Worked solutions

5 Measuring change: differentiation

Skills check since lim =-» and lim ==
i a 3.0 B 3 Xx—>—3 X—>—3
4-0 4 and |lim =o and |lim =-o
4-0 4 x>3" x—>3"
-1-2 12 .
b —— =_"<% Horizontal asymptote at y = -1
a3 1o oo

since Iin:lwg(x) =-1

3 Vertical asymptoteat x =1

b iz =x7 since lim f(x) = and lim f(x) = —»
X x-1 x-1*
8 8 3 Horizontal asymptote at y = -1
¢ 5V 5% since  lim A(x) = -1
3 7 4 Vertical asymptotes at x = +2
ef since lim =wo and Ilim =-o
X2 x—>—2"
1 and Ilim =o and Ilim =-w
94 X2 x—2"
Horizontal asymptote at y =0
™ X
1 ¢ since lim [— 25X J=O
Xt X° -2
Exercise 5C
4 1 F'(x)=7x"1=7x°
1" 51) 10 2 f'(x)=18x""=18x"
2 - 1—% B 1 14 1 3
3 f'(xX)=-Zx?* =-Zx2?
2 2
Exercise 5A 4 F(x)-= Ix = xt = F(x) = lXé_l _ lx_g
1 lim(x* +1) = lim (x* +1) = 10 > >
x> x> 1 L 1 1, 1 =
i — =i _ _ 5 f(X)Z—:XZDf'(X):__XZ —__x:
2 )|(I_I:11‘l(5 2x)_an3(5 2x) =3 Jx 2 2
3 , 3 31 3 1
3 lim [ZX2 _X] _ lim £2x2 _X] _ 4 6 1) =3 =xi = () =3x" = 2x
x—0" X x—0" X
2 2
4 lim| X=X ciim| XX =1 Exercise 5D
x—-1" X—]_ x—-1" X—l d
1 a Y_ae _x
dx
Exercise 5B b f(X) _ 5X(x2 _ 1) _ 5X3 _5x
1 Vertical asymptote at x =% - f'(x)=15x* -5
since lim f(x)=-w and lim f(x) = c f'(x)=24x>-6x d 3_5=4t+3
x-1 xe{ t
Horizontal asymptote at y = 1 e dv =-9.8 f dc =24
2 dt dx

since. lim £(x) =%

2 Vertical asymptotes at x = +/3
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2 a f(x)=6Jx =6x* -~ f'(x)=3x"*
b f(x)=5Yx* =5x* ~f'(x)=3x"}

1
¢ flx)=2-3Ux=2x -3

3 a f(x)=2)3(2 =§x‘2 L F(x) = -3x7
3 3 3
b f(x)=—o =2 22
)=y "2 2"
3
AP =-2x7
(x) 5 X
f'(x)=127zx?
d f(xX)=(x+1?=x*+2x+1
L' (x)=2x+2
3
e f(x)=x+—x‘3=xz+1_§
X X

=x>+1-3x7" . f'(x)=2x+3x7
f f(x)=02x-1)(x*+3)

=2x>-x*+6x-3

S f'(X)=6x2-2x+6

4 a y=1+x/x=1+x* .'.d—y=§x%
dx 2
7 1 1
b y=S5-——==7x%-x"
y XX Ix
dr _ J1ax? 1 1x?
dx 2
c y=3/;+i‘/;=x%+x%
_~_d_y=lx_%+lx_%
dx 3 4
Exercise 5E

1 a g—§=2x—4 so the gradient at

x=-1 is2(-1)-4=-6

_2x°-5 5

=2x* - = =2x* -5x7!
X X

Ldy

dx
so the gradient at (1,-3) is
8(1)° +5(1)2 =13

=8x%+5x72
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c f(x):i‘/;+i:x%+8x’%

Ix
L F'(x) = lx‘% ~4x7:
- =2
1,..: 3 15
)T -4
CRELOREEE
f'(x)=2x>-9x-3 . 2=2x*-9x-3

so f'(1) =

=2x2-9x-5=2x+1)(x-5)=0

SO x=—l or x=5
2

when x=—l, y=fF —l =§
2 2 24
when x =5, y:f(5):—%
_1,199 and 5’_217
2 24 6
Exercise 5F
=1_22X=i2—£=x’2—2x’1
X x? X
.'.d—y=—2x‘3+2x‘2
dx

Therefore, the gradient at [2,—%)

is —2(2)% +2(2)? = %

So the gradient of the normal at
this point is -4

.'.y—(—%}:—4(x—2):>y:—4x+?

dy
dx

So the gradientat x =-1 is -7

= -3x* +4x

d—y:—7:>3x2—4x—7
dx
=(3x-7)(x+1)=0

X = %or x = -1 (i.e. the tangent itself)

7)__22
Y13)7 727

'y+£=—7 x—Z :y=—7x+4—19
27 27



dr , 1
dx X2
dy 1 1
=3l = 3o x=ts
1 5
+> =42
y[ zj 2

1 5 1
Sy==xt=m>

3 2 6
~y—lx+z and y—lx—Z
3703 37 3
f'(x) =6x -2k

F'(1)=6-2k=10=k = -2
f'(x)=3x*-2x-2=0

, 22 1y 7
SX-ZXx-Z=|x-Z| ==
37 3 3) 9
1447
3

Coordinates are
147 7-147) (1-7 7+1447
3 7 27 "3 " 27

g(x) = % =x" . g'(x)=-nx""

= xg'(x) + ng(x) = x(-nx"*) + nx™"
=-nx"+nx"=0
f'(x) =15ax? - 4bx + 4c
f'(x)>0 = 15ax*> -4bx +4c >0

:x2—4—bx+£20

26 4b?  4c
=S X-— - s+—2=0
15a 225a 15a
The LHS is valid for all real x and
attains its minimum at x = ﬂ SO
15a
2
_ A A 0o b2 <15ac
225a° 15a

f(x)=-20x"+1 forx >0
S f'(x)=20x2,g'(x)=5 for x e

f'(x)=g'(x) when 20x2 =5
=>x'=4=x=4%2
But x>0 so x=2 only

b yzmz(l—ZX)

Worked solutions

1 a y=v° where u=2x+3

Exercise 5G

dy _dy du _ (g0 - 10yt
d " dudx " (5u*)(2) = 10u
=10(2x +3)*

ol

y -u® where u=1-2x
dy _dydu _ (lu'ij(—z)

dx dudx |2
——ut = -(1- 2x)_%
cC y= 3 =-3u*
V2x? -1

where u=2x?-1

3
d_y:d_yd_u: §u7§ (4x)
dx dudx (2

= 6x(2x2 - 1)

3
d y =2(x2—3] =20
X

2
where u=x*>-=
X

dy _dydu _ (g2 2
dx du dx_(eu )(2X+XZJ

2
= 12(x2 —%) [x+%]

2 At x=0, y =6 so tangent passes

through (0,6)

y :6(1—2x)% = 6u° where u=1-2x

dy _dydu _ (5 3\ (o) _a,?
dx_dudx_(2u )( 2)=-4u
- -4(1-2x)"

so the gradientat x=0 is -4
Ly-6=-4(x-0)=y=-4x+6
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Worked solutions

