branes in the stack), and IIB SUGRA
describing it in the bulk, i.e. in 9+1 dimensions.

The second viewpoint gives a different kind of interpretation for the situation. When
R > [, both areas 1 < % and 1 > % are relevant to the physics. Now the physics
consists of closed strings moving in curved spacetime (see . Locally, the low-energy
limit is everywhere the IIB SUGRA, but now we have to also consider the global geometry

when thinking about the low-energy limit of the system as a whole.

r > R and
11-D Minkowski

i r << R and

Il
iy v AdSs x S°

Figure 3.2: A schematic picture of the viewpoint R > [,. The red lines are r =constant
lines and the black ones are radial lines. Far away from the throat the whole metric
approaches the ten-dimensional Minkowski metric (3.5)) whereas in the throat it becomes
, the AdSs x S°. The branes can be thought as lying deep down in the throat, at
r = 0, creating the curved background where the closed strings move.

The space is now roughly divided into two parts and (3.5). As the space is
asymptotically Minkowskian, the physics of closed strings moving far from the throat
at the low-energy limit is again described by the IIB SUGRA, as in the previous case.
However, in the throat all string states are left when taking the low-energy limit: the
further down in the throat a string is, the more curved the background space is, and this
leaves more and more states left in the effective theory. This means that we need the
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whole IIB string theory for depicting the physics near the throat. On the other hand,
the strings in the throat decouple from those far away from it, as the latter ones are
non-interacting at the low-energy limit, therefore the string theory physics in the throat
is independent of the IIB SUGRA far away from it. One can think of this also from the
point of view of an observer in infinity: the deeper a string is in the throat, the more
energy it has to have in order to be seen from infinity because of the redshift. From this
viewpoint, the surface of the branes is so deep down in the throat, that the open string
excitations cannot be seen at all and therefore they do not play a role in the low-energy
limit description.

We now have two different pictures of the situation. However, there does not exist
any strict border between them: one can start from the latter viewpoint and smoothly
shrink the curvature parameter R until reaching the first viewpoint. In particular, one
can think about cases where R =~ [,. This brings forth the idea that these two different
pictures should describe the very same underlying, real physics - and that there should
exist some kind of connection between them, the duality. We can summarize the situation
on the following table:

The low-energy theory near | The low-energy theory far

the brane away from the brane
R < L a strin IIB SUGRA in
. o N =4U(N) SYM ten-dimensional Minkowski
point of view space
R>l a . IIB SUGRA in
. . IIB string theory on . . . .
supergravity point of AdSs x S5-background ten-dimensional Minkowski
view > space

Table 3.1: A summary of the above discussion. In both situations, the physics far from
the branes is independent of that close to them. It is reasonable to assume that the I1IB
SUGRA in ten-dimensional Minkowski space and the IIB string theory in AdSs x S°
space describe the same physical situation.

It seems now somehow reasonable to predict that there must exist some machinery
between IIB string theory in AdSs x S°-space and the N = 4 U(N) super Yang-Mills
-theory. This is the duality first postulated by Maldacena in [8]. Because the different low-
energy theories were obtained by taking different limits, the duality is just a conjecture.
[22] In order to make this more exact and plausible, we review some of the basic properties
of AdS-spaces and consider the symmetries of these two theories, before giving the exact
formulation of the duality by Witten.
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3.2.2 The AdS-geometry and symmetry comparison
An 1+ p-dimensional anti-de Sitter space can be defined [I3]| as a surface

p+2

2
~S e Y e = R (3.6)
=1 =3

embedded in a 2 + p-dimensional Minkowski space ./\/lgﬂ’ with two timelike dimensions,
i. e. a 2+ p-dimensional space with the metric

p+2

2
ds® = — Z da? + Z da?. (3.7)
i=1 i=3

We begin by showing that the metric (3.4) is indeed AdSs; x S° with the above
definition. This can be seen through a coordinate transformation. First define a new set
of coordinates in M3 as

T = X1+ I3
VvV = I1— X3
Rx; Rx; )
Yi = = YVi>3
T+ 23 r
Rx Rx
t = 2 2 (3.8)
X1+ T3 r

Also define notation y? = >-7¥242. In these coordinates, the equation defining the AdS-
space becomes

P, oy 2
— TV — _RQt + Y= —R". (3.9)
From this one can easily solve for v:
R? T, 9
= — + —=(y" —t°). 3.10
v="T s - ) (3.10)

1 1 R* r 5
T = §(r+v):§(r+7+ﬁ(y —t%)

r
To = Et

1 1 R* r 5
T3 = 5(7“—“):5(7"—7—@(9 — %))
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Using this, we can write down the induced metric on the manifold (3.6, i.e. the metric
of the AdS-space as

ds?

R? 1 2
——(dr - —5dr+ (2 — )dr + o (yidyi

1
1 2 7 — tdt))? — ﬁ(tdr + rdt)?
RQ 1 ) ) 2 1 24p
(dr + —dr — ﬁ@ —t%)dr — ﬁ(ydy — tdt))* + o2 ;(rdyZ + y;dr)?
R 1 2tr
_dr -7 — (y* — tHdr? - T (yldyl tdt)dr — ﬁdr — ﬁdrdt
2 2 21y
2 [
—ﬁdt + =5 Z dy? + 7 drdy; + ﬁdr
R 2 2
- —dt2 + = Zdyz, (3.11)

which is of the form (3.4) (without the S° part, of course).

Note that the singularity » = 0 of the metric arose only because the coordi-
nate transformation (3.8) was not defined for » = 0. Thus, this is merely a coordinate
singularity from the viewpoint of the whole AdSs-space - the new coordinates do not
completely cover it. We are not interested in examining this any further, we have shown

that the metric (3.8)) is AdSs x S°.

Next we will consider the symmetries of the AdS-space. By construction (3.6), the

AdSy4p-space is clearly symmetric under SO(2,p).

The important observation is that

this is isomorphic to the conformal group in p-dimensional Minkowski space. Begin by
considering the generators of the latter [14] (1., = diag(—1,1,...,1)):

Special conformal transformation (SCT)

and the corresponding conformal algebra [14]:

Translation P, = —i0,
Ro.tat?on L, z’(;uay —2,0,) (3.12)
Dilation D = —iz*0,
K, = —i(2x,2"0, — 2°0,)
D, P#} = P,
D, K,| = —iK,
(K, D] 2i(Nuw D — L)
[Kpa LMV} i(npuKV - anKu> (3.13)
[Ppy Lyuw] i(Nout — Npw )
[Lyws Lpo) = i(MupLipo + MpoLvp — MupLve — Mo Lyp)
= [ w Pl/} =0
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Then one can define a new basis for this algebra:

JO,p—H - P
Jou = §(PM - Ku)
’ 3.14
T = 5(But K) (3.14)
Jw = L

with Jop = —Jpa, a,0 = {0,1,...,p,p+ 1}. One can now check that for this basis the
algebra comes into the form (with n,, = diag(—1,—-1,1,...1))

[Jaba ch] - i(nadl]bc + nbcl]ad - nacjbd - ndeac)a (315>

which is the algebra of the generators of SO(2,p). Thus the spatial symmetry of N' =
4 U(N) SYM is the same as that of the AdSs-space.

