HL / Integration 2 ;137 marks]

1.

2a.

2b.

Find [arcsinz dz

Markscheme

attempt at integration by parts with © = arcsinz and v/ =1

[arcsinzdz = zarcsinz — [ f ~dz  A1A1
VI=7

dz.

Note: Award A7 for zarcsinz and A for — [ \/1””_2
— &

T

Vi—a?
farcsin:vdx =zarcsinz ++/T—22+c At

solving [

[5 marks]

—ela

1
Using the substitution z = tan @ show that 0 :
1

Markscheme

let z = tan6

dz 92,
= 35 = sec 0 (A1)

[——de=[—* _q40 m1

(22+1)% (tan26+1)°

Note: The method mark is for an attempt to substitute for both « and dz.

= [—L-d0 (or equivalent) A1

sec26

whenac:O,9:0andwhenw:1,9:§ M1
0

[4 marks]

cos?0df AG

1

Hence find the value of 0 —1—dz.
(@+1)?

L_dz =0 cos
(z2+

M1

da by substitution with « = 1 — z2 or inspection

20d6.

[5 marks]

[4 marks]

[3 marks]



Markscheme

. z x
;o N
0 dz =0 cos?0df | =70 (1+cos20)dd M1

(z2+1)
_ 1 sin20 %
—4 {0 + T] ooar
_ T 1
S5 i Al
[3 marks]

g, Find [ (1 +tan’r)dz.
Markscheme

J (1 +tan2z)dz = [sec2zdr = tanz(+c) MIAT

[2 marks]

gp, Find [sin’zdz.

[sin’zdz = f@dm M1A1

=3 -=E(+c) A1

Note: Allow integration by parts followed by trig identity.
Award M1 for parts, AT for trig identity, A7 final answer.
[3 marks]

Total [5 marks]

4 By using the substitution

t = tanz, find IL.
1+sinz

Express your answer in the form marctan(n tanz) + ¢, where m, n are constants to be determined.

[2 marks]

[3 marks]

[8 marks]



Markscheme

EITHER

T = arctant (M1)

dez 1

@ e A1
OR

t =tanz

dt _ cac2
& — sec’r (M1)

=1+tanZr A1
=1+1¢2
THEN

sing = —L (A1)

VITE

Note: This A1 is independent of the first two marks

de e
= [—22— M1A1

Note: Award M1 for attempting to obtain integral in terms of ¢ and
dt

_ At _ o adt
_fm_fuzﬂ

=2, f G, Tl Larctan<L> A1
29 ligp 2 L L
2 V2 V2
= garctan(\/ﬁtanw) (+¢) A1
[8 marks]
5. Use the substitution [7 marks]

= = asecf to show that

P/ d. 1
v _ﬁ(3ﬁ+w76).



6.

7a.

Markscheme

z = asecl

% =asecOtanf (A1)
new limits:
z=av2=10 % and

;c:2a:>9:% (A1)

% asecftanf d6 M1
fz a’sec?0/a%sec?i—a?

= f% —Cosfg de A1
3 @
using

cos?f = %(cos 20+1) M1

L [%Sin 20+ 9]

pve or equivalent A7

N

_ 1(\/§+Hili7r

T w\ 2 3 2

_ 1 _
—24a3<3\/§+7r 6) AG
[7 marks]

A particle moves in a straight line such that at time ¢ seconds (t > 0), its velocity v, in ms~1, is given by v = 10te 2. Find the
exact distance travelled by the particle in the first half-second.

Markscheme
|

attempt at integration by parts M1

b

10te—2tdt

:[75te’2ﬂ§ —be~2dt A1

= [-ste2 —Se2|® (A1)
[-ste?—3e77]

1
2
0

Note: Condone absence of limits (or incorrect limits) and missing factor of 10 up to this point.

1
§=0

10te~2dt  (M1)

:—5e’1+% (:;5+%) (: ﬂ) A1

€ 2

[5 marks]

Express 22+ 3z + 2 in the form (z + h)2 + k.

Markscheme
22+3z+2= (x+g)2—i A1

[1 mark]

) or equivalent A1

[5 marks]

[1 mark]



7p, Factorize 2+ 3z + 2. [1 mark]

Markscheme
2243z +2=(z+2)(z+1) A1
[1 mark]
. . o B B
Consider the function f(z) = g € R, z # -2,z # —1.
7c. Sket.ch the graph of f(x), indicating on it the equations of the asymptotes, the coordinates of the y-intercept and the local [5 marks]
maximum.
Markscheme
Vertical Asymptote
x=-1
¥ y Intercept
Vertical Asymptote |1 i (U l}
x=-2 : i s1 2 Horizontal
: ! Asymptote
b .v/=/0
i frand . ; x
-4 32 ! 2 4
i :
! —
' 1
E l \ Local Maximum
I 1
-0y o
2
A1 for the shape

AT for the equation y = 0

ATt for asymptotes ¢ = —2and x = —1
A1 for coordinates (f%, — 4)
A1 y-intercept (0, %)

[5 marks]

1 1 1
74. Show that Te s T [1 mark]

Markscheme

11 (z+2)—(z+1) M1

T+l a+2 (z+1)(z+2)

=1 AG

224322
[1 mark]

7e. Hence find the value of p if fol f(z)dz = In(p). [4 marks]



Markscheme

o

11y
x+1 +2

=[n(z+1) —In(z+2); A1
=In2-In3—-Inl+mn2 M1

:1n(§) M1A1

ap=4
[4 marks]

1. Sketch the graph of y = 7 (|z]). [2 marks]
Markscheme

1

-

ey

symmetry about the y-axis M1

correct shape A1
Note: Allow FT from part (b).