3 When x=1, y=1 soa=+1+b €C y=x7J2-3x =uv where u=x
y:a(1+bx)_%=au’% where u=1+bx and v =+2-3x
dy du dv
dy dydu a - ab s = oy iu=L
=2 _""=|-—u’|(b)=-—u"
dx dudx ( 2 j() 2 dx dx dx
ab -3 3
=—— 2 =(1)V2-3x + x| ————
2(1+bx) (1) [ zmj
dy _ 3 __4-9x
e L 242 -3x
= Lapyt- 23 d y=(@x+1)(x*-x+1) = h
2 25 8 y =(2x+ )(x - X+ ) =uv Wwhere
2
so b:% u=2x+1 and v:(xz—x+1)2
3a° ) 3a° dy _du dv
—=>d= 1+Tja =1+T dX dXV+udX
—a=2 (a>0).b=a-1-3 = (2)(x* -x+1)
2(2x +1)(2x -1)(x* - 1
4 )’=L3=4u’3 where u=3-x +2(2x+1)(2x )(X X )
(3-x) :2x(5x—1)(x2—x+1)
dy dy du 4 a4 _ _
= _ == _(-12 -1)=12 e =(2-3x)Jx+2 =uv
dx dudx ( Y )( ) “ y=I )
=12(3-x)" where u=2-3x and v =+x+2
Ly dy 3 dy du dv
soat x=1, -2 and therefore dx dxv+udx
the normal has gradient _4 =(—3)\/x+2+(2—3x)[;]
3 20X +2
1 4 4 11 -10 -9x
LYy-——=—=(x-1)y=-cx+— = =
2= 30 36 2Jx +2
5 j—§=—9x2+2 2 a y=\/x+1(3—x)2=uv where

u=+x+1 and v:(3—x)2

Curve horizontal when j_y =0
X d_y _ duv udv

—_ + E—
Sox=i%=ig dx le dx
= ———|B-x) +x+1(-2(3-x
Exercise 5H .dy_(x—3)2+4(x—3)(x+1)
1 a y=x*@2x-1)=uv where u=x> Tdx 2JUx +1
and v=2x-1 _(x=3)(x-3+4(x+1))
dy du dv 2Ux +1
- = v+UuU—
dx dx dx _(x—3)(5x+1)
=(2x)(2x -1)+ x*(2) T 2dx+1
= 6x% -2x =2x(3x - 1) b Using the result from part a,
b y:(2x—3)(x+3)3:uv where x-3=0=>x=3
3 5 1=0 _ 1
u=2x-3 and v =(x+3) orox+l=0=x=-¢
dy du dv
L - Zviru->

dx dx dx
= (2)(x+3) +(2x-3)(3(x + 37

= (x +3)"(8x - 3)
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Worked solutions
3 y:x(1—2x)'1:uv where u = x d _1+43x _u

== =— where u=1+3x
. x“+1 v
and v = (1-2x) and v=x*+1

dy _du +ud_V dy _vu'-uv'
dx dx dx dx v2
= (-2 e x(2(1-20) %)= 1 (x* +1)(3) - (1+3x)(2x)
(1-2x) = 2
(x +1)
so the gradient at (0,0) is 1 ar.ud 3_2x_3x2
the normal therefore has gradient -1 = S 2
. (X +1)
LY =X
_ 2
2 f'(x):3X+—4X2+3,f'(o):3
Exercise 51 (x+1)
1a y- 15+ 3X _ U where u—1+3x so normal at this point has
-X Vv
. 1
and v=5-x, u'=3,v'=-1 gradient -3 and passes through (0, - 2)
dy wvu'-uv' 1
Gy _vu—uv Ly =-—Ix-2
dx v? 4 3X
_(5-x)(3)-(1+3x)(-1) 16 X+x*+x+1 u
= 3 = 5 3 fx) XX Ex+l U
(5-x) (5-x) X v
where u=x*+x>+x+1 and v =x
b yz%zg where u=+/x U
fFi(X)=—7—
and v=2-x v

x(3x2 +2x+1)—(x3 +x2 +x+1)(1)

u':L v'i=-1 = 2
2Jx ; . X
dy _vu'-uv’ XX ol
dx V2 X )
1 f'X)=1=22X+x"-1=x"=> x> ==
20y ) () 1 >
(2—x)2 .-.x=$
___2+Xx
2(2- X)Z Ix Exercise 5]
1+2x U 1 a
cC y= =— where u=1+2x
N1-x* VvV y:(x—l)(x+3)2:uv where
and v =+1-x° u=x-1 and v:(x+3)2
u=2,v == dy _du, . ,9v
1-x? dx dx dx
dy _vu-uv’ = (x+37 +2(x 1) (x +3)
2
v = (x+3)(x+3+2(x - 1))
X
V1-x? (2)—(1+2X)[— 2} =(x+3)(3x +1)
_ 1-x
1-x2 b Most easily done using the product
X +2 (and chain) rule:
(1—x2)% y =(x+1)J1-2x =uv

where u=x+1 and v =+1-2x
dy _du . dv

dx dx dx

:m_ x+1 __ 3X
J1-2x J1-2x
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¢ Most easily done using the quotient
rule:

= x+1 -Y where u=x+1
x-1 v
and v=x-1
dy wvu'-uv'
dx v?
(X -1)-(x+1) 2
(-1 (x-1)

d Most easily done by chain rule

(quotient rule also valid)

y = 2(x4 —2x + 1)71 =2u™

where u=x%*-2x+1

dy _dydu [ 2 )4 _2)
dx dudx

u
4(1-2x°
(x“—2x+1)2
2 f(x)_lJM/;:E where u=1++x
x-1 v
and v=x-1
x-1
\ vu'-uv' 2\/}_(1+&)
fi(x) = 2 = 2
v (x-1)

:_x+2«/;+1 _ (&+1)2
2\/;(x—1)2 2\/;(x—1)2

2
oy B+ L
2(3)(9-1) 24
Tangent:y—lz—i(x—Q)
2 24
3y:Z,L
8 24

Normal:y —% =24(x-9)

:>y:24x—4T31

Exercise 5K
1 ai x>0

ii Nowhere
b i xe(-0,-1)U(-10)0
i xe(0,1)U(1,x)
c i xe(-0,-0.215)U(1.55x)
i xe(-0.215,1.55)
d i xe(-0-1)U(1x)
i xe(-1,1)
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a f'(x)=-3x?
Increasing: nowhere
Decreasing: Vx € j

b f'(x)=4x
Increasing: x >0
Decreasing: x <0

1
2Vx -1
Increasing: nowhere
(note the function is only valid here
for x > 1)
Decreasing: x e (1,%)

c F(x)=-

d F)=-—2 2

2Jx

Increasing: x e 0,i
16

(note the function is only valid here
for x > 0)

. 1
Decreasing: x e | —,©
(16 j

Exercise 5L
1 a f'(xX)=2x, f'\(xX)=0=>x=0

f(x) decreasing for x <0 and
increasing for x > 0 so this is a

local minimum

-.(0,-2) is a local minimum point
Graphically, this is a positive parabola
so the turning point must be a local
minimum (students should draw this)

b F(x)=1-—, f(x)=0=x=1

Jx

f(x) decreasing for0 < x <1

and increasing for x >1 so

this is a local minimum
. (1,-1) is a local minimum point
Graphically, the graph is continuous,
begins at (0,0) and Ixig?of(x) = SO
the turning point at (1,-1) must be a

local minimum point (and in fact this
case a global minimum).
(Students should draw this.)