We still have to check that other symmetries of these theories, IIB ST in AdSs x S°-
space and the N =4 U(N) SYM in 4-dimensional Minkowski are equal. For this we need
some knowledge of supersymmetric theories and their symmetries. Here we will just note
the results needed and refer to sources for interested readers.

The whole symmetry of the N'= 4 U(N) SYM side consists of the covering grouplﬂ
SU(2,2) for the conformal group SO(2,4), of the internal symmetry group for the
N = 4 U(N) SYM, which is SU(4), and of the fermionic generators for supersym-
metry transformations. For a general N' = 4 supersymmetric theory this would mean
2 X 2 x 4 = 16 supercharges (supersymmetry transformation generators), but the con-
formal symmetry brings with it the special supersymmetry transformations associated
with the special conformal transformationf]. Therefore, the complete symmetry group
is the Lie supergroup SU(2,2|4). [I6] This is exactly the same as the total symmetry
of the string theory side: there we have the spatial symmetry SO(2,4) x SO(6) (the
symmetry groups of the AdSs and S°, respectively), for which we again have to use the
covering group, which is SU(2,2) x SU(4). In addition, as noted in section [3.1] there
are 32 fermionic supercharges, which again combined with SU(2,2) x SU(4) give the Lie
supergroup SU(2,2|4). Thus the symmetries of these two seemingly different theories are
indeed identical.

3.2.3 The boundary of AdS-space

Seen that the symmetries of the theories are equal, we want to examine further how to
link the theories. In order to do this, one has to do something for the extra dimensions on
the string theory side. The most natural way to get rid of them is to somehow integrate
them out, so that we are left with a four-dimensional theory. The question is, what
kind of 4-dimensional surface should we pick in the ten-dimensional space? Consider

“For more information of covering groups, see e.g. ch. 4.6.5 of [I7]. We have to use them because we
have supersymmetry and therefore spinor representation is relevant. [16]

®For a comprehensive discussion of N' =4 U(N) SYM and its symmetries, see e.g. [I8] The complete
algebra can be found there on p. 48.
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the metric near the branes . Here the branes can be thought as being located at
r = 0, and the coordinates on the branes are ¢, x;, x5 and x3. So we should choose a
surface which leaves these coordinates free, resembles the four-dimensional Minkowski
space and has the same transformation structure as N' = 4 U(N) SYM when acted by
SO(2,4). It is natural to assume that we have to integrate out the spherical part: we
already saw that the algebra of the symmetry group for the AdS part matches that for
the four-dimensional Minkowski and those of the spherical part match the non-spatial
symmetries of the A" =4 U(N) SYM. So we expect to find the right four-dimensional
surface from the AdS part, setting the spherical coordinates to zero. Naively one could
try setting r = 0, but this does not work as there is a coordinate singularity in r = 0,
as mentioned. Thus something more has to be done in order to find the right surface,
which can be identified with the branes.

Using the coordinates , we can reformulate the problem as finding two constraints
for these coordinates which leave ¢, y;, y» and y3 free and which define a surface having
the right topology and transformation properties. The definition for AdS space
gives already one constraint, so only one equation more is needed. Consider a scaling of
the original coordinates on MS: r; = Kz; with K — co. Now becomes

_ Z Z _(%)2 -0 (3.16)

So we have reached a specific limit of the AdS space. However, one reaches this same limit
also by considering a different scaling, K’ = bK with any nonzero b € R. This means
that when considering this limit, one has to identify a solution (z1,...,zs) of (3.16]) with

other solutions of the form (bz1, ..., bxg). Therefore, this limit defines a four-dimensional
surface by
2 5 2
—rmt e = 0 (3.17)
(1’1, PN ,.Tﬁ) ~ (bxh ce ,bl’ﬁ)

Note that the scaling z; = Kx; leaves the coordinates t, y;, y» and y3 unchanged, so when
we identify different scalings, we do not identify points with different ¢, vy;, yo and y3-
coordinates. Therefore, there is a bijection between this limit and the branes, and so this
is a good candidate for the four-dimensional surface we want. is usually referred to
as the boundary of the AdS-space although it is a boundary only in a conformal sense[I5].
In these (r, t, y1, Y2, y3)-coordinates, this boundary is at r = oo, which we can identify
with the border separating the areas r < R and r > R. [22]

We can now consider different ways to choose the representatives for each equivalence
class. One way is to choose for any point (x1,...,2g) a point (bzy, ..., bxs) from the same

6
equivalence class so that b2 z? = 1% This means that one can choose one representative
i=3

6
6As we are considering the limit of big z;, points with " z? = 0 clearly are not included - that would
i=3
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from each equivalence class so that the surface (3.17) becomes

2 6
doap=> ai=1, (3.18)
=1 =3

the topology of which is S' x S3, which is the same as the four-dimensional Minkowski
space compactified with the point at infinity. So this choice clearly demonstrates the
topology of the boundary being a suitable one.

Another useful way to choose is to change into coordinates

ro= T+ 2
= T1 — X9 (319)
Y = Ty

In which the definition of the boundary comes into the form

—rv+y> = 0

(o0, 9) ~ (br, bu, b)) (3:20)

and choose r = 1. [[This is possible if r # 0. Then v = y? and we can use just ¥/ to define

the point on the boundary. If also v # 0, we can choose v = 1 and use another coordinate

chart with »r = 72. These are clearly related through i = 7%, or, equivalently, through

—

Yy = y% When r = 0 = v, we clearly have just i left to define the point. This choice is
useful, as it allows us to see how the symmetry group SO(2,4) of the AdSs-space acts on
the boundary: we just have to track what happens to the coordinates (yo, Y4, ys, ¥s) = ¥,
as these are enough to specify a point at the boundary. It is sufficient to go through just
the case r # 0, as the other two are identical.

Consider now the symmetry group SO(2,4) of the AdSs-space acting on the surface
(3-20)), following [16]. In these coordinates (3.19), an infinitesimal transformation A €
SO(2,p) must be of the form A = 194 p)x(24p) + £, With

a 0 2a7

- T
Q= 0 —a 28 : (3.21)
6 ad w
with @, 5 infinitesimal 4-vectors and w an infinitesimal Lorentz-transformation (4 x 4 -
matrix). This can be easily checked by demanding that the length of a vector is unchanged
in the transformation. Now let (r,v,%) be a point on the boundary so that » = 1. Then

r r+ar+2ad-y r
A4+ | v | = v—av+26-y = (3.22)
7 Br+av+ (1+w)y Yy’

2
require also Y 22 = 0.
i=1

6
"Here §f = (y2,ya, Y5, ys) and y? = —y3 + > y7
1=4
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However, now for the transformed point (7', v ,17’) r # 1 in general, but we can always
choose another representative for the equivalence class the transformed point belongs to
so that r = 1. That means, remembering v = 32,

o 1 1
o |~ | R voayig (3.23)
- L rameay 1+a+2a-§ .
7 B+ay?+(1+w)y 5 — . - -
s B+ dy? + (1+w)g — aj — 2(a- )y

Therefore, the transformed coordinate on the boundary is § = 7+ 3 +wj— aj+ay? — 2(&-
¥)y. This transformation is actually a general infinitesimal conformal transformation: it

consists of translations (), Lorentz transformations (w), dilation (a) and special confor-
mal transformation (@). So the symmetry group SO(2,4) of the AdSs-space acts on the
boundary just like the conformal group acting on four-dimensional Minkowski space.