[2 marks]

7g. Dete;mine the area of the region enclosed between the graph of y = f(|z|), the z-axis and the lines with equations = —1 and [3 marks]
r=1

Markscheme
2, flz)dz  (M1)(A1)

_ 4
= 21n(§) A1
Note: Do not award FT from part (e).

[3 marks]



A particle moves along a straight line. Its displacement, s metres, at time ¢ seconds is given by s =t + cos2t, ¢ > 0. The first two

times when the particle is at rest are denoted by ¢, and ¢,, where t; < ts.

8a. Find £, and t,.

Markscheme
s =t+cos2t

ds .
3:172sm2t M1A1
=0 M1

:>sin2t:%

t=2(s), t,=2(s) A1A1

12 12

Note: Award AOAO if answers are given in degrees.

[5 marks]

8b Find the displacement of the particle whent = t;

Markscheme

_ T m _ 7 \/3
s =>+cosg (S—EJrT(m)) A1A1

[2 marks]

Consider the curve defined by the equation 42+ y2 = 7.

9a. Find the equation of the normal to the curve at the point (1, \/5) .

[5 marks]

[2 marks]

[6 marks]



Markscheme

METHOD 1

dx2+92 =17

8z+2yX =0 (M1)AT)

T

dy 4

dz y
Note: Award M1AT1 for finding % = —2.309. .. using any alternative method.

hence gradient of normal = (M1)

2
i

hence gradient of normal at (1, \/ﬁ) is ? (=0.433) (A1)

hence equation of normal is y — /3 = ?(m —1) (M1)A1
(y="L2+2F) (y=04332+130)

METHOD 2

dr2+y2=17

y=+7—422 (M1)

Y= fw (A1)

Note: Award M1AT for finding % = —2.309. .. using any alternative method.

q T—4x2?
hence gradient of normal = = (M1)
hence gradient of normal at (1, \/3) is ? (=0.433) (A1)

hence equation of normal is y — /3 = ?(

V3 3V3
(v="F=+%

z—1) (M1)A1
) (y = 0.433z + 1.30)

[6 marks]

Find the volume of the solid formed when the region bounded by the curve, the z-axis for > 0 and the y-axis for y > 0 is rotated [3 marks]
through 27 about the z-axis.

Markscheme

Vi

Useof V=m0 y2dz

V= Mf (7—4a2)dz  (M1)(A1)

Note: Condone absence of limits or incorrect limits for M mark.

Do not condone absence of or multiples of 7.

—19.4 (: 7‘?”) A1

[3 marks]



Let the function f be defined by f(z) = %, z € D.

10a. Determine D, the largest possible domain of f. [2 marks]

Markscheme

attempting to solve either 2¢* —1 =0o0r2e®*—1#0forz (M1)
D =R\ {—In2} (or equivalent eg z # —In2) A1

Note: Accept D = R\ {—0.693} or equivalent eg = # —0.693.

[2 marks]

10b. Show that the graph of f has three asymptotes and state their equations. [5 marks]

Markscheme

considering zllzlianf(z) (M1)

z=—In2(z=-0.693) A1

considering one of zl~l>r—noo f(z) or leToo flz)y M1

A )= 2=y 2 A1
"
zanfoof(x) = _% =>y= _% Al

Note: Award AOAOfory = —2andy = —% stated without any justification.

[5 marks]

367
(2e7—1)2

10c. Show that f/(z) = — [3 marks]

Markscheme

f’(z‘) _ —e”(2e"—1)—2e%(2—e”) M1A1A1
(2e—1)

367
(2e2—1)%

[3 marks]

10d. Use your answers from parts (b) and (c) to justify that f has an inverse and state its domain. [4 marks]



Markscheme

f'(z) <0 (for all z € D) = fis (strictly) decreasing  R1

Note: Award R7 for a statement such as f/(z) # 0 and so the graph of f has no turning points.

one branch is above the upper horizontal asymptote and the other branch is below the lower horizontal asymptote ~ R171
fhasaninverse AG

—co<zr<-2U—1<z<o0 A2

Note: Award A2 if the domain of the inverse is seen in either part (d) or in part (e).

[4 marks]

10e. Find an expression for f~(z). [4 marks]

Markscheme

Note: Award MT for interchanging z and y (can be done at a later stage).

