Worked solutions

3 Modelling relationships: linear and
quadratic functions

Skills Check

1a x=3 b t=+/7 Ca:—%

(x+6)(x-6)

7) (x +1)(4x -3)
e 9x(x+2) f (a+1)(2a-5) g
(3x+2)(4x-1) h (4a+7b)(4a-7b)

2 a 3m(m-5) X +

n+1)(n+

Exercise 3A
1 a Using the points (-1,0) and (1,-1) on
_ -1)-0 _
thegraph,m:y2 y1:( ) -1
xXp-xg 1-(-1) 2
b Using the points (-5,0) and (0,2) on
Yo —V1 2-0 2

the graph, m = % %, = O—(—5) -z

22 moleh1 11783
X5 — Xy 8-4 4
_ 4)-2 _

b m:yZ y1:( ) :_6:_1
xX-x; 4-(-2) 6

c m=y2‘y1= 8-1 7 1

Xy — Xq 7—(—7)=ﬁ=§

3 As the line joining the scatter plot (drawn
up with t on the x-axis and h on the y-
axis) is linear, the gradient can be found
by using any two points in the scatterplot:

_h-h (4.15)—4.3 -0.15 _
-t 30-20 10
. This is the rate of change of the height of
the candle, i.e. how fast it is burning down
in cm/s.

4 a You can use the Pythagorean theorem
to find the coordinate of B: as the
elevation of B above A is 70m and the
direct distance is 350m,

=+/350% - 70% = /122500 - 4900
=J/117600 ~ 342.93

Coordinates of B are (342.93,100).

-0.015

Y=V _ 100-30
Xy —Xxq 342.93

70
"~ 342.93

b m=

~ 0.20

c As the gradient is given by E itself,

grade = gradient x100% =~ 20% .
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Exercise 3B

1 a They are not parallel, as their gradients
are not the same, and not
perpendicular, as both gradients are
positive.

b They are parallel, as my =-4=m;.

4. -1,m= -3 . Therefore
3 4

—3_.322__3  \whichis rearranged to
4 —3 xX-3

b3
X_3_ 334:_4,yielding x=-1.

2 As m*

3 a For the first segment, the gradient is
320 - 0_320_8 The
40-0 40
gradient of the second segment
o 560 -320 _ 240 12,
27 60-40 20
b This shows that Liam earns 8 dollars
per hour regular wage (for the first 40
hours) and 12 dollars per hour worked
overtime.

givenas m; =

Exercise 3C
1 a The gradientis 3, y-interceptis —7.

b The gradient is —%, y-intercept is 4.

¢ This could be writtenas y =0x-2;

thus, the gradient is 0 and the y-
intercept is —2.

2 y= %x+1 as the gradient is % and the

y-intercept is 1
3 a The gradient is equal to the gradient of
y =4x -3, which is 4, and the y-
intercept is -1. Thus y =4x-1.

b m:%:3 and thus 3(1)+a=10.

Therefore a=10-3=7.
Thus y =3x+7
4 a The x-coordinate remains constant so
the equation is x = 8.
b The y-coordinate remains constant so
the equation is y = -10

c As horizontal lines are perpendicular to
vertical lines, the line is vertical and the
equationis x=9.

d The lines intersect at the point where
x=-2and y=7.

Worked solutions “



Worked solutions

Exercise 3D ©y=-3(x+5)+2=-3x-15+2
1 a The line goes through (0, 0) and =-3x-13
through (1,-3).
v, Exercise 3E
° 1
5 1 a ==x-3
N =%
) 1
\ -y+=x-3=0
"6
T f:-., =1 -6y +x-18=0
T b >
: =-—x+4
y 3 +
T Ly -2x+4-0
: y 3X+
3y +2x-12=0

b The point (-4,2) is on the line and so is

(-4+3,2+1)=(-1,3). c y-2=-(x+3)
y-2=-x-3

Fy

-

y+x-2=-3

=1

y+x+1=0
. 2 a 3x+y-5=0
7 r y -5=-3x

£ 5 4 3 2 -1 1 ¥ 3 4 &5

£l LHL Iy

1 y =-3x+5
c The line is horizontal at y = 3 b 2x-4y+8=0

Iy 1 2-0
EX—y+ =

1
==Xx+2
y > +

€ 5x+2y+7=0

d The line goes through (0,5) and 5 7
=Xx+y+=-—=0

through (4,2). 2 2

' __5,_7

., y = > >

4 o~ 3 a x -intercept:

: Xx+2x0+6=0

xX+6=0

T e X =-6

= 1
-5-1-3-2-'.‘3'.23-15

The x -intercept is (-6,0).
y -intercept:

-3 0+2y+6=0

2y +6=0

2y = -6

y=-3

3 a m=—-=
-2

b y+4=-3(x+3)and y-2=-3(x+5)
corresponding to the two points given.

c y+4=-3(x+3)

The y -i is (0,-3).
oy --3(x+3)-4--3x-9-4 e y -intercept is (0,-3)

=-3x-13
y-2=-3(x+5)
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b Xx -intercept:
2x-6*0+8=0
2x+8=0
2x = -8
X =-4
The x -intercept is (-4,0).
y -intercept:
2x0-6y +8=0
-6y +8=0
6y =8

y=3

4
The y -intercept is [O'EJ'

] .
e :':' E
Exercise 3F
1 a (-2, -5 b (0.75, 2.5)
c (-3.58,-8.19) d (1.18,1.12)
2 a 0.9 b -5.05
3 $1666.67

Exercise 3G
1 a f(3)=—3+5=2

b g(0)=2%0+3=3
c h(6)—g(1)=[§*6—4j—(2*1+3)

= (-2)-5=-7

d f(2)+9g(-1)=(-2+5)+(2*(-1)+3)

=3+1=4

© Oxford University Press 2019

Worked solutions

(fog)(4)=-g(4)+5=-11+5=-6

(hof)(-7) = SF(-7)-4

“lwip 4-4_4-9
3

(Fog)(x)=-g(x)+5
=—(2x+3)+5=-2x+2

(hof)(x):%f(x)—4:%(—x+5)—4
:_lx+E_4:_lX_Z
3 3 3 3

As any real number can be inserted for
x and any real number can be
obtained as 3x +8 for an x, both
domain and range are all real numbers.

Just as above, domain and range are all
real numbers.

The line y =6 has range {6} as only 6
can be obtained for y .

L

LL:

0 X
5 4 3 2 41 1 2 2 4 &

No vertical line is a function as the y
corresponding to the X -coordinate of

the x -intercept is not unique (in fact,
any y corresponds to it).

¥

h

Exercise 3H
1 a x=4y-5

4y =x+5



y =-6x+18
f1(x)=-6x+18
¢ x=0.25y+1.75
A4x =y +7
y=4x-7
ffl(x) =4x -7
2 The graph of the inverse function is

obtained by mirroring the graph of f at
the line y = x.

3 a f(55)=10*55+65=615
b x=10y +65
10y = x - 65
y =0.1x-6.5
f1(x)=0.1x-6.5
X here represents the money available
in CAD and ! (x) is the number of t-

shirts one can buy with x dollars.
c y=0.1*5065-6.5=506.5-6.5=500

Exercise 31

1 a The gradient can be computed from any
two points on the line; in this case, a
force F of 160 Newtons leads to an
extension d of 5 centimetres, while no
force (i. e. a force of 0 Newtons) leads
to no extension (0 centimetres).

Therefore the y -intercept is (0,0) and

the gradient is 5-0 _ 1 pps gives
160-0 32

the model d = iF .
32

b d-= i*370 =11.5625 cm.
32
2 a The gradient is given by
680-600 80 ~0.16. As

2000-1500 500
(1500, 600) is on the graph, a point-

gradient form of the equation of the line
is y —600 =0.16(x —1500). We find the

Worked solutions

gradient-intercept form:
y = 0.16(x—1500)+ 600 =0.16x — 240 + 600 = 0.16x +:

b The y -intercept represents Frank'’s

basic weekly salary of £360. The
gradient shows that Frank’s commission
is 16% of his sales.

c y=0.16*900+360 =504 pounds.

3 a Let y be the total cost in dollars and
X the number of months of
membership.

For Plan A: y =9.99x +79.99
For Plan B: y = 20x

b We would like to know after how many
months the amount paid under each
plan is the same (From then onwards,
Plan A will be more cost-effective). We
therefore solve:

9.99x +79.99 = 20x

79.99 = 10.01x
x=72:99 299
10.01

Therefore, Plan A is more cost-effective
from 8 months onwards.

4 a In the first 40 hours, his pay in pounds

320

is given by p = Hh =8h . From then
on, his pay is given by
560 - 320
-320=———"-(h-40)=12(h-40

P 60 _a0 (1~ 40)=12(h-40)
. In gradient-intercept form, this is
p=12h-160.