We have now shown that all AdS spaces have a specific surface (3.17]), which can be
thought of as the boundary of the AdS space, in a conformal sense (as it was defined by
using the scaling equivalence) [I5]. Specifically, for AdSs, this boundary has the topology
of the compactified four-dimensional Minkowski space. In addition the symmetry group
SO(2,4) of the AdSs-space acts on the boundary just like the conformal group acting
on four-dimensional Minkowski space. As there is a bijection between points on the
boundary and points on the branes, we can identify the boundary and the branes, and,
more importantly, the physics on the branes and on the boundary.

3.2.4 Formal definition of the duality

As we have now motivated the duality, we are ready to give an exact definition for it.
The proposed relation, formulated by Witten in [9] and Gubser et al. in [34], is

Zorr [J] — /e—SCFT—f J(x)o(ﬂf)d433’1)(9 = Zgr [90<$>’6Ad5’ = J(x)] (3.24)

Basically, this tells just that the (euclidianized) partition function of the conformal field
theory is identical to that of the string theory on the conformal boundary. It states
that for any operator O of the CFT exists a source field J, that is also the value of a
string theory field ¢ at the conformal boundary, and the theories are linked through this
connection. It is to remember that this relation is still in a mathematical sense a very
hazily defined conjecture. On the other hand, the proposition has so far survived all the
numerous tests made without any redefinition or tuning. [19]

With the duality, one can now calculate any correlation function of the CFT using
the string theory side:

1 0Zcpr [J] 1 0Zsr [p(x)]oass = J ()]

R VA A i 57 )

Thus the duality relates the correlator functions of the CFT to the field configurations
of the string theory.
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3.3 The emergence of the fluid-gravity correspondence

Next we will show how the duality can be used to derive conformal hydrodynamics.
Clearly, we want to compute §T of > using the duality. By definition, the stress-energy
tensor is given by 7% = %ﬁ» this being equivalent with . Thus, we should get
the stress-energy tensor via the duality as (g.s being the metric of the field theory and
yun that of the string theory sideff] and Cgs being an irrelevant normalization constant
taking care of the constant coefficient coming from the integration over the spherical

part)

<Ta,3>_ 2 55Eff_ 2 1 1 5ZST[7MN($)‘8Ads:9aB]

V=9 0905 /—gCys Z[0] 0Gas

This leads immediately into problems. Apparently, the full string theory generating
functional in AdS-space would be needed, but that is not available - as discussed in
section (3.1, in general, one can do only either a loop expansion in flat background
(string field theory) or classical string theory in curved background with string length
divided by the curvature scale as the expansion coefficient. The exact string theory
solution , on which the duality was built, was an exception.

The solution is to note that we are interested in something related to conformal
hydrodynamics, which is a special limit of the conformal field theory. In this section is
first discussed what is left of the duality when going into this limit. Then we will use
that limit to calculate <Taf8 > - only to get zero. This new problem is seen to stem from
the fact that the exact solution describes a ground state of the branes in a vacuum.
However, we will see that on the fluid-gravity limit of the duality also other solutions
are allowed. Finally, we will get the <T°‘5 > up to the zeroth order by choosing a special
solution. It will be seen that the more terms one wants to calculate for the stress-energy
tensor, the more complicated a metric one needs. However, in order to get the metric
one only has to use ordinary general relativity. In the next chapter, this process will be
done explicitly in detail up to the first order.

(3.26)

9ap =0

3.3.1 Modifying the duality: the large t’Hooft limit

On the hydrodynamic limit the coupling constant of the field theory has to be very big
in order to keep the fluid in local thermodynamic equilibrium. Therefore, we need only
the gpss = 0o -limit of the duality, with ggss being the effective coupling constant for
the field theory. As the field theory is the low-energy limit of the open strings on the
branes, the effective coupling constant would seem to be related with the string coupling
constant as

Geff ~ Gy M ~ Gos ™~ \/Yes (3.27)

using (3.3). This would be bad news, though: for the hydrodynamic limit, one would
need the strongly coupled string theory.

8From now on we use M, N, K, ... as five-indices and «, 3,7, ... as four-indices.



28 CHAPTER 3. THE DUALITY

The problem can be solved by taking the ¢’Hooft limit. This is a limit of N' =4 U(N)
SYM with N — oco. On this limit, the effective coupling constant of the theory is the
t’Hooft coupling A = ¢g2,,N which is kept fixed when taking N — oo. This corresponds
to the planar limit of the field theory, planar referring to the Feynman diagrams left in
the series expansion. [I5] Now we have

9ef ~ A= Gy N ~ gesN, (3.28)

so having A fixed while taking N — oo means that on the string theory side one has
ges — 0, thus the t’Hooft limit corresponds to classical string theory.

When at the t’"Hooft limit, we can now go further to the hydrodynamic limit by taking
geff ~ A — oo. This is the large t’Hooft limit. [16] Remembering the equation (3.2)), we
see that this means, keeping the curvature parameter R fixed, that

I
Arg.s N = (l_) — 00 = [, — 0. (3.29)

s

This means that at the large t’Hooft limit, only classical supergravity is left on the
string theory side. This is a major simplification, as the classical supergravity action is
well-known. We can summarize the above discussion on the following table:

Full duality The N =4 U(N) SYM side | The IIB string theory side
t’Hooft limit:N — oo, | N =4 U(N) SYM with Classical string theory
.. Strongly coupled Classical su :
) . pergravity
large t’Hooft limit N =4 U(N) SYM with : ) g
A — 0 (Is = 0)
N —

Table 3.2: A summary of the above discussion. Taking the large t’'Hooft limit simplifies
the mathematics considerably, as full string theory is truncated to the classical super-
gravity. A highly non-trivial fluid-gravity -duality is still left, and that is exactly what is
needed here.
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3.3.2 First attempt to derive the stress-energy -tensor

We can now try what happens if we compute the stress-energy tensor using the hydro-
dynamic limit of the duality. The full duality version 1) for <T”5 > comes into form

(T*F) = — 2 1 1 0Zsveralymn(2)|oads = Gagl
/_g 055 Z [O] 5ga5 Jas=0
2 1 1 de~SsuGRra

o /—g Cgs e~ Ssucra 8Gas
_ 2 1 0 [ VLsvara(yun) R xdQs
Vg [ RAAQ, 39as

2 0 [VLsveralyun)d’x 2 48
\/__g 590‘5 a \/__gégaﬁ

where we need only the metric part of the supergravity action - we can set all the other
fields to zero. On the second line was used the fact that we have classical supergravity,
s0 Zsucra = € °sUGra and on the third the fact that the metric and therefore also
the variation of the action with respect to the boundary metric are independent of the
spherical coordinates. Thus we are left with Einstein-Hilbert action [5]:

(3.30)

1

= R—A)d® 31
167G e, VIR N (3.31)

Here R is used for the Ricci scalar in order to distinguish it from the curvature radius
R of the metric (3.11). We already know the metric is a solution for the Einstein
equation (because it was a solution of the full duality), we just have to relate A to R:
the Einstein equation (for empty space) is [5]