c f'(x)=3x*-12x =3x(x - 4)



f'(xX)=0=>x=0 or x=4
Consider the point (0,2),

f(x) increasing for x < 0 and
decreasing for 0 < x < 4 so this

is a local maximum

Consider the point (4,-30)

f(x) decreasing for 0 < x <4 and
increasing for x >4 so thisis a
local minimum

~.(0,2) is a local maximum

and (4,-30) is local minimum
Graphically, this is a positive cubic,
so the first turning point is a
maximum and the second point

a minimum

(students should draw this)

2 f'(x)=3ax*+4x = x(3ax +4)

f'(x)=0 whenx =0 or x:_i

It is given that the turning point,
away from x =0, occursat x =1
.'.1:—i:>a:—i

3a 3

3 p(0)=d=1so0o d=1

p(-1)=-a+b-c+1=-3
so a-b+c=4
p'(x) = 3ax? +2bx + ¢ = x(3ax +2b) +c
p'(0)=3=>c=3=a-b=1
p'(—1)=0:>—(—3a+2b)+3=0
S a=—-

3
.'.Z?bflszlzb:f6:>a=75
so a=-5 b=-6,c=3,d=1

4 d—y=3x2+2ax=x(3x+2a)=0

dx
.'.d—y:O when x =0 or x:—z—a
dx
.'.fz—a:4:>a=f6
3

y(4)=64-6(16)+b=b-32=-11
=b=21
so the local maximum is at (0,21)

Exercise 5M
15 1
X

1 f'(x)=5x SFU0) =

Worked solutions

3
2 f'(x):x?—4x+5

LfF'(x)=x*-4
F'(X)=x>-4=0= x=1+2

-1
2

3 f'(x)=-2(5-4x)

-3
2

S F(x) = -4(5-4x)
d’y _
dx?
(terms of order x and constants
disapper upon differentiating twice)

2a’

n2a*=8=a=4+2

Exercise 5N

1 a o324
dx

2
9Y _6x = 0atx=0
dx
Coordinates of point of inflexion are

(0,0)

2
b d);:6x>0:>x>0
dx
Function concave up on ]0, [
2
C SXZ:6x<0:>x<O

Function concave down on ]-,0[

2a V_y4e 3

dx
d’y
ol 12x? >0
There are no points of inflexion
d’y
b i 12x* >0
Functions is concave up throughout its
domain

c Function is never concave down

3a Y_3¢ 12x-12
dx

2
9Y _6x-12-0atx=-2
dx
Coordinates of point of inflexion are
(2,—38)
d’y
b >=6x-12>0=x>2
dx
Function is concave up on ]2, o[
2
c Y _6x 12<0=-x<2
dx
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Function is concave down on ]-oo,2[

dy _ 3x% +2x
dx
2
9Y _ex+2-0atx=-1
dx 3
Coordinates of point of inflexion are
1.3
3" 27
d’y

dX2=6X+2>O:>X>_%

Function is concave up on ]—%,oo[

¢y _
dx?

6x+2<0=x< —%
Function is concave up on ]—oo,—%[

A _ox2 —ax?
dx

2
d—{ —24x-12x* =0atx = 0,2
dx
Coordinates of point of inflexion are

(0,0),(2,16)

d’y 2
5> =24x-12x">0=0<x<2
dx
Function is concave up for 0 < x < 2
d’y 2
2 =24x -12x*<0=0>x,x>2

Function is concave down for
XxX<0;x>2

d—y=3x2—6x+3
dx

2
9Y _6x-6-0atx=-1
dx
Coordinates of point of inflexion are

(.0)

2
jx);=6x—6>0:x>1
Function is concave up on ]1, o]
2
9V 6x-6<0=x<1
dx

Function is concave down on ]- oo, 1]

dy =8x° +3x2
dx

d’y 2

——> =24x° +6x =0 atx =0,-0.25
dx

Coordinates of point of inflexion are
(—0.25,0.992),(0,1)
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Worked solutions

d’y
dx?
Function is concave up for x > 0;
x < —0.25

d’y
dx?
Function is concave down for
-0.25<x<0

=24x>+6x>0= x >0,x <-0.25

=24x>+6x <0=-0.25<x <0

Y 4 12x2 416
dx

2
d—’;= 12x2 -24x =0 atx = 0,2
dx
Coordinates of point of inflexion are
(0,-16), (2,0)
dy
dx?
Function is concave up when x < 0,
x> 2
d’y
dx?
Function is concave down when
O0<x<?2

f'(x)=3x>+4x

12x*-24>0=>x<0,x >2

=12x>-24<0=>0<x<2

3x2+4x=O:x=O,—%

f'(x)=6x+4

f"(0)=4

fll _ij=_4

3

F'(x)=0=x=-%

Non-horizontal inflexion at (—2,4—3]
327

Fr(x)=3(x-1)

3 x—1)2:0:>x:1

f'(x)=6(x-1)=0atx =1

f"(1.1):0.6>0

f"(0.9):—0.6<0

Second derivative = 0 at x = 1, there
is a change in concavity at x = 1.

Therefore there is a horizontal inflexion
at (1, 0)



Cc

10a

f'(x)=-12x> - 24x°
-12x*-24x*=0= x=0,-2
f'"(x)=-36x*-48x =0atx = 0,—%

" 129
ON="%5
" 111
Fr-0) =55

First and second derivatives = 0 at
x = 0, and there is a change in
concavity at x = 0.

Therefore there is a horizontal inflexion
at (0, 2)

Fr(-2) = -48

Second derivative = 0 at x = —%, and
there is a change in concavity at

4
X=-—=
3

Therefore there is a non-horizontal
. . . 4 310
point of inflexion at | -—,=——
327
1 3
f'(x)==x2
()3
First derivative has no roots, therefore
there are no points of inflexion.
i f'(x)=3x*-6x-6

3x*-6x-6=0= x=-0.732,2.73
f'"(x)=6x-6

f"(-0.732) = -10.392
f"(2.73)-10.38

Therefore local max at
(-0.732, 3.39) and local min at
(2.73, —17.4)

ii f'(x)=6x-6=0=>x=1

Non-horizontal inflexion at (1, —7)

i Increasing: x < -0.732 orx > 2.73
decreasing for -0.732 < x < 2.73

iv Concave downward x < 1 and
concave upward for x > 1

i f'(x)=2(x-1)=>x=1

f'(x)=2
f(1)=2
Therefore local min at (1, 0)
ii f"(x)=2therefore there are no

inflexion points
ifi Increasing forx > 1
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decreasing for x < 1
Concave upward for x e j

f'(x)=12x>+12x* =0 = x =-1,0
f"(x) =36x>+24x

fr(-1)=60

f'(0)=0

Therefore local min at (-1, —3)

f'(x)=36x>+24x=0= x =—§,o

Horizontal inflexion point at (0, —2)
Non-horizontal inflexion point at

2. 70
3" 27

Increasing x > -1
Decreasing x < -1

Concave upward x < —% orx>0

Concave downward —% <x<0

Exercise 50

1 a
Y
20 A

15

10 ~




Worked solutions

C 2 a
); h :.u
f(x) f(x) ,r‘f
fx) ;{\\ .
E \'!q : £ g2 f ”_‘_,I-'“fl ’.-,.
f”ﬁ“ “—1:' 5 L~

X o
b

Exercise 5Q

_100
X

1 alL

100 . S
Exercise 5P b P=2x +7 assuming clarification to

1 a the question is made, as written in the

" a comments

100

X2

c P(x)=2-

| P'(x)=0= x =+50 =52 (x >0)
This must be a minimum because
Iin;! P(x)=o and limP(x)=w