8h, 0<h<40
p(h) =

12h - 360, 40 < h <60

b i p=8x22=176 pounds
il p=12x47-160 =404 pounds.
5 a ¢g=-6.5x200+3000=1700

b They will drop by 6.5x20 =130
printers a month.

c 2000 =48p-1600

48p = 3600
p= 3600 _ 75 Euro.
48
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{03000

J|r : \'“"ESH B.0)
J." {33.333]0) o
$10.-1600 N
[
[

Use the “solve” function of the GDC.
e Solving -6.5p +3000 = 48p - 1600

=X

= p =84.40..
So p = €84.40
Then g = 48 x84.40..-1600 = 2451
printers
Exercise 3]
1 a

fpm|

1=
"]

—_
P =
—

an

4=

\ /
\

[ur

¥
> X

0

6 5 4 3 2 -1 1 2 3

Axis: x = -3, vertex: (-3, 0)
The graph is translated to the left by 3
units.

o

Lo+l w

Axis: x = 0, vertex: (0, 4)

© Oxford University Press 2019

Worked solutions

The graph is reflected about the x -axis
and shifted upwards by 4 units.

[ "R PR

—
g

NENNENRY,

/I

Ha

e

/
%

0 L

-5 4 -3 -2 1 1 2 3 4 & 6

Axis: x = 0, vertex: (0, 0)
The graph is compressed vertically with

scale factor 1 .
4

&

Axis: x = 4, vertex: (4, -3)

The graph is first translated to the right
by 4 units, then stretched vertically
with scale factor 2 and finally translated
downwards by 3 units.

It is compressed vertically by a scale

factor of % . Thus, the function is given

1 1 >
b ==f == x°.
Y 9(x)=3F(x)=5x
It is stretched vertically by a scale
factor of 2 and reflected along the x -
axis. Thus, the function is given by
g(x)=-2f(x)= -2x2.

It is translated to the right by 3 and
upwards by 2 units. Thus, the function
is given by
g(x)=f(x-3)+2=(x-3)*+2.

It is stretched vertically by a scale
factor of 1.5, translated to the left by 3

and downwards by 5 units. Thus, the
function is given by

g(x)=1.5f(x+3)-5=1.5(x +3)* - 5.



Worked solutions

Exercise 3K e The graph is translated to the left by
1 a The graph is reflected about the 6 units.
y -axis. !
?‘ P ,
. : P
Z . 0 & J & 4 A 2 P 1
- i X )
£ -5 - P Lo ] 4 5% &
i f The graph is translated downwards by
B 3 units.
w }'
b The graph is reflected about the nJ
X -axis. Y ;
Y H
T - X
3 B P o 1” 4 5
2 3 E
> i i _,..-r—“"f
. - ] ol ' P
4 B P AT TR T 4
1 > :

Ha

i

N

¢ The graph is compressed horizontally 2 a The graph of r is stretched by a scale

with scale factor % factor of 2. Thus r(x) = 2f (x).

¥ The graph of s is translated to the
* right by 3 units and reflected about the
x -axis. Thus s(x)=-f(x-3).

a
e

.

g f b The graph of r is reflected about the
y -axis. Thus r(x) =f(-x).

4
T

i I
1 : } 5 & The graph of s is stretched horizontally

¥ by a scale factor of 2 and translated
downwards by 4 units. Thus

4 £ -

d The graph is stretched vertically with 1
scale factor 3. s(x) :f(zx)_4
¥

L

3a 0<y<6

b It is reflected about the y -axis.

[ rl -

3

[ 2l

- \

LN
/

/
/ \

~ / |' .
> i] *
8765543210 1 234567 8
B - ) A /4 5 6 !

""-l x'f c 2 <-x <8, which is equivalent to

1II.I 8<x<-2.

d The range of g is the same as the
range of f. 0 <y —c <6 is equivalent
toc<y<6+c,so c=-4.Thus

h(x)=g(x)-4.
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e h(x)=g(x)-4=Ff(-x)-4

Exercise 3L
1 x-intercepts: (—2.81, 0), (0.475, 0);
y-intercept: (0, —4);
vertex: (—-1.17, —8.08)
2 x-intercepts: none;
y-intercept: (0, —3);
vertex: (0.726, —0.785)
3 Domain: x € j
Range: f(x) < 9.125

Y
10
(-1.75,9.125)
ﬂ\.
[~
2.5
-3.887,0) (0.386,0 +
S eEe faaeerann y ANNRE Tmumiy 10
2541 !
=

4 Domain: X € j
Range: f(x) = —30.752
Y/

14\
(0,0) (9.‘31,0)/
7

=30 4 \

~~—1
(4.96, -30,752)
A T
5 Range: 0 < f(x) < 8.1
Y
10
(0,8.1)

& Tsaas mar T

6 Range: -6<f(x)<3

Worked solutions

Yy
i ﬁ_

\C_Z’ i 3 /' (4,3)
(-1.45,0) (3.45,0)
= ERes ) \1 SEEEERE TRENE S 3/ 4 5

_‘l_

N/

Exercise 3M

(1,-6)

1 a x =23 isthe axis of symmetry and (3, 4)
the coordinates of the vertex.

b x =1 is the axis of symmetry and
(1,-5) the coordinates of the vertex.