1

1
RMN — §R9MN = Gaﬁ = _§A9MN (332)

and taking trace on both sides we get

Y

5
R—2R=—2A
2 2 <

3
A=-R (3.33)
5
So we have to obtain the Ricci scalar for the metric (3.11). Using [5]
R= QMN (FJ\K/[N,K - F]\KU(,N + FJ\K/[NFEK - FJ\K/ILrﬁK) (3-34)

one gets after straightforward calculation

R=—Z S A=—— (3.35)
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However, is applicable only for spaces without a boundary. As our AdSs-space
has a boundary and we wish to compute the variation of the action with respect to the
boundary metric, the boundary term in the variation does not disappear and we have to
take it into account. The generalized Einstein-Hilbert action is with Gibbons-Hawking-
York boundary term (with K being the trace of the extrinsic curvature tensor)P| [5]:

1

1
- R— APz — —— V—gKd* .
S 167TG AdSs ﬁ( ) . 87TG OAdSs g . (3 36)

We could now compute the stress-energy tensor using this action, but then it would
be expected that the result will be divergent: nothing comparable to the renormalization
procedure needed for the field theory has yet been done. On the AdS side this can be
seen from the fact that the boundary is at » = oo in the coordinates , and thus the
boundary metric induced by will be divergent. As mentioned already in [9], the
divergences are directly related to the UV divergences of the field theory and therefore
should be removed. Balasubramanian and Kraus defined an unambiguous process for
defining boundary counterterms added to the action in [20]. The counterterms
are fixed uniquely by the requirement that they cancel the divergences. As long as
the counterterms are local boundary terms, i.e. boundary terms depending only on the
boundary metric, this has no effect on the bulk equations of motion. Balasubramanian
and Kraus have a rather general treatment, but here we need only their result for the
counterterm for AdSs-space. With it, the complete action becomes

1 1
= - YR —NdPr — — V—gKd'z
167TG AdS5 \/_( ) 87TG HAdSs

1 V—=3A

_87TG HAdSs 2

Va1 + R, (3.37)

where R is the Ricci scalar for the boundary metric.
Now we can finally compute the stress-energy tensor. We get (the variation of the
bulk part vanishes, as we are considering the classical solutions of Einstein equations)

2 98

T = ——
V=4 69045
2 1 1
= | ———(=v—g9*°K — \/—gK*"?
1 1v—=3A 1 /-3 ~ -3
N 1 f—os L [ 73— g [ 73 —pas
e (2 2 VI T VT R VY )]
1 v —=3A -3 ~
_ KB _ g8 — af _ [ _Z Qe 3.38
87G g 2 7 TV (3.58)
9The extrinsic curvature tensor is defined as [23] K7 = —VMaNeg el | with 2 being the outward

pointing normal vector to the boundary 0AdSs and e$; is the component M of the basis vector a of the
boundary metric in the AdSs-coordinates.



3.3. THE EMERGENCE OF THE FLUID-GRAVITY CORRESPONDENCE 31

where G is the Einstein tensor for the boundary metric ¢®?. Then, for the metric

(B.11), we get

R? R?
aB MN o B __ 2 -2
g = ey ey = —T—th + T_de (3.39)
G*? = 0 (as all Christoffel symbols vanish for ¢*) (3.40)
2
nM = VM =M = AME(Opr) =AM = (%,0,0,0,0) (3.41)
Ny = (1,0, 0,0,0) (342)
aM = (}%,0,0,0,0) (3.43)
K = —vMaNe§ el = =MV N g, o
r r o o [ 1 o, r
= —Mr <8L§57]~V + F%LE(Sf) Ol = =" (E(SLdf + FELE)
1r 1
— el (8 1):_ ap (17) _ 1 o 3.44
4
K = KY=_— 3.45
i=—2 (3.45)
1 1 4 3
= —87TG{ 79— (59" — 39 (3.46)

So the stress-energy tensor completely vanishes. Our starting point for the whole duality
and the resulting calculation for the stress-energy tensor was , which was an exact
string theory solution. However, being exact, it describes the ground state of the stack of
branes in empty space [16]. On the fluid-gravity limit, the ground state means that the
fluid is at rest and at zero temperature - when compared with the equation derived for
the stress-energy tensor earlier , we see that it really should be zero for this kind
of fluid.

In order to get something non-zero out, we have to investigate something else than
the ground state. This is possible, because we need only the large t’hooft limit for the
calculation, and so demanding the solutions to be valid only at this limit is also sufficient.
This opens up new possibilities for the metric as described next.

3.3.3 Solutions allowed at the large t’Hooft limit

The criterium for configurations we have at the large t’Hooft limit is that they have to
be solutions for just the supergravity equations instead of full string theory. As shown
in e.g. [16], a class of solutions for the metric is

) 1 e s, R 1 2 | 27002
vy =1 ( ,,‘_4>

1+ -
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From the supergravity point of view, this is the metric part of a non-extremal 3-brane
solution. Note that when ry, = 0, simplifies to , which is called extremal
from the supergravity point of view. [L0] At r = r, there is a horizon with coordinate
singularity. From the string theory point of view, these are approximate solutions for the
exited states of the branes. [10]

Now we expect the duality to be valid for at the fluid-gravity limit. Every step
leading to the full duality conjecture can be reproduced for the metric , with
mentioning that the resulting duality will be valid only at the large t’Hooft limit. The
space is still divided in two parts with R > r and R < r, and for the duality we need
only the area r < R, where the metric (3.47)) is

2 __
dS——ﬁ

4 3
To 2 2 : 3

; —ngrQ + R*dQ; (3.48)

and the spherical part is again independent of the other. Noting that when r — oo, the
non-spherical part of the metric approaches the AdSs-metric and that in these coordinates
the conformal boundary is also at r = oo, we conclude that the surface is again the
boundary at » — oo and that it is again identified with the boundary separating the
areas & > r and R < r. Before computing the stress-energy tensor for this metric, we
will interpret the parameter ro. In order to do this, we have to examine black holes in
AdSs-space.

3.3.3.1 Black holes in AdS-space

We want to find a black hole -type solution for asymptotically AdSs-space. We begin
with a spherically symmetric and static ansatz, inspired by the Schwarzschild solution

2]

ds? = %dﬁ rYdt? + — Z dz? (3.49)

demanding that at r — oo, f(r) approaches g(r) = f—j so that the metric is asymptotically
of the form (3.11). f(r) can be solved from the Einstein equation

10 1
Ryn + TIMN = Gun = —§AQMN (3.50)
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with A = —% as in (3.35)) (because the situation has to be unchanged at the limit
r — o0). We get for the nonzero Christoffel symbols

F:r = %QTM (ng,r +ng,r - grr,M) = 1,]c(r) (_M) = _M (351)

2 f2(r) 2f(r)
1 1
Iy = §QTM (9mte + Guiee — Guvr) = §f(7’)f/(7’) (3.52)
1 r
F:Tcz = é.gTM (gM;L’,:v + IMz,x — gacac,JW) - _f(r)ﬁ (353)
1 1f'(r)
Ft = 3 M T r T 3.54
rt 59 (grrt + Grttr — Gre) = 2f( ) (3.54)
1 1R> r 1
v, = = oM T z,r — Yrzx =-—F2—5;=— 3.55
re 59 (9rtre + 9rtesr — Grann) 52 R (3.55)

and for the Ricci tensor components

W ACHPY G
2f(r) ~ "2f ()7

R = Ty~ i+ TNTHy — TN TN = 57 >f”<r>+—f<r>f’<r>§ (3.57)