I | and this is the only turning point

I"a R (and the function is continuous)

10 I So x =5V2 - P(5v2) = 2(5¢2) + 192
52

b r = 1042 +1042

I | =202 (measured in metres)

lig | d

- 2 Y _600+30x-3x2
: dx

d—y=0:>x2—10x—200
dx

=(x-20)(x+10)=0
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3

.. x =20 sincex >0
y(20) = 600(20) + 15(20)° - (20)’ = 10000
Therefore, maximum profit is $10 000

216

ah:52

b A:52+@
s

864 _

2

dA
-2
ds ° s
=5°=432505=13432

The length of each side of the square is s

C 0

Therefore the total length of wire used
for the rectangle is 150 - 4s

Since the length is twice the length

of the width,

the length of the rectangle is 50 —%

and the width of the rectangle is 25 —%

so the total area enclosed by the
square and rectangle is

A :sz+[50—‘;5j[25—25j

3
2
=g +2[25—25]
3

100s 452]
+ R
9

-+ 2[625 -
175 200s

9

dA 34 200 300
—=——5-—=0=>s5="+

ds 9 3 17

Let the length of the shorter side of
the base be /, so the longer side

measures 2/

+1250

Therefore the area of the base is2/>.
Let the height be h
V=2/2h=10:>h=/£2

So the total cost is

C =27 (10) + 2(2/)(h)(6) + 2(/)(h)(6)

— 20/ +36/h = 20/ + @

dC _ 401180 o (2)
al / 2

-, =20[2] +180[2]
2 9

=164 (to nearest dollar)
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Worked solutions

Exercise 5R
1 a v(t)=3t*-3, a(t) =6t

b s(0)=1, v(0)=-3, a(0)=0

At this instant, the particle is 1 metre
from the origin in the positive
direction, travelling towards the
origin at 3m/s, and is not accelerating

¢ The particle is moving away from
the origin at 9m/s and is
accelerating away from the origin
at 12m/s?

d The change of sign of v (t)

occursatt =1 (t>0)
e t>1
s(0)=1, s(1)=-1
so travels 2m in this period
s(1)=-1, s(3)=19
so 20m travelled in this period
.. Altogether distance travelled is 22m

1m
s'(t)=12-3t?=0=>t=2
s(2)=17 and this is clearly
a maximum so 17m
c v(t)=12-3t
v(0)=12, v(1)=9, v(3)=-15
d 16+17 =33 so 33m

s'(t)=15—10t:>t=%

clearly attains maximum here as
the function is a negative parabola

2
sr,E'X:sE:lSE—SE _4
2 2 2 4

4 a 5(0)=10 so 10m

b s(t)=0=1t*-5t-10=0
:5+x/E

st

~6.53 (t > 0)
c v(t)=s'(t)=5-2t

>+ — _8.06ms™!

2
a(t)=v'(t)=-2ms=

3
[0}
N—



As both the velocity and acceleration
are negative, the diver is speeding up
as he/she hit the water.

Worked solutions

dy 4 6
prvie -10(1-2x) (3x-2)
5

+18(1-2x)’ (3x - 2)
=(1-2x)"(3x -2)’
(-10(3x -2)+18(1-2x))
=2(1-2x)"(3x -2)" (19 - 33x)

5 h,=0, v, =50 . h(t)=50t-4.9t

h'(t)=50-9.8t =0 = t = 2%
9.8

(clearly maximum here)

hmaxzh(2j=127.551 b y- X-3 _1 dy _ 1
5.8 x(x-3) x dx x?
so maximum height is 127.6m to 1d.p.
f 50 0501 c dr_1,4 4.+
ground _E_ . dx 2 3
so hits ground after 10.2s to 1d.p. 5 a y=0 x=+1
6 a t=0,t=3,t=6,t=11 b Using the quotient rule,
b i Eastward is positive — 0 < t < 3; dy (¥*-1)-x(2x)
) 6<t< 11. _ dx (Xz_1)2
il Westward is negative - 3 <t < 6 ,
ci t=15 i t=45 - X Fl_0 forallxe
2
d t=1.5 and t=4.5 (x*-1)
e Speeding up: t €(0,1.5) ; c

te (3,4.5);t € (6,9)

Slowing down: t € (1.5,3) ;
te (4.5,6);!' e (9,11)

W op o =
L ! L L

Chapter Review &
1 a y=2 b a=2
2 a

6 CI—y=3x2—6x—9=3(x—3)(x+1)
dx

.'.d—y=0:>x=—1 or x=3
dx

y(-1)=-1-3+9+2=7
y(3)=27—27—27+2=—25
So y=-25 and y=7
7 Using the quotient rule,
dy 2(x-1)-2x 2
dx  (x-1)  (x-1)
t (2,4) the gradientis -2

3a y=6x=%x3 b y=0 x=-3
4 a Using the product rule,
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Worked solutions

So the tangent at this point is 11a f(X)=0=>x=-1 b y=0, x=0
y-4=-2(x-2)=>y=-2x+8

(x=2) . c f(x):9[l+i2]
The gradient at (3,3) is -5 Sso x X

the gradient of the normal at this = f'(x) = 9(—i—%j
point is 2 XX
Therefore the normal at this point is S (X)=0=>x=-2
1 x 9 Cf(y =2
y - 3_—E(X 3)3)/_—54‘5 y ( ) 4
7 " 2 6
.'.—§+§=—2X+8:>X=§ f (X)ZQ[F-}_?J
1 3) 9
7 7 10 F"'(-2) = 9[ —j=—>0
= 8=—"-p|lL =~
s [3)+ (3 3 j 4°8) 8
8 f'(x)=6x*-3 SO (—2,—%} is a local minimum
F)=3 d For f(x) to be concave up f'(x) > 0
So the normal to the curve at
2 6
. . . 1 9—3+—4 >0=>2x+6>0
this point has gradient -3 x> X
X >-3
1 x 1
Ly-0=-Z(x-1)=-2+=
y 3( ) 3+3 e
d (]
9 Y_ 3 4x T
dx Lol
[ CONCANE Up
43k _ax—a-0 FY
dx Looge
= (3x+2)(x-2)=0 pEEEF i
x=-3or X =2 (-E*(,o)j-
T T T T T T T x>
2 8 4 59 -w’?_JD F SRRRC JRR8L IRRaL JS8E "ok 4
V- |==—=+2|=|+1=== o il
3) 27 9 27 (-2, S
y(2)=-8+8+1=1 L
—z,ﬁ and (2,1) e
3°27 S Bl
10Using the quotient rule, ——
dy _2x(x+1)-x* x2+2x _x(x+2) 12a [)=0=1x(Vx-b)=0
2 = 2
dx (X+1) (x+1)  (x+1) =x=0 or x=b?
dy _ _ _ b
d—X—OSX—O or x=-2 b fl(X):l_z\/;
Students may either use first derivative ,
or second derivative test here i f'(x)>0 whenx> b”
e.g. second derivative test: 4
2
PRy  2(x+1) -2(x?+2x)(x +1) i f'(x)<0 when0<x < %
dx® (x+1)"
n b
2 c f"(x)=—=
:—3 4Xi
(x+1) ) .
The second derivative is negative at Pof (X) > Owhenb >0
x = -2 and positive at x = 0 ii f"(x)<Owhenb<0