¢ x =-3 is the axis of symmetry and
(-3,2) the coordinates of the vertex.

d x =-6 is the axis of symmetry and
(-6,-5) the coordinates of the vertex.

2 a The y -intercept is given by (0,5), the

-8

axis of symmetry is at x = 5 = 4 and

the vertex is at
(4,7 (4)) = (4,16 -32+5) = (4,-11).

b The y -intercept is given by (0,2), the

-6

axis of symmetry is at x = 5 = 1 and

the vertex is at
(L,F(1)=(1,3-6+2)=(1,-1).

c The y -intercept is given by (0,-11),
the axis of symmetry is at

-8

X = " -2 and the vertex is at

(-2, (-2)) = (-2,-8 +16 -11) = (-2,-3).

d The y -intercept is given by (0, 3) , the

axis of symmetry is at x = 275

6 3
2

and the vertex is at

3

© Oxford University Press 2019
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a The x -intercepts are at (2,0) and
(4,0) . The axis of symmetry lies at

x:2;4:g=3.Thevertex is at

(3,F(3) = (31*(-1) = (3-1).

b The x -intercepts are at (-3,0) and

(1,0). The axis of symmetry lies at

X = _32+ 1_ _72 =-1. The vertex is at

(-1, f(-1)) = (-1,4*2*(-2)) = (-1,-16).

¢ The x -intercepts are at (-5,0) and
(3,0). The axis of symmetry lies at

X = _52+ 3_ _?2 = -1. The vertex is at

(4,7 (1) = (1,-(4*(-4) - (-1,16)
d The x -intercepts are at (-3,0) and

(-2,0) . The axis of symmetry lies at

—3-2 :__5 . The vertex is at
2 2

22)3+(3)

_—_5_1J
272

X

—
Y

Worked solutions

(0, =11)

[A,z) \65,21

©x
—~
o
oo
fuing
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Exercise 3N
1 a f(x)=(x-2)(x+9). The x -intercepts

are (2,0) and (-9,0) (from the
intercept form), and the y -intercept is
(0,-18) (from the standard form).

(x) = (3x -5) (x -2) - 3(x_z)[x-§j.

5
The x -intercepts are (2,0) and (3,0]

(from the intercept form), and the y -
intercept is (0,10) (from the standard
form).

f(x):%(x2 +6x+8) =%(X+2)(X+4).
The X -intercepts are -(2,0) and
(-4,0) (from the intercept form), and
the y -interceptis (0,4) (from the
standard form).

f(x)=—-(x-4)(4x-2)

= —4(x—4)(x—%)

1
The X -intercepts are (4,0) and (Z,Oj

(from the intercept form), and the y -
intercept is (0,-8) (from the standard
form).

f(x) =4x% +16x-20. The x -
intercepts are (1,0) and (-5,0) (from
the intercept form), and the y -
intercept is (0,-20) (from the standard
form).

f(x)=-2x*-16x -14. The x -
intercepts are (-7,0) and (-1,0) (from
the intercept form), and the y -
intercept is (0,-14) (from the standard
form).

f(x)= -3x?-6x-9. The vertex is at
(-1,-6) (from the vertex form) and the
y -intercept is (0,-9).

f(x)= %xz —4x +11. The vertex is at
(4,3) (from the vertex form) and the
y -intercept is (0,11).

© Oxford University Press 2019

Worked solutions

4 a f(x)=(x-4)(x+2).Thus
a=1

i i p-4 i g=-2

i The x -intercepts are at (4,0) and
(-2,0)

ii The y -intercept is at (0,-8)

The axis of symmetry is at

4T_2 =1Thus the vertex is at

X =
(LF(1) - (1(-3)x3) - (1,-9).

i The vertex is at (3,-2).

il The axis of symmetry is at x = 3.
f(x) =x2-6x+7

B is the y -intercept of the graph, and
its coordinates are (0,(—3)2 - 2) =(0,7).
By symmetry, p=6 as 6-3=3-0.
h(x)=(x-2)*-2(x-2)-3
=x?-6x+5

The axis of symmetry lies at x = —g =3

The vertex is at
(3,h(3))=(3,9-18+5)=(3,-4).