R, = TN, —TM,, +T [y —Th i = (3.56)

Row = F%,M - FQ/IM@ + Fajc\;cF%N - FiVMF%V =—f(r )RQ 2f(r ) (3.58)
Other components vanish. Thus, we get for the Ricci scalar
1 20
R = —f"(r) — 67/(r) - 6/(r) 5 = — o9 (359)
r
Finally, the Einstein equation gives the following scalar equations:
3 1 1 6
éf( )T+ f(T)T—Q - (3.60)
3 1 1 6
5[ =3f) 5 = —5 (3.61)
1 6
§f "(ryr* 2 (r)r + f(r) = ETQ (3.62)

The first two differential equations are identical and can easily be solved. The solution is

(3.63)

and one can check that this also satisfies the third differential equation and the equation
for the Ricci scalar (3.59)).
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Now we have the metric for an asymptotically AdSs black hole:

2 _c
R2 r2

1 r2  C r? &
ds® = dr?® — (— - r_) dt* + — Z da?, (3.64)

which is exactly the metric (3.48) with CR? = rj and we can interpret this constant
using the definition of the Hawking temperature for black hole event horizons: [24]

| (rn)
T = 3.65
4’ ( )
where the event horizon is at rj,. For our metric (3.64) r;, = ro, and we get
279 +25
R2 o To 9
T — 0 — <> = TR 366
4T R?r "o m (3.66)

We can now write the metric (3.48)) using the temperature interpretation (3.66|) for
ro. As already mentioned, in order to calculate the stress-energy tensor we need again
only the non-spherical part, which becomes

dr®.  (3.67)

Defining a new scaled radial coordinate p = R™%r and b = Tiﬂ, this simplifies to

R
+ —

2 1
2

_ 1
(1 (bp)4>

R is now an overall scale factor and we are free to choose R = 1. Thus the solution is
parametrized by only one value, b. Next we will compute the stress-energy tensor using
this metric.

ds* = —R*p? dp*. (3.68)

1 ) 2 : 3
( (bp)"* ;

3.3.4 The stress-energy tensor at zeroth order

We will now repeat the calculation (3.39)-(3.46]) using the metric (3.68]). Because of the
scaling R = 1, we get a multiplicative factor of r% in the stress-energy tensor ([3.38]).

[20] We get (renaming for simplicity p = r and using the already computed Christoffel
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symbols (3.51)-(3.55))

1 1
P = AMNex ol — ——1dt2 + —1de (3.69)
7”2 (1 — W) 7’2 (]. — (br)4>
G*? = 0 (as all Christoffel symbols vanish for g*%) (3.70)
2
M _ oM, _ ML _ Mr _ 2 r
n = Vir= Y (aLr) =7 - ((T’ - (bT)4) 70707 070) (371)
ny = (1,0,0,0,0) (3.72)
M = ,/ 1— )0000 (3.73)
KB — VM NeMeN _VMLV AN(Sa 5,8
1
_ aL N K| 58
= <8Lr (1 5 + I8, ~ )4>5T ) oy (3.74)
= O‘LFTLT (1— )
Lt Gy
— K" = ~ (3.75)
2(1_ L \?
T <1 (br)4)
1
K™ = — (3.76)
(1- @
44 2
K=K* = —— (3.77)
(1= )
Cak
6 /AN
tt . r tt tt —3A 4 —3 i
- B Y R 2 .
= > ¢ Vac (3-7%)
1 31 1 3
= lm (—-—4+0(- — 37" 3.79
P (87‘(‘@254 * <r)) 16G (3.79)
1 11 1 3
T% = lm (——=—=+0(-) ) =-—=T" 3.80
) (87rG2b4 * (r)) 16G (3.80)
This can be written as 5
78 = =1t (qutuf 4 P 3.81
) o3

with 7% = lim,_,,, r2¢®? is the inverse Minkowski metric of the CFT and u® = (1,0, 0, 0).
This is exactly the stress-energy tensor for conformal fluids in zeroth order ([2.32]), with

C = 16G and fluid being at rest.
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Next we want to get the fluid moving, in order to do this we will introduce the boosted
black hole.

3.3.4.1 Boosted black holes

Starting from the metric (3.68]), we can change coordinates to (p, v, z1, x9, x3) with

d
vty dy=— : d 1 (3.82)
(1= )
for which the metric can be written as
1 3
ds* = 2dvdp — p* (1 -7 4) dv® + p? Z dx;. (3.83)
(bp) i=1
In addition, for simplicity we rename r = p:
1 3
ds* = 2dvdr — r* <1 — (br)4) dv? +1r? Z dz?. (3.84)
i=1

This can be covariantized [25] by setting * = (v, ;) and using u® = (1,0,0,0), which
both are vectors of four-dimensional Minkowski space (with metric 1,4): this gives

«

V= —uaxr® = dv? = uqupdr®ds’ (3.85)
zt = (u’ﬂa + 77;) r® = drds’ = ]301/3cl31:aalacﬁ (3.86)

with Pag = uqtp + Nag as in (2.7). Now the metric will be
1
ds® = —2uqdx®dr — r? (1 - W> ugugdr®da’ + r? Pogdr®da” (3.87)
T

With the metric in a manifestly covariant form, we can now boost the black hole
along the translationally invariant spatial directions x; by setting u® to be any constant
vector, normalized to u,u® = —1. As the boundary is a Minkowski space, it is invariant
under Lorentz symmetry and so the boosted metric will still be a solution for the Einstein
equations, |3] and the stress-energy tensor will still be , as expected.

We have now derived the expected stress-energy tensor for conformal fluids, in zeroth
order, using the AdS/CFT duality. In the next chapter, we will introduce a process,
by which the stress-energy tensor can be computed up to arbitrary order using only the
same basic general relativity machinery introduced above. Then the stress-energy tensor
will be calculated explicitly in the first order.



Chapter 4

Computing the CFT stress-energy
tensor

In the previous chapter, we derived the stress-energy tensor for conformal fluids up to
zeroth order using the fluid-gravity duality. In this chapter, we describe a process, by
which one can find an explicit expression for the stress-energy tensor for conformal flu-
ids up to arbitrary order. Also, the calculation will be done for the first-order terms.
This chapter closely follows the original paper of Bhattacharyya, Hubney, Minvalla and
Rangamani [26], in which the procedure and results were presented for the first time.
Here we try to focus on the core subject and make the notation and calculations more
explicit. Some steps are however too complicated and tedious in order to make sense to
be written out on the paper, in these cases Maple was used to compute the results. In
the original paper, Mathematica was used [27].

