Revision / Complex numbers [70 marks]

1. M
(a)

aximum mark: 18]

Express —3 + \/giin the form7€'?, wherer > Oand —7 < 0 < .

Markscheme

attempt to find modulus  (M1)

r:2\/§(:\/ﬁ) Al

attempt to find argument in the correct quadrant ~ (M17)

[5 marks]

Let the roots of the equation 2> = —3 + v/3ibe u, vand w.

(b)  Find u, vand w expressing your answers in the form rel?, where 7 > Qand —7 < 0 < .
Markscheme

On an Argand diagram, u, U and W are represented by the points U,V and W respectively.

(9

0 = ™+ arctan (—@) Al

— o
=5 M

—3 4+ /31 = /120 (: 2\/§e%)

attempt to find a root using de Moivre’s theorem M7

1 5n

12%5e7s A1

attempt to find further two roots by adding and subtracting 2?” to the argument M7

T

1
125e~ 15 A1

17mi

1
125e’5 A1

Note: Ignore labels for 4, v and w at this stage.

[5 marks]

Find the area of triangle UVW.

Markscheme

SPM.1.AHL.TZ0.11
(5]



METHOD 1
attempting to find the total area of (congruent) triangles UOV,VOW and UOW ~ M1

area=3 (1) (12%) (12¢)sin 2w
Note: Award A7 for (12%) (12%> andAIforSin%ﬂ'

\/_ (123) (orequivalent) A1

METHOD 2
12 1 LY . o2m
uv?= (12 ) + (126) -2 (126) (126>COS?(orequwalent) A1
1
w=+3 (125) (orequivalent) A7
attempting to find the area of UVW using Area = % x UV X VW X sin & forexample M1
area= £ (V3 x 12%) (V3 x 12F)sing

= 3+4/§ (12%) (orequivalent) A1

[4marks]
(d) By considering the sum of the roots u, v and w, show that
cos ST 4 cos § 1+ cosSg Ir — 0 [4]
18 18 '
Markscheme

U+v+w=0 R1

123 (cos (—%) +isin (——) +cos +1sm § T cos¢- 17“ +1sm177r) =0 m

consideration of real parts M1

127 (cos (=1 =) + cos3% %+ cos 117§’) =0

Ccos (— %) COS— explicitly stated A7

17w
cos3L 18 +cos g T cosg- =0 46

[4 marks]

[Maximum mark: 6] 19N.2.AHL.TZ0.H_6



Let P (z) = a2® — 3722 + 662 — 10,where 2 € Canda € Z.

One of the roots of P (z) = 0is3 + 1.Find the value of a.
Markscheme

METHOD 1
oneotherrootis3 —1 A1
letthird rootbex  (M1)

considering sum or product of roots  (M1)

37

a

sumofroots= 6 + o« = A1

product of roots = 10cx = % A1

hencea =6 A1

METHOD 2

oneotherrootis3 —i A1

quadratic factorwill be 22 — 6z + 10 (M1)A1

P (2) = az® — 3722+ 662 — 10 = (22 — 62+ 10) (az— 1) m1
comparing coefficients  (M1)

hencea = 6 A1

METHOD 3
substitute 3 + iinto P (z)  (M1)
a (18 +26i) —37(8+6i) +66(3+1) —10=0 mna1

equating real orimaginary parts or dividing M7

18a — 296 + 198 — 10 = 0 or 260 — 222 + 66 = 0 or L2=66(3+i)+37(8+61)

18+-26i

hencea = 6 A1

[6 marks]

[Maximum mark: 5]
Consider z = cos 6 + 1 sin Owherez € C, z # 1.

21M.2.AHL.TZ2.8



Show that Re(11£) = 0. (5]

Markscheme

1+z _ 1+cosf+isiné

1-2 1—cos 0—isin 6
attempt to use the complex conjugate of their denominator m1

(1+cos 6+i sin 0)(1—cos 6+i sin )
(1—cos 6—i sin 0)(1—cos 6+i sin 6)

14+z) __ _1—cos®f—sin’@ __ 1-—cos®6—sin’ 6
€ = =
R ( ) (1—cos 6)*+sin? 6 ( 2—2cos 6 Mia1

Al

Note: Award M1 for expanding the numerator and A7 for a correct numerator. Condone either an incorrect denominator
or the absence of a denominator.

using cos? 6 + sin? 0 = 1to simplify the numerator M1)

Re(+2) =0 46

1-2z

[5 marks]

[Maximum mark: 8] 21TM.1.AHLTZ1.7
Consider the quartic equation 2* + 423 + 822 4+ 80z + 400 = 0, ze C

Two of the roots of this equation are @ + biand b + ai, wherea, b € Z.