h(x)=(x-5)(x-1)

The graph is the same as that of h(x),

but reflected about the x -axis.
y

r

.~

NEFER)
“ \

-1 1{- 5 &

Exercise 30

1 a

The vertex is at (2,-16) and the y -
intercept is at (0,-12). Thus
f(x)=a(x-2y -16, and
~12-a(-2)*-16 =4a-16. Thus a=1
. In standard form,

f(x):(x—2)2—16 =x’>-4x+4-16
=x%-4x-12



Worked solutions

b f(x)=a(x-1)(x+3) from the x - 3 a The vertex is at (4,80). The model
intercepts. 3=a* (_1) *3 =_33. Thus rocket is predicted to reach a maximum
of 80 m, 4 s after it is launched.
a =-1. In standard form, _
F(X)=—(x-1)(x+3) = x? ~2x+3. In intercept form, h(t)=at(t-8).
Inserting the coordinates of the vertex,
¢ f(x)=a(x-5)(x-1) from the x - we obtain 80 = ax 4x(-4) = -16a.

intercepts. -12 =a*(-1)*3 =-3a.
Thus a = 4. In standard form,
f(x)=4(x-5)(x-1)= 4x2 —24x +20.
The vertex is at (2,-6). Thus
f(x)=a(x-2) -6, and

6-a(2°-6-4a-6.Thus a=3.1In
standard form,
F(x)=3(x-2)°-6=3x2-12x +6.

Thus a =-5. Overall, h(t)=-5t(t-8)
0<t<8
h(2.4) = -5x2.4x(-5.6) = 67.2.

Therefore, the rocket is predicted to be
67.20 metres high.

Exercise 3P
1 a x2—4x+3=(x—3)(x—1).Thus x=1

or x=3.

x> ~x-20=(x-5)(x+4). Thus x =5

e f(x)=a(x-2)(x+5) from the x -
intercepts. 3 =a*(-1)*6 =-6a. Thus or x=-4.
1 x* -8x +12 = (x - 6)(x —2). Thus
a = -=. In standard form,
2 X=2o0r x=6.
Fx)= —%(X—Z)(X+5) = —%XZ —%x+5 x?-121=(x -11)(x +11). Thus x =11
or x =-11.
f The vertex is at (-10,60). Thus

f(x) = a(x +10)* + 60, and
45 = a(-5)" + 60 = 253+ 60 . Thus

a= —g. In standard form,

F(x) = —g(x +10)% 160 = —%xz ~12x.

x> +x-42=(x-6)(x+7).Thus x =6
or x=-7.

x2—8x+16:(x—4)2.Thus x=4.
2x2+x—3:(2x+3) (x-1). Thus

x=1or x=—§.
2

2 a Inintercept form, b
f(x)= a(x -3)(x+1) Therefore, the

===

b The vertex is at (1,4) as x =1 is the

3x? +5x-12 = (3x - 4) (x +3). Thus

x:i or x=-3.
3

axis of symmetry is at X 1.

€ 4x?+11x+6 =(x+2) (4x +3). Thus

axis of symmetry and 4 the maximum
value.

X=-2 or x=—§.
4

ox2-49-(x-~ x+7j.Thus x=2
3 3 3

c Since the vertex is at (1,4), h=1 and
2 7
k=4.So f(x)=a(x-1)"+4.Aswe or X:_E'
also know that f(3)=0, 4a+4 =0 and 4x? —16x+7 (2x-7)(2x~1). Thus
thus a=-1. So f(x)=—(x—1)2+4 7 1
X =2 or x==.
d g(x)=f(x-4)-5 2 2

2 12x* +11x -5 =(3x -1)(4x +5) . Thus
=-(x-5)"-1 . .
=—(X2—10x+25)—1 X=§Orx:—z.

- x2110x-26
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Exercise 3Q

1 a (x*-x-20)-(2x+8)=x*-3x-28
=(x-7)(x+4)
Thus x =7 or x=-4.

b (2x2—3x—8)—(—x2+2x)
=3x? -5x -8 =(3x-8)(x +1)
Thus x:§ or x=-1.

3

c (4x2+20)—(3x2+10x—4)
= x> ~10x +24 = (x - 6)(x - 4)
Thus x=4 or x=6.

d (3x2+15x)+(x+5)
=3x? +16x +5 = (3x +1)(x +5)
Thus x:—l or x=-5.

3

e 3(x+2)(x-2)-(5x)

=3x? -5x -12 = (3x + 4)(x - 3)

Thus x:—% or x =3.

f For x#0, x+8 =2 if and only if
X

x? +8x = -15.
x% +8x +15 = (x +3)(x +5) and thus
x=-3 or x=-5.