4.1 Description of the procedure

4.1.1 General idea

In the previous chapter, we had the metric (3.87)) which was a solution of the Einstein
equations and thus one was allowed to use the duality and extract the stress-energy tensor
from it. In order to get more terms in the derivative expansion of the stress-energy
tensor, we should have non-constant functions b(x,), u*(z,). Therefore, we promote the
constants b, u” in the metric to slowly-varying functions of the boundary coordinates.
As we want to create a derivative expansion, we will introduce a coefficient € for the
boundary coordinates, for bookkeeping purposes (in the end it can be set to 1), so that
every derivative brings one ¢ in front of the derived term.
Now we have a metric

1
(br)"
+1% Py (1) doda”. (4.1)

ds* = —2ug, (2")dzdr — r? (1 — ) U (7") ug (2) dz®da”

37
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In general, this is not a solution for the Einstein equation (3.32). In order to see what
happens when this metric is plugged into the Einstein equation, let us mark the metric
(4.1) by ¢%,5- This can be Taylor-expanded, for simplicity around the point z* = 0 as

_ 00 0,1 v 0,1
Q%N =9un T EIMQMN,N + ate IMNpy Tt O (53) . (4.2)

In the Einstein equation, the Ricci tensor consists of terms with either second deriva-
tives of the metric (type I'g, ;) or terms with two times first derivative (type I'g I') ;).
Reorganizing terms, we can write the left-hand side of the Einstein equation for the
metric (4.1) as

Run [9°] + 49arw
Ry [97°] + O (e) + 4g0n + 4ex“gg’jN7u +0 () = 0f(e), (4.3)

as the metric gR}ON was a solution. Thus, it seems reasonable to guess that the metric g%,
could be corrected by some other metric egl,y so that the Einstein equation would be valid
up to order e. This process could then be continued as long as one wants: at every step
the next order correction to the metric is defined so that it satisfies the Einstein equation
up to that order, and the result is the correct metric garny = 8,5 + €98/ + G2y + - - -

We will now take a closer look at what happens when one tries to define a term
€"ghn- At this point, one already has the terms e*g%,\, k < n. The left-hand side of
the Einstein equation can be written as (Taylor-expanding all terms of the metric as

n —_— n,0 n,1 2 v n,2
9N = Gan t €T Gain, T €T gy, )
Ry [90 +.o+ Engn] +4 (ggMN +...+ fngjr\bﬂv) =
Run[¢°+ ... +€7'¢" ] + Faun [€"9"]

n—1n—-1—1
D D R o I T
N—— ,,LL, ) v
=0 j= J times j times
n—1 ) )
Y T @t g +4e"gyn + O () (4.4)
\‘/_./ 7/’1/7 Y v MN
1=0 n—i times n—i times
where
Fun = Run [0+ ... +¢"¢"] — Run [¢° + ...+ g1 (4.5)

In general, it depends on g%,y and can include any first or second order derivatives.
Then using the fact that gyn = g3 n +€ghn + - - - +€5gh, v already satisfies the Einstein
equation up to order e*, we can write

RaMN [90 4+ 6n—lgn—l] —

4 et gl gV gt +€e"Run + O (EnH) (4.6)
N ]\/[N7/,L7 oo 7y
=0 j=0 j times —

J times
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and replacing this into (4.4 we get

Ryun [go—l—...%—e"g"} —I—4(g?WN—I—...+e”g}\‘4N) =

n—1
Fun [€'g"] + R + 4" Y | @2 giini .. FAehgily + O () (4.7)
—— s ,V MN
=0 n—i times M

n—i times

This must be of O (¢"™)in order to g,y be the right correction.

All terms except Fyrn [€"g"]and 46”9%]\, depend only on the lower-order corrections
of the metric and are thus already known. In general, the Taylor-expansion and the
R n-term coming from the Ricci tensor can both be calculated by computer. These can
be called source terms and renamed

n—1
_ in—1i
Syn = —Run —4 g \w“"'fﬂy,gMN,u,-u v |- (4.8)
=0 n—i times v

n—i times

As Fyn [€"g"] depends on €"gY, and we want to define g}, from the condition that
the equation is to be zero in order €, we are only interested in the first term of
the expansion Fyy [€"g"] = ¢"Fy + €' F, + .... This first term can consist of only
r-derivatives, as all the others would bring more e-coefficients in the front. Also, it can
depend only on the metric g?\/’[%v, as otherwise there would be again too many powers of
€. Thus, defining

Fun [€"9"] + 4e" g = Hamn [€"g"] + O (") (4.9)
we can write the equation, from which g%,y can be solved, as
Hun [€'9"] = 'Sy + O (7). (4.10)

Here H is the same operator, a second-order differential operator with respect to r, in
all orders, as it depends only on the metric ¢)y. We see this in the next section when
we solve for H. Instead, as seen from the definition (4.8)), S}, depends on n and will
in general be more complicated for bigger n. However, this source term is in principle
known and can be computed from the lower-order metric.

4.1.2 Solving for H

As the operator ‘H does not depend on z* and is a derivative operator only with respect
to r, we can solve the equation point by point: first compute the source term S7,, for
some point z* and then solve g}, y(2*) from the equation (4.10). For any point, we can
always choose coordinates to set u* = (1,0,0,0) and b = 1. With this choice, the metric
a8

1 .
ds® = 2dvdr — r* (1 - —> dv? + r?drds’ 4 O (e). (4.11)

rd
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Before using this to find H, we will fix the gauge. The situation is similar to the
so-called hole problem of general relativity: the metric on the surface closing an empty
area of space does not define unambiguously the metric inside it: having one metric, all
coordinate diffeomorphisms keeping the boundary unchanged also give solutions [2] 5.
In this five-dimensional case, the Einstein equation seems to give 15 scalar equations that
would be enough to solve for the metric, but as in the four-dimensional case [5], it turns
out that part of them are only constraints for the metric on the boundary. We get only
ten equations to be used for solving the metric, and five gauge degrees of freedom are
left. As in [26], we choose

n n MN  p
grr = 07 gTH X u,ua (90) gNM = 0 \V/TL (412)

This gauge is called “background field” gauge, and using it the curves x* =constant will
be null geodesics, but r will not be an affine parameter for them [3].

Using the definition for the Ricci tensor, we can compute H. One gets (in order to
simplify the notation, here we use Gy = g?\’ﬁv, known, and gy n = g}fﬁv, unknown):

Huw [€"g"]

= 3G [gnvr — 9un kR — 9KRMN + 9RMKN]
+€n%gRK Grnmr — Gun,x.r — Grrun + Gruk N
+€"iGRK Grrr+ Grrr — Grr K] G [9sn.a + gsmN — gNM,s]
—EniGRK [GKN,L + GKL,N - GNL,K] G- [QSR,M + gsm,r — gRM,S]
+€niGRK [gKR,L + 9xL,R — QRL,K] G [GSN,M + GSM,N - GNM,S]
—€" 2G9N + gxon — 9nk) G2 [Gsro + Gsar — Gruys)
+€"igRK (Grri+ Grrr — Grrx) G*° [Gsn + Gsun — Gyw,s)
—EnigRK [Grnr +Grrn — G k] G Gspm + Gsmr — Gruss]
+€niGRK Gkrr+ Grrr — Grrx) 9°° [Gsno + Gsun — Guas)
—E”iGRK (Ginr+Grry — Gy k| g"? Gspm + Gsm,r — Grus)
+deghty + O (et

(4.13)

This looks quite complicated, but fortunately can be simplified drastically using the
known metric Gy, the gauge condition and the fact that for the terms of order €" only
r—derivatives of gy;n are left. The inverse metric GMY needed is