2zeY —x=2—¢Y M1

eV2z+1)=xz+2 A1

fi(z) = ln< = ) (fY(z) =In(z +2) —In(2z + 1)) A7

2z+1

[4 marks]

10f. Consider the region [4 marks]
R enclosed by the graph of y = f(z) and the axes.

Find the volume of the solid obtained when R is rotated through 27 about the y-axis.

Markscheme
use of V= wf:m?dy m1)

—r (1n(ﬂ) ) ‘dy  (A1)AT)

2+1
Note: Award (A1) for the correct integrand and (A1) for the limits.

=0.331 A1

[4 marks]

Consider the function defined by f(z) = z+/I — 22 on the domain
—1<z<1.

114, Show that fis an odd function. [2 marks]



Markscheme
f(-2) = (-2)y/1 - (—2)* M1

=—z/T—a?
=—f(z) R1
hence fisodd AG

[2 marks]

11p. Find f'(z). [3 marks]

Markscheme
fl(z)==ze %(1 —2?) re—2z+(1—2%): MIAIAT

[3 marks]

11c. Hence find the z-coordinates of any local maximum or minimum points. [3 marks]

Markscheme

. A —m_ _ _ 1w
f,(a:)i 1-a V1-z? ( \/1712) At

Note: This may be seen in part (b).

Note: Do not allow FT from part (b).

fiz)=0=1-222=0 M1

gL
T —iﬁ A1
[3 marks]
11g, Find the range of f [3 marks]

Markscheme

y-coordinates of the Max Min Points are y = :I:% M1A1

so range of f(z) is [—%, %] A1

Note: Allow FT from (c) if values of z, within the domain, are used.

[3 marks]

11e. Sketch the graph of y = f(z) indicating clearly the coordinates of the z-intercepts and any local maximum or minimum points. [3 marks]



Markscheme

P | —
S

0.5

0.5 0 0.5

1 1 ]
S
Shape: The graph of an odd function, on the given domain, s-shaped,
where the max(min) is the right(left) of 0.5 (—0.5) A1
z-intercepts A1
turning points A1

[3 marks]

11+, Find the area of the region enclosed by the graph of y = f(z) and the z-axis for z > 0. [4 marks]

Markscheme
area = foledw m1)

attempt at “backwards chain rule” or substitution ~ M1

*71f0 —2z)/T—z2dz

Note: Condone absence of limits for first two marks.

11g. Show that ff1|x,/ - acZ'd:c > |f}1x\/1 — szx‘. [2 marks]

Markscheme

[} |zyT=22dz>0 R1
|[Y,zyT=2%dz|=0 R1

so [!)[eyT=27dz > |[* zyT—2dz| AG
[2 marks]

Total [20 marks]



12a. Express [2 marks]
422 — 4z + 5 in the form

a(xz — h)2+ k where a, h,
ke Q.

Markscheme

4(z—0.5)2+4 A1A1

Note: A7 for two correct parameters, A2 for all three correct.

[2 marks]

12, The graph of

) [3 marks]
y = z?is transformed onto the graph of
y = 4a? — 4z + 5. Describe a sequence of transformations that does this, making the order of transformations clear.

translation

0.5 P -

0 (allow “0.5 to the right”) A1

stretch parallel to y-axis, scale factor 4 (allow vertical stretch or similar) A7
translation
(Z) (allow “4 up”) A1
Note: All transformations must state magnitude and direction.
Note: First two transformations can be in either order.
It could be a stretch followed by a single translation of
(Of> . If the vertical translation is before the stretch it is

0

1)
[3 marks]

The function fis defined by

[ S
f(iE) T 4x2—4g+5
12c. Sketch the graph of [2 marks]

y = f(z).



Markscheme

02

o

general shape (including asymptote and single maximum in first quadrant),

intercept

(0,%) or maximum
(l,l) shown A7
2’1

[2 marks]

12d. Find the range of f.

Markscheme

0<flz)<; A1A1

Note: A7 for
< i, A1 for
0<.

[2 marks]

By using a suitable substitution show that

12e. L 1
[ f(z)dz = Zf - du.

A1

[2 marks]

[3 marks]



Markscheme

let
u=z—1 A1
2

%:1 (ordu=dz) A1

1 _ 1
S 4.12—4z+5dmff 4(%%)2“&% Al

[—L-du=1 1Hdu AG

wtd 4w

Note: If following through an incorrect answer to part (a), do not award final A7 mark.

[3 marks]
12f. Prség/e th?t . [7 marks]
fl 412—4z+5dm 16

Markscheme

3.5 14 103 1
— 1 de=1
fl 4a2—4a+5 4f0-5 u2+1du Al

Note: A7 for correct change of limits. Award also if they do not change limits but go back to x values when substituting the limit (even if
there is an error in the integral).

%[arctan(u)]ﬁ5 (M1)

%(arctan(?)) — arctan(%)) A1l

let the integral = /

tan4l = tan (arctan(3) = arctan(%)) m1

2B 21 (M)At

1+3x0.5 2
=X =1
4I = 4:>I s AlAG
[7 marks]
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