. (-2,-4) is a local maximum 13a v(t) = 49— 4.9t

b v(t)=0=t=10
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and (0,0) is a local minimum



Worked solutions

_ _ 2 y
h(10) = 49(10) - 2.45(10) A
= 490 - 245 = 245 3
So 245m 9
14a v(0)=-2 1
b v(t):03(1+t)2:4t+9 _10 1 2 2 4 5 6 7 9 1U’x
t?-2t-8=(t-4)(t+2)=0 -2
So t=4 -3
2 -4
c a(t)=1-— .
Jat +9 18a Letting x represent the number of $10
increases above $320. Then rental
5(4):1_L:§ income is
J25 5
d Always speeding up since R(x) = (320 +10x)(200-5x) A1
acceleration is always positive R'(x)=400-100x =0 M1
15a f'(x)=4x>-6x"-2x+3 Al x=4 Al
Which corresponds to $360 rent
, —4(x* +1) - (-4x)-2x R1
b g'(x)= T M1A1 b i 200-5x4 =180 Al
il 360x180 = $64800 M1A1
2
g'(x)= X =% AL 19a h(4)=370
(x*+1)
and h(5) =438 (3 s.f.) A1A1
c h'(x)=1-(x-7)+(x+2)-1 M1
b v(t)=h(t)=112-9.8t M1A1
h'(x)=2x-5 Al
C v(t)=0:>112—9.8t=0 M1
d i'(x)=3-2-(2x+3) M1
t=11.4 (3 s.f.) Al
i'(x)=6(2x+3) Al
16a Graph1 Al
as the gradient of the tangent at any d Double x-coordinate of maximum or
point is non-positive and therefore determine zero M1
different from 1. R1 22.8 (3 s.f.) Al
b Graph 2 Al e
as y increases as x increases R1
c Graph 3 Al 1700
as the other two functions are not
defined at infinity R1 iooa
d Graph1 Al
as the function is decreasing. R1 B0
17a i 0<t<2,4.6<t<5 AlAl
B0 £
and 8.5<t <10 Al /1N
i 2<t<4andS5<t<7  AlAl o) L\
ii 4.6<t<8.5 Al I." \
b f(t)=2t, g(t)=2 =
h(t) = -3t +14, i(t) = -1 |

o 1o 0 ]

1

Domain 0 < x <22.9(3 sf) Al
¢ Up to two correct branches correct )
A1; all branches correct A2; all branches Maximum 640 (3 sf) Al
correct and labels and scale also correct A3 f v(22.9)=-112ms? M1A1

© Oxford University Press 2019 n



Worked solutions

g a(t)=v'(t)=-9.8 M1A1 (hog™)(x)=H(g™(x)) M1
which is constant Al1AG _5 X +i AL
Y ' _ ' 2 X —
200 1 (1) ) R92)-12)g(2) |
g (9(2)) (hog™) (x) = (h og™)(x) AG
M1
10x4 - 9x (_%]
= pE Al
_ 2(: 13 35 Al
16 4
i (gof)(1)=g'(f(1)f (1) M1
_ 4,16 Al
3 3
b i False Al
as derivative changes sign. R1
b False Al

as the derivatives at these points
are not negative reciprocals.

R1
21a Mzmm M1A1
3-1
NB)=N4) _ 5529 Al
5-4

the first period the number of cases
is increasing in average 1410 per
day; in the second period it
increases in average 2220 per day.

dn

b —— =900t - 90t? M1A1l
dt
c After 10 days (reaches 15 000 cases)
M1A1
2
d %’:900—1801* M1A1

which gives the variation of the rate
at which the spread of the disease

spreads. R1
22a x-Y*2 M1
y-1
x(y-1)=y+2 M1
Xy-y=x+2 Al
1 :X+2: AlAG
91 () =379
b (h og’l) (x) = h’(g’1 (x))(g’l)' (x)
M1A1
_> x+2 | 3 _ _6(X+2)
x=1 | (x-1) (x-1)
Al
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Worked solutions

G Representing data: statistics for

univariate data

Skills check
1 a Mean= 2+3+4+5+6 =4
5
b Mean— 13+9+7+1§+15+19+2 11
2 a The number that occurs most often is 5

The numbers that occur most often are
1 and 7. The data is bimodal

The median is the middle number, 6
Arrange the data in order of size.
2,3,5,7,8,9.

The median is in between 5 and 7.

%(5+7)=s

Exercise 6A

1 a

Discrete b

Continuous

O Qa6 T Qa6 T an

Continuous
Discrete

Stratified sampling
Systematic sampling

Simple random sampling
Quota sampling

Stratified sampling
Stratified sampling

Systematic sampling
Simple random sampling

Quota sampling

Exercise 6B

1la
b

Continuous

The frequency table is given here (note
difference between this one and the one
in the solutions provided)

Time (t) f
O<ts<d 6
4<t<8 11
8<t<12 7
12<t<16 4
16<t<20 2

c The histogram is given here (note

difference between this one and the one
in the solutions provided)
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T o Q

T o a

Time

0 5 10
The data is right or positively skewed
Continuous

15 20 25

The frequency table is given here (note
difference between this one and the one
in the solutions provided)

Time (t) f
10<t<20 6
20<t<30 8
30<t=<40 5
40<t<50 3
50 <t<60 1

The histogram is given here (note
difference between this one and the one
in the solutions provided)

f
10 4

T T T T T Time
0 10 20 30 40 50 60 70

The data is right or positively skewed
Continuous

Histogram from concise solutions
f

A
18 4 —

16 -
14 -
12 4 —

10 +

8
6

4

2 4

0 +—> Time
30 40 50 60 70 80 90 100

Worked solutions “




c The data is neither right nor left
skewed, it has normal distribution

4 a Frequency table from concise solutions
b The data is left or negatively skewed

5 a The frequency table is given here (note
difference between this one and the one
in the solutions provided)

Hours Days
D<h=1 1
l<h=2 2
2<h=3 3
Soh=4 4
d<h=5 B
S5<h=6 8
6oh=7 B

b The data is left or negatively skewed

Exercise 6C
1 a The number that occurs most often is
8
b The number that occurs most often is
4
¢ The number that occurs most often
is 13
d Each number occurs only once, so there
is no mode

e The numbers that occur most often are
2 and 4. The data is bimodal

2 a The shoe size with the highest
frequency is 10

b The modal mark range is 60 <y <80
3 a i The modeis 3
ii The modal range is 30 < x <35

b i Discrete data, since the scale on the
X-axis is given as discrete values.

ii Continuous data, since there is a
continuous scale of values on the x-
axis.