2 a (fog)(x)=(2x+17-2
=4x? +4x+1-2=4x> +4x -1
b (4x2+4x—1)—(x2+5x+3)
=3x% - x-4=(3x-4)(x +1)

Thus x:% or x=-1.

Exercise 3R

1 x?-8x+16=(x-4)° =10. Thus
X =+/10+4.

2 x?+20x+100 = (x +10)* =15. Thus
x = +/15 -10.

3 x2+12x+36=(x+6)° =12. Thus

x=+/12-6.

© Oxford University Press 2019

Worked solutions

4 x?-10x+25=(x-5)* =27. Thus

X =427 +5.
5 4x*+3x+2=-x+5

4x*> +4x =3

(1.18, 7.35), (-1.96, 1.07)

(1, 5)

(2.72, 7.64), (0.613, —0.0872)
x = —0.802, 1.80

10x = —-2.91, 0.915

O 0 N O

Exercise 3S

2
1 (g] = 62 = 36 . Therefore consider

x2 +12x + 36 = 2 + 36 = 38 . This factorises
to (x+6)2 =38, giving X =-6++38

2 2
2 2 = —E = 2 Therefore consider
2 2 4

x2 - 3x +% =2 +2 = % This factorises to

x—zz—g giving
2 4’
17 3 3417
X = + — =
Ja 2 2
3 x2-6x+4=0is equivalent to

2
x2-6x=-4. [g) = (—3)2 =9. Therefore

consider x2 -6x +9=-4+9="5. This

factorises to (x - 3)2 =5, giving x =3+ V5

4 x?2_12x+4=0is equivalent to

b2
x? -12x = 4. (Ej =(-6)*> =36.

Therefore consider
x%2 -12x +36 = -4 +36 = 32. This



factorises to (x — 6)2 =32, giving

X=6++32=6+42

5 x24+5x-4=0is equivalent to x%2 +5x =4

2 2
b = > = é. Therefore consider
2 2 4

25 25 41

x2 +5x + T 4422 R This factorises

4
to [x+5j2 :ﬂ, giving
2 4
X:i\/H_EZ—Si\/H
Ja 2 2

6 x2+x-11=0is equivalent to x

2 2
(b] = [1j = % . Therefore consider

2

2 2
) 1 1 4

X +X+f:11+f:75.This factorises to
4 4 4

( 1]2 45
X+ | ==, giving

V45 1 -1+V45 -1:35
o Ja 2 2 2
Exercise 3T

1 2x% +16x =10 is equivalent to

2
x2+8x=5. (g] = 42 - 16. Therefore

consider x? +8x +16 =5+16 = 21. This
factorises to (x + 4)2 =21, giving

x:—4i«/ﬁ.

2 5x2-30x =10 is equivalent to
2
x2 _6x=2. ([ZJJ = (—3)2 =9 . Therefore
consider x2 -6x+9=2+9=11. This
factorises to (x - 3)2 =11, giving

x=3+411.

3 6x%-12x-3=0 is equivalent to

1 (b 2 2
x% - 2x = =X (2) =(-1)" =1. Therefore

[y

consider x2—2x+1:—+1:%. This

2
factorises to (x - 1)2 = g

x:li\/g.
2

, giving

© Oxford University Press 2019
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Worked solutions

4 6x(x+8)=12 is equivalent to

2
x(x+8):x2+8x:2. (g] - 4% - 16.
Therefore consider

x2 +8x+16 =2 +16 = 18. This factorises

to (x +4)* =18, giving

X=-4+J18 =-4+32.

2x% + x -6 =0 is equivalent to x2

+lx:3
2

2 2

. b = 1 = i. Therefore consider

2 4 16

ity o301 2% This factorises
2 16 16 16

to x+12—4—9 giving
4) 16’

+ -1+ -1+
o BVA9 1 1249 147

Ji6 4 4 4

means that x is either ; or -2.

2x(x +8)+12 =0 is equivalent to

b2
x(x+8):x2+8x:—6. (2] -4%2 -16.

Therefore consider
x% +8x+16 = -6 +16 = 10 . This factorises
to (x+4)° =10, giving x = -4 ++/10.
a Revenue is equal to cost when
R(x)=C(x), i. e. when
35x - 0.25x% = 300 + 15x .
b This is equivalent to
-0.25x2 +20x = 300, which is in turn
equivalent to x? - 80x = -1200.

2
(‘2’] - (-40)* = 1600 . Therefore

consider
x% - 80x +1600 = ~1200 + 1600 = 400 .