Find the possible values of a. [8]
Markscheme

METHOD 1
othertworootsarea — biandb — ai A1
sum of roots = —4 and product of roots = 400 A1

attempt to set sum of four roots equal to —4 or 4 OR
attempt to set product of four roots equal to 400 M1

a+bi+a—-bi+b+ait+b—ai=—4
20+2b=—-4(=a+b=-2) m
(a+bi)(a —bi) (b+ ai)(b— ai) = 400
(a2 +12)% =400

a?+ b =20



attempt to solve simultaneous equations M1)

a=2ora=-—-4 A1

METHOD 2

othertworootsarea — biandb — ai 41

(z—(a+0bi)(z—(a—0bi))(z— (b+ai))(z— (b—ai))(=0) a1
((z —a)’+ b2) ((z —b)* + a2) (=0)

(2% — 2az+ a® + b?) (22 — 2bz + B> + a?) (= 0) M

Attempt to equate coefficient of z° and constant with the given quartic equation M1

—2a — 2b = 4and (a® + %) = 400 41

attempt to solve simultaneous equations M1)
a=2ora=—4 A4
[8marks]
[Maximum mark: 6] 22M.1.AHL.TZ1.9

Consider the complexnumbers z; = 1 + biand 29 = (1 — b2) — 2bi,whereb € R, b 7& 0.

(a) Find an expression for 2123 in terms of b. [3]

Markscheme

2122 = (14 bi) ((1 — b%) — (2b)i)
= (1-v*—2i%%) +i(-26+b—-0b°) m

=(1+0) +i(-b—0%  am

Note: Award A7for 1 + b2 and A1 for —bi — b3i.

[3 marks]

(b) Hence, given that arg(zlzz) = %,ﬁnd the value of b. [3]

Markscheme



arg(z122) = arctan( _11:1)’2’3) =7 M1)

EITHER
arctan(—b) = % (sincel + b% # 0,forb € R) A1

OR

—b — b3 =1+ b2 (orequivalent) Al

[3 marks]

[Maximum mark: 10]
Letz = 1+ cos 20 + i sin 29,where—% <0< %
(a) Show that

(@i) argz=20,
Markscheme

METHOD 1

sin 260 sin 260 )

arg z = arctan (m) (ta’n (arg Z) ~ Ticos 20 Al

uses 2 sin @ cos @ in the numerator and any double angle identity for cos 26 in the denominator

arg z = arctan (%) (tan (arg 2) = 2 sgngsgc;s 6)

= arg z = arctan (tan 6) (—% <f< %) a
=60 A

[3 marks]

METHOD 2 - covers answers to both parts a(i) and a(ii)
z2=1+2cos?0—1+2sinfcosbi  MAIAT

z2=2cos20+2sinfcos i A1

m1

24M.2.AHL.TZ2.8

(3]



attempttoformz = rcisd M1

z=2cosf(cos 0 +isinf) A
.|zl =2cosfandarg z =6. 4G
[3 marks]

(@ii) |z =2 cos 6.

Markscheme

attempts to express | 2| in the form \/(Re Z)2 + (Im 2)2 M1)

2| = \/(1 + cos 20)* + sin® 26

attempts to expand (1 + cos 20)2 and then uses

cos? 20 + sin® 20 = 1linanattemptto simplify (M)
2| =v2+2cos20 a1

2| = V4 cos? 0 (= 2|cos 0]) a1
:20050<—%<0<%) 4G

[4 marks]

METHOD 2 - covers answers to both parts a(i) and a(ii)
z2=1+2cos?0—1+2sinfcosbi  MAIAT
z=2cos’0+2sinfcosBi a1
attempttoformz = rcisd M1

z=2cosf(cos@+isinf) A1

o ]2l =2 cosfandarg z=10. 46
[4 marks]
(b) Hence or otherwise, find the value of § such that arg (22) = |z3 |

Markscheme

20 = (2 cos 0)° @



attemptsto solvefor@  (M1)
0 =0.913236...
0=0.913

Note: Award all marks for @ = 0. 913 found directly without using part (a).