Exercise 6D

1 a The meanis 3.65
bThe mean is 12.8056

¢ The meanis 3.35
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Worked solutions

a
x f Mid value fm
(m)
0<x<10 18 5 90
10<x<20 14 15 210
20<x <30 12 25 300
30<x<40 9 35 315
40<x <50 7 45 315
Xf =60 Xfm =1230
X = % = % =20.5
b
x f Mid value fin
(m)
0<x<12 4 6 24
12<x<24 | 0 18 0
24 < x <36 8 30 240
36 <x <48 15 42 630
48 < x <60 13 54 702
60<x <72 7 66 462
f =47 Xfm = 2058
X = % = g =43.7872~43.8
C
x f Mid value fin
(m)
1<x<1.5 4 1.25 5
1.5<x<2 6 1.75 10.5
2<x<25 7 2.25 15.75
25<x<3 7 2.75 19.25
3<x<3.5 5 3.25 16.25
=f =29 fm = 66.75
%= % - % - 2.30172 ~ 2.30
Mean
_O0x6+1x5+2x4+3x7+4x10+5x4
6+5+4+7+10+4
= g—g =2.6111 ~ 2.6 cups of coffee
a Phil had
2+4+4+6+10+15+4+5

=50 tomato plants

b The modal number of tomatoes per
plant was 8
c Mean =

3x2+4%x4+5x4+6x6+7x10+8x15+9%x4+10x5
50

_177 _ 7.08
25




Worked solutions

5 The mean number of fish caught per day numbers, the mean is 4, so
was 2+3+4+4+x+y
Ox1+1x5+2x4+3%x2+4x3+5x5+6%x3+7x2+8x3+9x1+10x2 4 =
1+5+4+2+3+5+3+2+3+1+2 6
_141 . 6x4=13+x+y
31 24-13=x+y
6 The mean amount received per day is 11=x+y
5x6+15%x14+25x15+35x8+45x%x2 o
6:14+15+84+2 As x and y are positive |.nte<:;e.rs less than
8, the only possible solution is if x =5
=g=$21,89 and y=6(or y =5 and x =6), so the
9 numbers are 2,3,4,4,5,6
7 a There are .
7412+10+9+7+6+64+3 12The mean mass of the students is
N 52x8+44x12 236
= 60 families represented 20 == = 47.2 kg
b The data is right or positively skewed
c ;’;hniiln;()de of the data is 2 children per Exercise 6E
1 Th ian is th iddl 1
d The mean number of children is a © mfadlan 15 the ml_dd e number, 18
7x1412x2+10x3+9x4+7x5+6x6+6x7+3x8 b The middle number lies between 18
60
and 19, 18419 _37 455
:£:3_9 2 2
10 ¢ Arranging the numbers in size order
8 a Thereare 40+60+80+30+10 1,2,4,5,5, the middle number is 4
=220 people in the village d The numbers are already in size order
b The modal class is 40 < a < 60 (reversed), so the middle number is the
c The mean age of the villagers is median, the middle number lies
40x10+60x30+80x50+30x70+10x90 between 3 and 4, 3+4_7 _ 3.5
220 2 2
460 4.8 e 2,4,5,56,7,7,8,8,10. The middle
11 ' number is between 6 and 7,
9 In the set of numbers, each appears only 6+7 _ 13 _6.5
once, so therefore for 2 to be the mode, 2 2
a = 2. Given that the mean is 5, we have f 2,3,5,5,6,8. The median is 5
4+5+6+b+8+10
5:1+2+2+ +9+ LA LY 2 Total number of days
5x9=38+b, 45-38+b, b=45-38, =2+4+3+7+11+18+46+2=53
b-7 Median:[’”lj :(53”) _o7 -9
10Given that the mean of the numbers is 23, 2 2
we have to find x 3 a Mean
8+x+17+(2x +3)+45 2000000 x1+1000x10 + 600 x 14 + 200 x 25
23 = 5 B 1+10+14+25
23x5=73+3x _ 2023400 _ 440468
115=73+3x 5
115-73 = 3x b The mode is the most common number,
200
42 =3x . . .
42 ¢ The median number is the number in
_J< th
EN the (50”) - 25.5% position, that is
2
x=14 th ber bet 200 and 600
11 Starting with 2 and 3, we know that as 4 zgonugqooer etween an !
is the mode, it must occur at least twice, 2P+ 400

start by assuming that there are two 4s
then x and y are the remaining two
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Worked solutions

Exercise 6F IQR=Q,-Q,.
1 a The median is the middle number, 8 ne1Y (1141 .
th th Q = = =3" =25
n+1 11+1 d 4 4
b Ql - 4 - 4 =3"=7 th th
o [3(n+1)] (3(11+1)] ot _4s
¢ o [3(n+1)]t"[3(11+1)J”’ ’ 4 4
’ 4 4 IQR=Q,-Q, =45-25=20
—9oth _12 5 @, is the median of the lower half of the
IQR=Q,-Q =12-7=5 numbers, 2

Q, is the median of the upper half of the

Range = largest - smallest numbers, it lies between 4 and 5, 4.5

=15-3=12 IQR=Q,-Q =4.5-2=2.5
2 In ascending order, the numbers are " "
2,4,5,5,56,6,7,8,9,10,15 6 a i Median _[n+1j _[12+1] 6.5t
a Median 2
_(na1)" _(12+1Y" 24 g5
2 2 2
. . Q+r
b Q, is the median of the lower half of 9.5= 2
the numbers, 5 9.5x2-94r
c (@, is the median of the upper half of 19-9_r
the numbers, it lies between 8 and 9,
8.5 r=10
' i Qi ian of th half of
d IQR-0Q,-Q -85-5-3.5 ii Q, isthe med!ar\o e upper half o
the numbers, it is between s and 13
e Range =largest —-smallest =15-2 =13 s+13
3 Sorting the number of sit-ups into 13- 2
ascending order
! 21x3 = 13
2,10,10, 12, 14, 16, 16, 20, 25, 25, x2=s7
28, 30, 37, 40, 45, 50 26-13=s
a Median s=13
1\ 16 +1)" b The value of t can be found as follows
:[n+ ) —[ + J = 8.5 546+7+7+9+9+10+10+13+13+13+¢t
2 2 10 = I
12
=20+25=22.5 10x12 =102+t
2 120-102 =t
b @, is the median of the lower half of t=18

12+14

the numbers, 13

Exercise 6G
Q, is the median of the upper half of 1

59 62 66 69 72
the numbers, 30 ; 37 335 4{

IQR=Q,-Q, =33.5-13=20.5
c On 8 of the 16 days, Lincy did more 2
than 22.5 sit-ups.

d The ‘middle half’ of the number of sit-
ups Lincy did was between 13 and 33.5.

e On 4 of the 16 days, Lincy did more
than 33.5 sit-ups.

4 Sorting the number of cars into ascending
order,
20, 20, 25, 30, 35, 35, 35, 35, 45, 45, 50.
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58 59 60 61 62 63 61 65 66 67 68 63 10 71 72 1
The minimum time was 30.1
The maximum time was 35

The median time was 32.5

The IQR was 33.1-31.9=1.2

Q 060 T 9



Worked solutions

3 a ¢ IQR =13.6-8.2 =5.4 minutes

The number of children in international schools in Portmany d k _ 156 minutes

[ - | 2 a The median is 40 minutes

b IQR =50-30=20

6 5(‘)0 lyk 1‘I5k ik 2.i5k 3‘k 3.‘5k 4'K 4.‘5k 5Ik 5.r5k le c 53

b Q,+1.5(QR) 3 a
=2067.5+1.5x1272.5 Distance O0<d | 25<d | 50<d | 76<d | 100<d | 125<d

<25 | <50 <75 <100 | <125 | <150

=3976.25 <6000 CF 0 32 134 220 236 240

so it is an outlier

240
220

200
180

160 4

0 500 1k 1.5k 2k 2.5k 3k 3.5k 4k 4.5k bk b5.bk 6k
d The outlier was removed because it
distorted the analysis ol

4 a 60 -

20 4

0 — T — T T T
I E‘_{ 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
: Distance (km)