This factorises to (x — 40)2 =400,
giving x =40++400 =40+20=20,60.

¢ The break-even points lie at x =20 and
x =60.

d We will want to find where the
maximum of the equation

P(x)=R(x)-C(x) lies. This will just
be the coordinates of the vertex, since
the leading coefficient is negative.

P(x)=R(x)-C(x)
= -0.25x% + 20x - 300



Worked solutions

In vertex form, this is 3 5+.25+144 -5+.169
a x-= =
P(x) = -0.25(x — 40)" +100. Thus, the 12 12
maximal profit is reached at 40 -5+13 . 2 3
subscribers. =71 ! thatis, x = 3T xX="5"
e As seen from the vertex form above, —
the vertex has coordinates (40,100) b x-= 4£v16-8 = _4s V8 = 2£2
and therefore the maximal profit is 4 4 2
equal to 100 thousand Euros. B A 16
C X = 21—7;-'_16 — 1 + \/g
Exercise 3U 4a c--2
4+ 24
1 a x=w:—2i\/2_:—2i\/g b 2x2—4x—2:2(x2—2x—1)
b x-38% \/664 -60 8 z 2 thatis, x =1 =2(x- 1)2 - 4. Therefore the vertex is
5 at (1,-4).
orx=3- c Using the quadratic formula:
o ,_5%V25+16 _5:Val x = 2EV16+16 V146+16=1w5.Therefore
- 4 4
r=1and s=2.
2 a x?+3x-9=0.Thus
X = -3+4/9+36 _ -3+445 Exercise 3V
2 2 5
3435 1 a A=(-5"-4x1x9=25-36=-11.
T Therefore the equation has no real

roots.
b A=72-4x6x(-3)=49+72=121.

Therefore the equation has two distinct
real roots.

b 3x2-4x-2=0. Thus

X_4ix/16+24_ 4+40 2+410
- 6 -6 3

¢ x2+2x+2=0.Thus

x-2EV4+8 L 3

C A=(-4) -4x1x15=16-60 = —44.
Therefore the equation has no real

-2 roots.
d 3x®+4x+10=0. Thus d A=47-4x3x(-8)=16+96=112.
o Z4EV16-120 -4£4-104 Therefore the equation has two distinct
6 6 real roots.
104 has no real square root, the >
equation has no real solution. e A=(-4)-4x1x4=16-16=0.
i t |
e 2x2+10x-9 - 0. Thus ::;rfgoozg the equation has two equa
~10£4100-72 _5:+7 )
X = ) == f A=(-1°-4x5x10=1-200=-199.
2 Therefore the equation has no real
f 2x°-9x+9=0.Thus roots.
x=2% “841‘72 =_9j3 : that is, 2 a A-32_4k=9-4k. This is positive
9
3 whenever k < 2

x=30r x==.
2

b A =207?-20k =400 -20k . This is
positive whenever k <20.
S 5 3 a A=5°-4p=25-4p.Thisis 0 if and
which simplifies to x“ -6x-3=0. Thus 25

[ only if p===.
x = 8EN36+12 326+12=3i\/5:3i2\/§. P=%

g (x+3)(x+1)=2x(x-1).Thisis

equivalent to x%2 +4x +3=2x%-2x ,
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Worked solutions

b A- (_12)2 —12p=144—-12p. Thisis 0 As the parabola described by A is concavle
if and only if p=12. up, this is negative if and only if 0 < m < 5
C A:(—Zp)2—32:4p2—32ThIS |S 0 |f 5 A:36k2—4k(k+2)=32k2—8k
. 2 .
and only if p* =8, which holds for = 8k (4k -1) . The zeroes of this equation
p=+J8 =122 .

areat k=0 and k
d A=(-3p)’+8p=9p?+8p=p(9p+8).