Note: Award (A1)M1)A0 for@ = 3.97°.

[3 marks]

[Maximum mark: 17] 23N.1.AHL.TZ2.12

(a) Find the binomial expansion of (COS 0 + 1 sin 0)5. Give your answer in the form a + biwhere @ and b
are expressed in terms of sin @ and cos 6. [4]

Markscheme

attempt to expand using binomial theorem: m1)

Note: Award (M1) for seeing at least one term with a product of a binomial coefficient, power of i sin @ and a power of
cos 6.

(cos 0 +isin 0)° = cos® 0 +° Cii cos 0 sin § +° Cyi® cos® 0 sin? 0
+5C4i3 cos? 6 sin® @ +° C,i* cos 6 sin* @ + i®sin® @ a

= (cos5 6 — 10 cos3 @ sin®0 + 5 cos 0 sin* 0) +1i (5 cos*0 sin 6 — 10 cos? 0 sin® @ + sin® 0)
A1A1

Note: Award AT for correct real part and A1 for correctimaginary part.

[4 marks]
(b) By using De Moivre’s theorem and your answer to part (a), show that
sin 56 = 16 sin® @ — 20 sin®§ + 5 sin 6. [6]
Markscheme
(cos 6 +isin 9)5 = cos 50 + i sin 50 @An
equate imaginary parts: M1)
sin 50 = 5 cos* 6 sin § — 10 cos? @ sin® 6 + sin® 6 Al
substitute cos? @ = 1 — sin 6 M1)

sin 50 = 5(1 — sin? 9)2sin 0—10 sin39(1 — sin? 6) +sin® 6 A1



sin 560 = 5(1 — 25in%6 + sin* 9) sin § — 10 sin30(1 — sin® 9) + sin® 6 A1
=16 sin”6 — 20 sin®0 + 5 sin 0 AG
Note: Some of this working may be seen in part (a). Allow for awarding marks in part (b).

[6 marks]

— 5o

(©)  Hence, show that @ = % and 0 = - are solutions of the equation 16 sin®f — 20 sin?6 + 5 = 0.

Markscheme

factorising 16 sin® @ — 20 sin®@ + 5 sin M1
(sin 56 =)sin 6(16 sin®6 — 20 sin®6 + 5)
EITHER

sin 5(£) = Oandsin 5(%) =0

Note: TheR7isindependent of the M1.

OR

solvingsin 560 = 0

QZ%WherekEZ R1

Note: The R isindependent of the M1.

THEN

therefore eithersin @ = 0OR16 sin* @ — 20 sin? 6+ 5 =0

Sin% # 0andsin 3% # 0 (oronly solutiontosin @ = 0isf = 0) R1
n 3o . 4 12 _

therefore =, =~ are solutionsof 16 sin®6 — 20 sin“6 +5 =0 AG

Note: The final R1 is dependent on both previous marks.

[3 marks]

(c.ii) 3

. E . E
Hence. show that S1In 5 SN —= = \/4

Markscheme

METHOD 1

attempt to use quadratic formula: M1)
sin?f = Wy

32



_ 5+VE
= 73

5+v5
B

con .31 [54VE /55
= sin ¢sin ¢ = 4/ 22/ 2 M1
-,/ 20
= 64 Al
— /5
i

sin 0 =

METHOD 2
. .o . 2n .. 3n . 4n
roots of quarticare sIn &, SIN -, SIN -, SIN - A1
attempt to set product of roots equal to :|:1—56 M1
eoom . 20 . 3n . 4 _ §
Sin £ SIn &-SIN &SI 5 = 5 A1

. .o . 4n . 2 . 30
recognition that sin ¢ = SIn -andsln - = sin x-

21.23n

sin® £sin” = = % Al

sin ¢ sin %H = % AG

METHOD 3

Consider 16 sin* # — 20 sin?6 + 5 = 0 asa quadraticin sin® 6 M1
(9 = %, %H are roots),so sin? % and sin? 3Tnare roots of the quadratic.
Consider product of roots: M1

= sin® %sin2 37“ = % a1

sin ¢ sin 3?" = % AG

[4 marks]
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