HL / Integration ;94 marks;

1a

1b. Find the coordinates of B, at which the curve reaches its maximum value.

1c.

Consider the function

flz) = IHT‘”, z > 0.

The sketch below shows the graph of
y = f(z) and its tangent at a point A.

¥

diagram nof to scale

Show that

fila) =122
Markscheme
fi(z) = @ M1A1
=12 a6
[2 marks]

Markscheme
% = 0 has solution

r=e MI1A1

y:% A1

hence maximum at the point
(%)

[3 marks]

Find the coordinates of C, the point of inflexion on the curve.

[2 marks]

[3 marks]

[5 marks]



1d.

1e

Markscheme

12(7l) —22(1-Inz)

z

f(x) = M1A1

_ 2Inz—3
==

24

Note: The M71A1 should be awarded if the correct working appears in part (b).

point of inflexion where
f"(z)y=0 M1

o}
3 8=
T =6, Y= e A1A1
C has coordinates
(¢4 5%)
€2, —€2
2

[5 marks]

The graph of
y = f(z) crosses the
z-axis at the point A.

Find the equation of the tangent to the graph of
f at the point A.

Markscheme
f1)=0 A1

f1)y=1 (A1)
y=zx-+c (M1)

through (1, 0)

equation is
y=xz—1 A1

[4 marks]

The graph of
y= f(z) crosses the
z-axis at the point A.

Find the area enclosed by the curve
y = f(z), the tangent at A, and the line
T =e.

[4 marks]

[7 marks]



Markscheme

METHOD 1

area
=[fz—1-2%dz M1A1A1

Note: Award MT for integration of difference between line and curve, A7 for correct limits, A7 for correct expressions in either order.

(Inz)?
2

[R2de = (+c)  (M1)A1

2

[(z—1)dz = = —z(+c) A1

= [lzz—w —1(nz)?|"

2 2 1
- (lez_e_l) _ (1_1)
2 2 2
=le2 e A1
2
METHOD 2

area = area of triangle
—[f 224z mi1A1

Note: AT is for correct integral with limits and is dependent on the M1.

(Inz)?

(+¢)  (M1)AT1

Inz _
—de=

area of triangle
=1(e—1)(e—1) MiIA1

Ye-1e-1)- (1) =1e2—c a1

[7 marks]

The graph below shows the two curves

y:%and
y:f,where
k> 1.

y

diagram not to
scale

=A
-
=)

22 Find the area of region Ain terms of k. [3 marks]



Markscheme
li —1dz=(k—1)nz]. M1 A7

Note: Award M1 for

f%—%dwor fl—ﬁdzandAHor

T @

(k—1)Inz seen in part (a) or later in part (b).

=(1 —k)ln% A1

[3 marks]

oh. Find the area of region Bin terms of k. [2 marks]

Markscheme
[V ldz = (k—1)nal{® (A1)

Note: Award AT for correct change of limits.

=(k—1)Iny/6 A1

[2 marks]

. Find the ratio of the area of region A to the area of region B. [3 marks]

Markscheme
(1-K)ni=(k—1)ln6 A1
(k—1)ny6=1(k—1)ln6 A1

Note: This simplification could have occurred earlier, and marks should still be awarded.

ratiois 2 (or 2:1) A1

[3 marks]



The graph of the function

f(z) = ;fl is shown below.

¥
A(l, 1) point of inflexion

-3 — -1
3a. Find
fi(=).

Markscheme

(a)

oy (@) —2e(@+1) [ —a2gpt1

=)= (2241)? <7 (@2+1)? ) At

[2 marks]

3b. Hence find the
z-coordinates of the points where the gradient of the graph of

fis zero.

Markscheme

—x?—2z4+1 __
(z241)?

z=-1+/2 A1

[1 mark]

Find
' f"(z) expressing your answer in the form
p(z)
(12+1)3
p(z) is a polynomial of degree 3.

, where

—1-

[2 marks]

[1 mark]

[3 marks]



Markscheme

(—22—2) (22+1)*~2(22) (22+1) (— 22— 20+1)

f(z) = A1A1

(z2+1)*

Note: Award A7 for
(—2z —2)(a2+ 1)2 or equivalent.

Note: Award A7 for
—2(2z) (224 1) (—22— 2z + 1) or equivalent.

_ (—22-9)(a?+1) —dz(—2>—22+1)

(z2+1)°

34 6r2— 66—
_ 2274622 —62—2 A1

(z2+1)*
_ a3 30-1)
(z2+1)°
[3 marks]

The point (1, 1) is a point of inflexion. There are two other points of inflexion.

3d. Find the

3e.

z-coordinates of the other two points of inflexion.

Markscheme

recognition that
(x—1)isafactor (R1)

(x—1)(2+bz+c) = (23 +322—3z—1) M1
=z24+4x+1=0 A1
z=-24++3 A1

Note: Allow long division / synthetic division.

[4 marks]

Find the area of the shaded region. Express your answer in the form

I —In+/b, where
a and
b are integers.

Markscheme

ffl e M1
z2+1
z+1 . T 1
fﬁﬂdcc = f zZHdw-‘rf—zszw M1

= %ln(:;v2 +1) +arctan(z) A71A1

0
= [%ln(az2 +1)+ arctan(w)] = %lnl +arctan0 — ;ln2 —arctan(—1)

=il
:%—m\/i Al

[6 marks]

M1

[4 marks]

[6 marks]



Particle A moves such that its velocity

v ms~!, at time tseconds, is given by

o(t) = Higr t 2 0.

44, Sketch the graph of
y = v(t). Indicate clearly the local maximum and write down its coordinates.