140 4
120
100

Cumulative frequency

. DR o . N A, N ¢ The median is 73 km

20 30 40 50 60 70 80 90 100

b The morning exam d IQR=82-60=22km
e 3 cars

c This means that there is a bigger
difference between the 25% and the 4 a

75% of the scores
Pages CF
5 a
' 100 < p < 200 12
&
104 ] 200 < p <300 48
" 300 < p < 400 90
B i
'] 400 < p <500 143
64 - 500 < p < 600 176
81 M 600 <p < 700 196
1 700 < p < 800 200
34
24 ' b
: | _ 200
A 0 0 ) 180
1 2 3 4 6 6 T 8 9 10 160 4
b 2 1401
0 2 3 5 10 %; 120 4
’_ | F 100
| S 801
E
T T T T T T T T T T T © 60 1
0 1 2 3 4 5 6 7 8 9 10 40
c The data is right or positively skewed 20
6 1A, 2C, 3B Oo—" -
0 100 200 300 400 500 600 700 800

Pages
c The median is 420
d IQR=510-300=210
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Exercise 6H
1 a The longest time taken was 18 minutes
b The median is 11 minutes



e 80 students

5 1C, 2B, 3A
Exercise 61
_ XX 4+6+7+7+5+1+2+3
1 a x="=
n 8
=4.375

, o (xY
o =——-| —
n n

42 462 4+7° 472 +52 412422432

= -4.375°

8
=23.625-19.1406 ~ 4.48

o =+o? ~2.12

b x-=X
n
_2+5+8+7+1+3+9+11+4+2

10

=5.2

2
, Ix? (3x
of=—0o | =
n n
2245 +8 477+ 43+ 924117+ 47 4+ 22
10

~37.4-37.04~10.4
o =o? ~3.22

_ XX -4+-2+0+3+-5
C X=—= =
n 5

, Ix? [ZXJZ
o2 ==X [ =X
n n
_ (AP +(=2)° + 0% + 3% + (=5 _
5
=10.8-2.56 =8.24

o =o? ~2.87

d )?:2_x:1+2+3+4+5:3
n 5

,  Ix? [ZXJZ
o = - =
n n
:12+22+32+42+52_32
5
=11-9=2

o =+o? ~1.41

_ XX 1+2+3+4+5+500
e X=—=
n 6

,  Ix? [ijz
o° = - —
n n
2 2 2 2 2 2
:1 +2°+3 +: +5°+500 _85.8332

— 41675.833 - 7367.36 ~ 34308
o =o? ~185.2

5.22

-1.6

5.2%

~ 85.8
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Worked solutions

_ XX
2 a x=—
n

1x3+2x8+3x6+4x6+5x7
B 3+8+6+6+7 B

, Ix? [ZXJZ
o = - —

3.2

n n

_12><3+22><8+32><6+42><6+52><7_322
3+8+6+6+7 '

-12-10.24-1.76
o =+o? ~1.33

b x-2X
n

_1x5+3x12+5x16+7x22+9%x27+11x30+13x18
B 5+12+16+22+27+30+18

~ 8.32
,  Ix? [ZXT
o= — —| —
n n

PPx5+3x12+5 x16+7°x22+9°x27 +11°x30+13*x 18
a 5+12+16+22+27+30+18

=80.385-69.273 =11.111

o =+Jo? =3.33

-8.323

_ XX
C X=—
n
_ 5x18+15x14+25x13+35x11+45x6
18+14+13+11+6
~ 20.6
,  Ix? [Zx]z
o’ = - =
n n

_52><18+152><14+252x13+352><11+452><6
B 18+14+13+11+6

=602.419-426.223 =176.197

o =+o? ~13.3

_ XX
3 a x="-
n

:1><2+2><2+3><4+4><10+5><12+6><2+7><2+18><1
2+42+4+10+12+2+2+1

-20.645°

=4.63
,  Ix? [ZXJZ
o= — —| —/—
n n

C1Px242°x2+F x4+ 4 x10+5 x12+6°x2+72x2+18 x1
a 2+2+4+10+12+2+2+1

=28.571-21.424 =7.148

o=+o? =2.67

-4.629°

_ XX
b x="
n
1x2+42x2+3x4+4x10+5x12+6x2+7x2
- 2+2+4+10+12+2+2
=4.24

2
, Ix? (3x
of="—"—-| =
n n
_Px2+422x2+3x4+4°x10+52x12+62x2+7x2

-4.235?
2+2+4+10+12+2+2




~19.882-17.938 = 1.945
o =Jo? =1.40

_ 22X
4 x=—"
n
=93+86.2+80-¢—64+60.6+50+50+47.3-¢—46.6+46
10

=62.37

> 2
, X X
o =——| —
n n
_ 93 +86.2° +80° +64° + 60.6” +50° + 50’ +47.3’ + 46.6° + 46’ _ ) »
: 10 ’

=4177.27 -3890.02 = 287.248

o =+o? =16.9
5 x-2X
n

_150x3+250x6+350x11+450x5
B 3+6+11+5

, o (xxY
o' =——| —
n n

_ 150% x3+250%x 6 +350% x 11 + 450% x5
3+6+11+5
=112100-103684 = 8416

o =+o? =91.7
6 a 6+8+6+3+1=24 months
b The modal range is 20 to 30 hours

=322

-322

D
c x==2
n

_15x6+25x8+35x6+45x3+55x1
- 6+8+6+3+1

=28.75

,  Ix? [Zx ]2
O = — | —
n n

Q

_152x6+252><8+352><6+452><3+552><1
6+8+6+3+1

=950-826.563=123.438

o=+o? =11.1

-28.75°

Exercise 6]
1 a meanzwz4.4
median =5
mode =5
b mean - 5+7+95+9+12 _8.4
median =9
mode =9

¢ Adds 4 to mean, median and mode

© Oxford University Press 2019

Worked solutions

X

2 a x="

n

7+9+3+0+1+8+6+4+10+5+5
11

,  Ix? [Zx ]2
O = —_— | —
n n

=5.2727

7P+ +3F+0°+17+8° +6°+ 4 +10° +5° + 5
N 11

—36.909 -27.802 = 9.11
o =o? =3.02
b x==X
n

21+27+9+0+9+24+18+12+30+15+15
11

-5.2727?

=15.8182

,  Ix? [Zx]z
o = - =

n n

21742749+ 0%+ 9° + 247 +18° +12° + 30* +15° +15°
11

=332.182-250.215; 82.0

o =Jo? =9.054
¢ The mean is multiplied by 3, and since
the variance is multiplied by 9,
standard deviation (which is square
root of variance) is multiplied by 3.
3 mean=17.2+4=21.2
median=17+4 =21
standard deviation = 0.5
4 The mean, median and standard deviation
will double

-15.8182?