-5 10 0 0
1 00 0 0
G = 0 0% 0 0 (4.14)
0 00 % 0
0 00 0 %

Using this, the gauge conditions can be expressed as

3
1
Grr = 07 Grp X Uy, 2grv + Z ﬁgu = 0. (415)
=1
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As gauge fixing gives five components of the unknown metric gyny (when others
are known), we need only ten of the 15 scalar equations from . It turns out that
fortunately, different components of the unknown metric g,y are not mixed by H, except
Grvs Gow and Z?:lgii (this stems from the SO(3) symmetry of G, and was expected)
[26]. After a tedious calculation, and plugging in the source terms, we get the following
group of ten scalar equations containing the components of the unknown metric:

n _i 4 gi _ i 2 — 2 _ i n
€ ( d'l" (27' gvr) + 3drgvr d?“ (T gvv)) = € ((T 7“2) Srr _'_SUT)
40 (1) (4.10)
. 10d 2 & _ n+1
(e 5rgate) = 00 1
n d 1 d n Qn n
¢ % (FE (T2gvz‘)) - € SM’ + O (E +1) (4'18)
W d [ s 1\ d 2(915—%6@']-22:19%) _ oanfen_1s : n
“dr (r (1 - 7”4> dr ( 72 = ST 35”;&““
+0 (&) (4.19)

From these, we can solve the metric gp;y. These are called dynamical equations in [26].

Of course, one must ensure that the other five equations are also satisfied by the
solved metric. It turns out that one of them is equivalent to the equation , and the
rest four are independent of gj;n - they are the aforementioned equations constraining
the metric on the boundary. In [26], these were called constraint equations and they can
be written simply as

n 1 n n

0 = ¢ ((r2 — ﬁ) S+ SW) + O () (4.20)
n 1 n n

0 = € ((7“2 - ﬁ) Sm- + Sm) + @ (E +1> (421)

As seen next for the first order calculation, these can be interpreted as stress-energy
conservation equations for the metric without the n:th correction term, and they are
constraint equations in a sense that they restrict the different fluctuation configurations,
for which the metric satisfying the Einstein equation exists. The significance of these
various equations is summarized below in the table
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The gravity side The hydrodynamic side

Correspond to the

conservation of the

stress-energy tensor
without the correction the
dynamical equations give

Ensure that a solution

Constraint ti . .
onstramt equations exists for the metric

Give the stress-energy

Dynamical equations Give the metric tensor through the duality
machinery

Table 4.1: A summary of the above equations and their roles, both in the gravity and
hydrodynamic side.

4.2 Metric for the first order calculation

We will now solve gjl\’fN. In order to compute the source terms 1) we need the linear
term of the uncorrected metric: g?v’le. Using still the choice of 1) we get

r4

1 .
ds®> = 2dvdr — r? (1 — —) dv? + ridx;dxt

A 2 A 2 (Oab) 2
—2ex” (Oauy,) dat'dr — S ex (Ohuy) dadv — 4=—-"—=dv? + O (€°) . (4.22)
r r

. . ) . o 1 Bi .
The calculations can be made simpler by defining u ( — m) (as in the

constant term 92’401\/ we already separated v and z;). After derivation, we set § = 0 in
accordance with the coordinate choice made. We get

1 .
ds®> = 2dvdr — r? (1 — —) dv? + ridx;dxt

rd

A
—2ex™ (0\3;) dx'dr — %exA (Ox3:) dx'dv — 4€L€j}\b)d’l}2 + O (%) . (4.23)
r r

We are now ready to compute the source terms using Maple. Discarding all terms of
order €2, the constraint equations (4.20) and (4.21)) become simply

db = 8"35 : (4.24)

b = 0,8 (4.25)

These are exactly the scalar equations from the conservation of the stress-energy tensor
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in zeroth order (still using the coordinate choice of (4.11))):

Y 4 Y o A0ut)ur  4(0,u”) ut
VT = =35 (Oub) (' + ) + ( “b4) ( “b4)
= —4(0,b) (duru” + ") +4(0:6;) 65 + 4 (0,u”). (4.26)

Choosing v = v gives equation (4.24]) and respectively v =i gives equation (|4.25]).
The dynamical equations give (keeping again only e-terms in the sources and using
the simplified notation g3y = gun)

d 2 d d
~ I (2r'g.r) + 379 (rPgw) = —2r70:5; (4.27)
d d?
_5%‘91” — Y’—d,r2 Gur = 0 (428)
d (1d,, 3
I (ﬁ% (7° gm)) = _ﬁavﬁi (4.29)

d 1\ d (g — 30,300
% (7,,5 (1 _ ,r_4) % (g] 3 ;szl gk‘k)) _ _37,20,ij (430)

where in the last line we have used the definition (2.12)) of o;; applied to the present
coordinate choice: o;; = (azﬂj +0;8; — §5Z~j8kﬁk). Beginning to solve the equations from
the second one, we get

5 d & 0 &
I Your r ur
d?"g drzg
5 L dg,
——dr = d
r dflff dr <
dg
L=y &
dr 1
Cy
Gor = ﬁ + CS <~ (431)
Substituting this into (4.27)) we get
d 8C
—% (7’2gw> = —27’282‘61' + 87’303 + 3752 <~
27“8151 2 202 04
_ _ o7l e 4.32
Gow 3 2r°Cs + 56 + 2 (4.32)

and two unknown components of the metric are solved. Using the gauge condition (4.15))
we also get g, = 0 and

20,

3
Zgii = —2r%g,, = - 2r2Cs. (4.33)
=1
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The third equation (4.29) is solved as

d(1d,, 3
i (i (0)) =508 <
d
ar (ngU,-) = 3r20,; + Dyr® ZN
T
Ds;
gui = 10,5; + Dor® + — (4.34)

and the last equation (4.30)) gives the rest of the metric components as

d ( 1\ d (95— 30501 9k 2

3
d (gij - %517 D ket 9kk> _ r? S Eqij
rd—1""

dr 72 I— =
1 3 r? r—1 r?
gz’j — géljzgkk = — Zln T 1 Uij — Earctan ('I") Uz’j
k=1
2F, 41
. r 411] In (T - ) +T2E2ij =
E1ij Biij
RN et ) SN Giateat VY ot D S
=—1
Gij =1 n Pl Oij
ro i
2 1 20!
— % arctan (1) o;; + TQEQZ']‘ + 552-]- (_7“_22 — 27"26’3) (4.35)

Now the metric is solved. However, there are still seven integration constants left:
Cy,Cs,Cy, Dy, Ds;, Ey;j and Ey;j, but we can define them already before computing the
stress-energy tensor. In order to have g;; regular everywhere, we must have Ey;; = 0y;.
Comparing to the calculation of zeroth order stress-energy tensor in section (13.3.4) we
can see that C3 in g,, and Dy; in g,; are multiplying too rapidly growing functions (r?),
and hence they must be set to zero in order to get a finite stress-energy tensor. Also,
through this same comparison we find out that when r grows, the term % goes too
rapidly to zero in order to make any finite contribution to the stress-energy tensor, and
therefore the constant Cs is insignificant and can be set to zero for simplicity. Further,
comparing terms Ds; and Cy to the uncorrected metric (4.23)) one observes that they
correspond to infinitesimal velocity and temperature variations and are thus forced to
zero by our coordinate choice made in . In order to define the last constant Ey;; we
have to investigate the behaviour of the correction for g;; at large r. The leading term is
r? (Egij - %aij), and as reasoned for the terms C'3 and Ds;, this grows too fast. Therefore
it must be set Fy;; =