Markscheme

v t) HAaximvne

.,f'.. \
/
/ o
I

A1 for correct shape and correct domain

(1.41, 0.0884) (ﬁ %2) A1

[2 marks]

4b. Use the substitution

u = t2 to find
t
J 12+t4
EITHER
u=1t2
du
it 2t Al
OR
t=us
. _ 1, -1
w2 A1
THEN
f t dt = 1 du
12+t4 27 12+w?
=1 u
= 2\/ﬁarctan(\/ﬁ) (+¢) M1
= ﬁamtan(;_;Q (+c) or equivalent

[4 marks]

A1

£

[2 marks]

[4 marks]



Find the exact distance travelled by particle [3 marks]
A between

t =0and

t = 6 seconds.

4c.

Give your answer in the form
karctan(b), k, b € R.

Markscheme

6 ¢
Jo 12+t4dt (m1)

6

1 12

= —arctan(—)] M1
[4\/3 2v3/ 1o

1

:E(arctan(%)) (zﬁ(arctan(%))) (m) Af1

Note: Accept
garctan (6\/3) or equivalent.

[3 marks]

Particle B moves such that its velocity
v ms~! is related to its displacement
s m, by the equation

v(s) = arcsin(y/s).

4d. Find the acceleration of particle B when s = 0.1 m. [3 marks]

Markscheme

dv __ 1
&~ ey AV

CL:’UE

a= arcsin(\/g) X 1 (M1)

2,/8(1—s

: 1
a = arcsin 0.1) X
( 2v0.1%0.9

a=0.536 (ms~2) AT

[3 marks]

An open glass is created by rotating the curve

y = z?, defined in the domain

z € [0, 10],

27 radians about the y-axis. Units on the coordinate axes are defined to be in centimetres.

5a. When the glass contains water to a height [3 marks]
h cm, find the volume
V of water in terms of
h.



Markscheme

volume
—rflardy  (M1)

wfohydy m1

h
W[f] —_ aq
g 2

[3 marks]

i 3 2
5p, Ifthe water in the glass evaporates at the rate of 3 cm* per hour for each cm* of exposed surface area of the water, show that, [6 marks]

% = —34/27V , where
t is measured in hours.

Markscheme

% — —3x surface area A1

surface area
=nz2 (M1)

% =-3,27V AG

Note: Assuming that
dh

T —3 without justification gains no marks.

[6 marks]

5c. If the glass is filled completely, how long will it take for all the water to evaporate? [7 marks]



Markscheme

Vo = 50007 (
=15700cm3) A1
attempting to separate variables M1
EITHER
% =-32n[dt A1

2V =-32nt+c Al
c=2,/5000m A1
V=0 m1

_ 2 /[5000r _ 9ol
=>t=3% 2—7rf33§hours A1

OR
0 \% T
fsoooﬂﬁ =32 [;dt M1A1A1

Note: Award M1 for attempt to use definite integrals, A7 for correct limits and A7 for correct integrands.

27,

=3v2rT Al
50007

T=2, /300" _ 331 hours AT
3 o 3

[7 marks]

6. The function fis defined by [21 marks]
— — B z
flz) =z/9 =22+ 2arcsm( 3) .
(a) Write down the largest possible domain, for each of the two terms of the function, f, and hence state the largest possible domain, D,
for f.

(b)  Find the volume generated when the region bounded by the curve y = f(x) , the x-axis, the y-axis and the line x = 2.8 is rotated through
27 radians about the x-axis.

(c) Find
f'(z) in simplified form.

(d) Hence show that

ffp “;\/;::dm =2p,/9—p? +4arcsin(§), where
peD.

(e) Find the value of p which maximises the value of the integral in (d).
(f) () Show that
f"(it) _ z(222—25)

(9-a2)3

(i)  Hence justify that f(x) has a point of inflexion at x = 0, but not at

=44 25
>

Markscheme

(a) For
/9 — 22,

—3 <z < 3andfor
. @
2arcsm(§>,
-3<z <3 A1
= Dis —3<z<3 Al

[2 marks]



(b)
2
V= 7rfo2'8 (z\/g — 2 = 2arcsin %) dz M1A1

=181 A1

[3 marks]

()

dy 2)4 2 %
E—(Q—w)z— + = M1A1

1
(9—x2)2 1—=

=(9-2)i-—L—4+—2_ A1
(9—a2)2 (9—a2)2

_ 9—:1:2—932]#»2 A1
(9—=2)2

11—222
=—= A1
v9—z2

[5 marks]

(d)
J* -2y, [(Eq/g — 2+ 2arcsin f]p m1
W= 3],

=p./9 —p2+2arcsin§ +p./9 —p2+23rcsin§ Al
_ (P
=2p,/9 7p2+4arcs1n(§) AG

[2 marks]

(e)
11-2p2=0 M1

p=2.35 ( %) A1

Note: Award A0 for
p=+235.

[2 marks]

® 0
1 4
f//(x) _ (9*12)2(*4—‘5)+9:67(‘12.12723:2)(9—a:2) 2 M1A7

o —4z(9—2?)+z(11—222)
S———— Al
(9—22)2
_ —36aidadtiie-2® g
(97:5?)'_;
_ $(212—2;5) AG
(9—22)2

(i) EITHER

When
0<z<3,
f(z) < 0. When
-3<z<0,
f(z)>0. A1

OR
f10)=0 A1
THEN

Hence

f"(x) changes sign through x = 0, giving a point of inflexion.

EITHER

R1



T ==, /% is outside the domain of . R17

OR
T==, /% is not a root of
f"(z)=0. R1

[7 marks]

Total [21 marks]
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