5 The new variance is 9°x = 81x

Chapter Review
1 a mode=1

th
b median=[10+1j =5.5“’=¥=3
c mean_2+8+1+5+0+4+4+1+1+6
10
_18 55
5
d range=8-0=8
2 9><420+3><740:500
12
3 a mode=3
th
b median=(50+1j =25.5" =3
C mean=0X4+1X8+2X10+3X20+4X4+5X3+6X1
50
:5:2.5
2



The mean will increase by 4 and the
standard deviation will stay the same;
mean = 21.9, standard deviation=1.1

736 _

a mean=——=32
23
b mean:736+24+15:31
23+2

a The mean will increase by 10 and the
standard deviation will stay the same;
mean = 58, standard deviation =5

b The mean will increase by a factor of 10
and the variance will increase by a

factor of 10%; mean = 480,
variance = 5% x100 = 2500
40
60
50=c-40=c=50+40=90
IQR=24=74-d=d=74-24=50
800 students
65 marks
IQR = 75-55 =20
100 students

No, because there are 100 students
who scored more than 80 marks, this is
not 10%

f k=40

O Q 6 T aonoTo

9 1B, 2C, 3A

10a x-=X
n

_15+12+22+30+25+7+19+33+19+41+53+12+3+8+6+17
N 16

=20.125

2 2
, Ix? (3x
o’ = - —
n n
:152+122+222+301+252+7Z+19Z+33l+191+412+531+121+31+81+61+171
16

-20.125°

=579.375-405.016 =174.359

o =+o? =13.2

b Write the numbers in size order;
3,6,7,8,12,12,15,17,19, 19,
22, 25, 30, 33, 41, 53
then find @, as the median of the first
half of the list,

th
Q =[8;1] 45" =¥=10 and

find Q, as the median of the second
half of the list,

th
Q —(8+8§1j _12.50 - 22+30

, 50 IQR =27.5-10=17.5
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Worked solutions

11 mode =4

mean
 2x3+3x4+4%x10+5x3+6x2+7x2
B 3+4+10+3+2+2

=4.125
24 +1

th
median_[ j =12.5" =4

o :22x3+32x4+42x10+52x3+62x2+72><2
3+4+10+3+2+2

=18.875-17.0156 =1.8593
c=1.36

-4.125°

12 a 2.5x15+7.5x11+12.5x9+17.5x12+22.5x6

mean =

~10.9

15+11+9+12+6

53+1

th
median:( ] =27"=12.5

225 x15+7.5x11+12.5°x9+17.5 x12+22.5 x6
- 15+11+9+12+6

-10.896°

=166.627-118.728 = 47.8996
o =6.92

b Because we are using the midpoint of
each range, as opposed to the actual
original data, which assumes that the
number of items is equally spread
throughout the class interval.

13 Given that the mean number of watches is

2.5, we have to find k

2.5:O><11+1><7+2><6+3><k+4><8+5><10,
11+7+6+k+8+10

2.5x(42+k)=101+3k

105 + 2.5k =101 + 3k
105-101 = (3-2.5)k

4 = 0.5k
P
0.5
k=8
a 80 bats
b 50 grams
c 8—50=0.0625=6.25%
d 2a=10, c=80-75=5
e b=75-55=20
f X

x =X
n

_15x10+45x45+75x20+105x5

10+45+20+5
=52.5

, w2 (xY
of=——-| —
n n

:152><10+452><45+752><20+1052><5

-52.5%
10+45+20+5
- 3262.5-2756.25 = 506.25
o =+o? =22.5



15a

16a

17a

18a

19a

50=3+11+16+m+8

=>m=50-38=12
n=14+16 =30

_ Ix
X =—

n
- 10x3+15x11+20x16+25x12+30x8
- 3+11+16+12+8
=21.1

2
, Ix? (3x
o"=—|—
n n
~10°x3+15° x11+20°x16 + 25" x12+30° x 8
B 3+11+16+12+8

=477.5-445.21=32.3
Discrete

_ XX
X ="
n

1x41+2x60+3x52+4x32+5x15+6x8
a 41+60+52+32+15+8

~2.73

> 2
> 22X X
o' =—=|—
n n
1’x41+2°x60+3°x52+4°x32+5"x15+6°x8
B 41+60+52+32+15+8

=9.25-7.4571=1.7929

o =+o? =1.34

1 standard deviation above the mean is
2.731+1.339=4.07,s0 15+8 =23
families have more than one standard
deviation above the mean mobile
devices

-21.1°

-2.7317

Discrete Al
Continuous Al
Continuous Al
Discrete Al

As the mode is 5 there must be at least
another 5.

R1
So we have 1, 3, 5, 5, 6 with another
number to be placed in order R1
The median will be the average of the
37 and 4% pieces of data. R1
For this to be 4.5 the missing piece of
data must be a 4.
Thus a=5, b=4 Al Al
1+3+4+5+5+6 24 _a

6 6

X =

M1 Al
An outlier is further than 1.5 times the
IQR below the lower quartile or above

the upper quartile. Al
i mode =8 Al
il median =7 Al
ifi lower quartile = 3 Al
iv upper quartile =9 Al
IQR=6

20a

21a

22a

Worked solutions

1.5xIQR =9

19-9=10 M1

19 is the (only) outlier Al

&:70:>Zx:700 Al
10

Let the new student’s mass be s.
LX+S _ 55 M1

11

700+s =792 Al

So s = 92kg Al

IQR =10 Al

76 +1.5xIQR =76 +15=91 M1
So new student’s mass of 92 is an

outlier R1
200 Al
35 Al
Using mid-points 5, 15, 25... as
estimates for each interval M1

i Estimate for mean is 22.25 A2

ii Estimate for standard deviation is
11.6 (3sf) A2

Median is approximately the 100th

piece of data which lies in the interval

20<h<30. Al
Will be 15 pieces of data into this
interval

Estimate is 20 +%x 10=23 M1Al

Discrete Al
5 Al
i 4.79 (3sf) A2
il 1.62 (3sf) A2
i 5 Al
ii 4 Al
ifi 5.5 Al
55

1 2 3 4 576 7 8
Al general shape
Al median
Al quartiles
IQR=1.5
1.5x1.5=2.25 (A1)
5.5+ 2.25=7.75
4-2.25=1.75 M1
So the 2 (unhappy) candidates with
grade 1 are outliers Al

© Oxford University Press 2019 n



23a
X Frequency Cumulative
frequency

o 10 10

1 7 17

2 11 28

3 13 41

4q 15 56

5 15 71

6 12 83

7 10 93

8 4 97

9 2 99

10 1 100

A4 for 6 correct
A3 for 4 or 5 correct
A2 for 2 or 3 correct
A1l for 1 correct
bi 4
ii 2
ifi 6 A1A1A1

c i 4.05 (3sf)

ii (2.4140...)2 =5.83 (3sf) A1(M1)A1
d No. It is bimodal at x=4 and 5. 24

24a 80<w <90
b

Al1R1
Al

mass cumulative
frequency

40 <w <50 5

50 <w <60 20

60<w <70 45

70 <w <80 75

80 <w <90 125

90 <w <100 160

100 <w <110 185

110<w <120 @ 200

A2 numbers Al labelling

Worked solutions

C
Adult 5
200
190
/
180 /)
170
160
150 -
140 f:
130 l/T
% 120 I ¥
g’ 110 I :
g | v
2 100 ‘ !
g 9 !
E fi 1
e filn
70 / N
60 ; |
50 ;{ . :
40 -
30 /: : I
L 1 1
20 1 Y 1
1y
10 7 HEREE
il > g
0l 10 20 30 40 50 60 70 80 90 100110 120
mass
AlAlscales A3 points and curve
di 85
ii 73
iii 97 Al1A1A1
M1 lines
25a i 7.5
ii 6.125 Al1A2
bi 6
ii 6.9 Al1A2

c Sally’s had the greater median R1
d Rob’s had the greater mean R1

26a
not to scale
A
25
20
20
2 16 16
S 15
=
£ 10 8 8
4 | | 4
| I I =
2

ii 4
ifi 4

chart Al; scaleA2

A1A1A1

c The values of the median and the mean
are the same due to the symmetry of

the bar chart.
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