T
ZO'ij.
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With the integration constants now fixed, we can write the corrected metric as

1 .
ds*> = 2dvdr — r* (1 — —) dv? + ridx;dx’

rd

; 2 A A
~2ea (08) da'dr — e (00 ;) da'do — 1P gy
r r

2 12 (r2+1 oo
+e% (ln (<7ﬂ +1) 57’ i )) — 2arctan (1) + 7r) oijdx'dx’
r

; 2r0;f;
+2erd, fidx'dv + e@dqﬂ + O(é%). (4.36)

The second line is the linear term of the Taylor expansion for the uncorrected metric.
This is still written in the specific coordinates around a fixed point chosen in (£.11)). In
order to find the global metric, all we have to do is the same covariantization procedure
as in section (3.3.4.1): we again write 2* = (v, z;) and u® = (1,0,0,0) and note that in
the specific coordinates we had b = 1. Then we can write the metric as

1
d32 — —2uudl“ud7" — 7”2 (1 — W) uuuydx“dxy + TQP#de,LLdI,V
T

2ro\u
3

r? (br 4+ 1) ((br)2 +1)
+€§b lln ( )" ) — 2arctan (br) + 7

+e€

w,u, detde” — eru’oy (uuuy,) detdx”

owdrtdx” . (4.37)

Here o, is again ([2.12]).

4.3 Calculation up to the first order

We will now calculate the stress-energy tensor for the metric (4.37) using the relation
given by the duality. This should give the stress-energy tensor up to first order
in the gradient expansion, and thus during the calculation all higher order terms are
dropped. First we will need the induced metric and its inverse:

1
Jap = —r? <1 — —4> UaUg +’I"2Pag + €

(br)

2ro\u’

Uug — eru Oy (Uuqup) + eF(r)oas (4.38)

1 .5 2r0su’

af - gauB .y~ paB a, B " 8 a, B
g f<r)uu +r2 63f2(7’)uu efz(r)uu&;(u,\)u u
+€L (P05 (up) u” + uu’ s (uy) P™P) — G%F(r)ao‘ﬁ (4.39)

rf(r) r
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The Christoffel symbols needed for K = —VMpNeq o = —~y2Lg pf — 4oLT0 AK are
e =0 (4.40)
11, 1 11 F(r)
Ff,y = €§ﬁpﬁ (&Xuv — &yua) + ;P,’YB + eﬁﬁF’(r)af -+ 670'57" (441)
1 1
re, = e§u5 (Oatty — Oyuy) + u” (r + W) Uatly — TP,
1 4 (20\u
—eéuﬁ ( ;u Ug Uy — w0y (ugtey) + F’(r)acw)
11 s
+€§WP (UaOyts + UyOptls — UaOstly — UyOsUy,) (4.42)

and the inverse of the bulk metric, which is needed, too, reads

A
JMN r? — _b417°2 — e—QTagu — eruutOyu,, + eruoy ut
= F
ut T%P‘“’ — e—r(f) ohv
2 1
. Y — i,z T Erg ut (4.43)
pu— F . .
ut T%P‘“’ — e—r(f) ot

For the external curvature tensor, we also need the unit normal vector, that is

aro= <1 - ﬁ) — eg (r2 - %)_é 9 (4.44)

"o [Qj‘<;;>_;‘€%“(ﬁ“¢;4>{1“a 449

With all necessary objects now written down, we can calculate the stress-energy tensor
using the formula (3.38). Calculation is again rather tedious, but finally we get (setting
the bookkeeping parameter € = 1 as it is not needed any more)

6

.
7% = lim —— [K*? — Kg¢*? — 3¢°F
Jim = | g% = 39"
7'('3 71'2
= ——T" (3u®u’ + P*) — —T%c"". (4.46)

16G 8G

This is exactly of the form (2.34)), with n = %T?’. The entropy density s can be read

from the first term [3]: s = 7=7°, and we get 2 = ;L. which is an old result for the N' =4

SYM-theory [28], now reproduced by this method 7Efor the first time in [26]).




Chapter 5

Summary

In this thesis, we have gone through the process of computing the stress-energy tensor for
conformal fluids using the AdS/CFT-duality. In the second chapter, it was shown how
hydrodynamics is the effective theory for any many-particle - or quantum field theory,
and how it boils down to defining the stress-energy tensor. We used the basic method
of adding all terms allowed by symmetries in order to create a gradient expansion. This
was a valid approach, as at the hydrodynamic limit, the fluctuation wavelength had to
be long, and thus the derivative expansion should converge. This was done first for a
general relativistic fluid and then for conformal fluids as a special case. It was seen that
the expansion is unambiguous up to some coefficients.

For conformal fluids, the definition of the coefficients in gradient expansion was the
core subject of this thesis. The process was based on the AdS-CFT -duality, inspired
by string theory. In chapter 3, we listed shortly some string theory results and then
motivated the duality by analyzing the conformal border of the AdS-space and showing
that the symmetries of the theories are identical. After noting the exact formulation of
the duality by Witten [9] and Gubser et al. [34], we began to modify it in order to reach
the fluid-gravity -correspondence at the large t’Hooft limit. Using the boosted black hole
metric, we got the stress-energy tensor for conformal fluids at zeroth order.

In order to compute the stress-energy tensor more accurately in the gradient expan-
sion, we used the process invented by Rangamani et al. [26]: we upgraded the parameters
of the boosted black hole to slowly varying functions of the boundary coordinates. This
forced us to add corrections to the metric, as an expansion of the boundary derivatives,
and it turned out that we can define these corrections up to any order using only the
basic Finstein equation of general relativity. The more corrections added to the metric,
the more terms would be in the gradient expansion of the stress-energy tensor. In the
fourth chapter, we computed the stress-energy tensor for conformal fluids in the first
order of the gradient expansion. The result

T8~ Tt (3t 4 pod) _ T pagas 5.1

= oo (Buu” + ) — sal o (5.1)

reproduced the famous older result for the entropy /viscosity relation: 2 = ﬁ. In [26],
the stress-energy tensor was computed further, up to second order in gradient expansion.
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One can imagine at least three kinds of lines for further research on the topic. The
most mathematical one would focus on examining the conjectured duality and trying to
prove it. The most straightforward way would be to apply the immediate results. This
is challenging, as the fluid-gravity correspondence as represented here applies only to
conformal fluids, which are not very realistic. There are some applications concerning
quark-gluon plasma, based on the fact that QCD is approximately conformal at high
energies. [31] Some of these results have been collected in the review [30] of Casalderrey-
Solana et al.. Also, in condensed matter physics some applications have been made e.g.
using the scale invariance at critical points. [33] The third way would be to try to expand
the duality for conformal field theories with dimensions other than four, or for creating
dual representations for non-conformal fluids. One interesting area here would be to
examine a gravity dual to the turbulence of real fluids, which has been considered e.g.
by C. Eiling et al. [32].
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