HL / Maclaurin series and differential equations [56 marks]

1. [Maximum mark: 21]
The function f is defined by f (z) = €522,

(@) Find the first two derivatives of f (&) and hence find the

2

Maclaurin series for f (m) up to and including the x“ term.

(b) Show that the coefficient of 25 in the Maclaurin series for

f (w) is zero.

(c) Using the Maclaurin series for arctan  and e3? — 1 find the

Maclaurin series for arctan (egg; — 1) up to and including
the > term.
. -1
() Hence, or otherwise, find llm%.
70 arctan(e3—1)
2. [Maximum mark: 19]

This question investigates some applications of differential equations to
modeling population growth.

One model for population growth is to assume that the rate of change of the

population is proportional to the population, i.e. % = kP,wherek € R, tis

the time (in years) and Pisthe population

(a) Show that the general solution of this differential equation is

P = Aeft where A € R,

The initial population is 1000.

Given that k = 0.003, use your answer from part (a) to find
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(D)

(0)

(d)

tne population arter 1vyears

the number of years it will take for the population to triple.

lim P

t—o00

Consider now the situation when k is not a constant, but a function of time.

Giventhatk = 0.003 + 0.002¢, find

(e)

(f)

the solution of the differential equation, giving your answer in

theform P = f (¢).

the number of years it will take for the population to triple.

[Maximum mark: 7]

Solve the differential equation % = T + y,giventhaty = 2
whenz = 0.

Give your answer in the formy = f(x)

[Maximum mark: 9]

dy _ 4-y

Consider the differential equation 5~ = —5~,wherey = 2whenz = 0.

(a)

Use Euler’s method with a step size of 0. 1 to find an
approximation forywhen x = 0. 5.Give your answer correct
to four significant figures.

By solving the differential equation, show that

y=4—2e .

Find the absolute value of the error in your approximation in
part (a).
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