Thisis 0 ifand only if p =0 or positive if and only

= % As the parabola

described by A is concave up, this is

if k<O or k1.
4

,_ .8
9 6 a A= p2 -48
4 a A= (—2)2 -4m =4-4m. This is b As the graph has no x -intercepts,
negative if and only if m > 1. p2 —48 < 0. This means that
b A=(-6)-12m=36-12m. This is /48 < p < /48 , which can be
negative if and only if m> 3. simplified as -4v3 < p < 4/3.
2 o
€ A=5"-4(m-2)=33-4m. Thisis c As62-36<48<49-72, m=6.
S . 33
negative if and only if m > T d 3x246x44- 3[)(2 +9x +‘3‘rj
. 2 1 2
Exercise 3W :3[(x+1) +§] =3(x+1)"+1
1 a We need to find the x -intercepts. By
the quadratic formula, Thus a=3, h=-1and k=1
X = -5+25+24 _ -5+7 _Since the
6 Exercise 3X
coefficient of x? is positive, the 1
parabola will be concave up. Thus the 1 24-= Eh(Zh +4)
inequality is satisfied whenever x < -2
1 48 = 2h* + 4h
or x>=
3 2h* +4h-48 =0
b x%<5ifandonlyif —/5<x<+5. h* +2h-24=0
o . 5 (h+6)(h-4)=0
¢ This is equivalent to x“ +4x -6 <0. By
. h=4-6
the quadratic formula, b tb it
= must be positive
szzfzi\/m_ SOh=4m

2

As the parabola is concave up, the b=2h+4=12m

inequality is satisfied whenever 2 a h(3)=2+20(3)-4.9(3*)=17.9m
~2-V10 <X <-2++10. b 2+20t-4.9t =6
2 a x<-0.2450rx =12.2
5 4,9t* -20t+4 =0
b —Esxs3 t_ZOi 400-78.4
c -0.890 < x < 1.26 98
2 o N t = 0.211 seconds, 3.87 seconds
3 a A=k"-16. This is positive whenever b 20
k>4 or k<-4. c Maximum height when: t:—E:ﬁ
b A =4k?-12. This is positive whenever 20 20 Y2 '
_ h=2+20|—|-4.9| —
k>3 or k<—/3. + (9.8} (9.8)
4 A=36m*-4m=m(36m-4). The zeroes h = 22.4 metres
of this equation are at m=0 and m :%. 3 a Fare =5.50-0.05x

b Number of riders = 800 +10x
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Chapter review
1 a

¢ Revenue =(5.50-0.05x)(800 +10x)
= 4400 - 40x + 55x — 0.5x?
= 4400 +15x — 0.5x?
d 4400+15x -0.5x* = 4500
0 =0.5x% —15x + 100
x =10,20
10 or 20 decreases
e 4400+15x-0.5x>>0
Using GDC: x < 110

Worked solutions

y:—(x—2)2+4 = —x(x-4)

or y =-x*+4x

b If the center of the object is aligned
with the center of the archway, it spans
form x =0.5 to x =3.5. Evaluating
the function at x =0.5 and x =3.5

gives 1.75. Since 1.6 < 1.75, the object
will fit through the archway.

5a A(x)=x(155-x)=155x - x? b
b Maximum area occurs at:
X = ;—g = % =77.5
W= 310—;(77.5) _ 775

Dimension: 77.5 metres by 77.5 metres

c No; The touchline would not be longer
than the goal line and 77.5 metres is
less that the minimum of 90 metres for
the touchline.

d 90< x <120 (If the goal line

restrictions are also taken into
consideration the answer is

(0, =5}

90 < x <110. .
e Maximum occurs when x = 90 o
w o 310-2(90) 310-180 .. s
2 2
-3

Area = 90x 65 = 5850 m?

(0,2)

_\fs,o)

5 -4 -3 -z -1

-7
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Worked solutions

2--1_ 3 _ 1 b_4

2am-= =——=- ¢ Axis of symmetry: —=—=-2
-4-8 -12 4 2a -2
y—2:—l(x+4) X =-2
4 y-intercept found from the function:
2= L 1 . 1
y-2=-7Xx-l=y=-2x+ (0,6)
6 a 3x?+18x+20=3(x*+6x)+20
b y=>-x-5
=3((x+3)"-9)+20
-1 3 2
C m_—[_zj_z :3(X+3) -27+20
3 =3(x+3) -7
y_4:§(x_2) i a=3ii h=-3 iii k=-7
2
3 b (-3,-7)

0

(—3 +5,-7- 3) = (2,—10)
d y=-4

3 af(l)=3,f2)=3
b xX-3=18

x=-511

7 a (x-3) =64

i
o

(x+2) =7

L4%)

X+2=%/7
X =-2-+7,-2++7
c x*+14x+49=0

4“4 B3 -2 - 1 2 3 4 (x+7’ =0=>x=-7

&)

25

. d x>+x-12=0
(x+4)(x-3)=0=>x=-4,3

) e 3x*+4x-7=0

4 a Vertical stretch with scale factor 2, Bx+7)(x-1)=0= x = 1,—Z
horizontal translation right 3 3

b Vertical dilation with scale factor 8 FEqual real root: b* —4ac =0

%, vertical translation up 5 2 _16

9% -16-0= k —k--22
3'3

c Reflection in the x-axis, horizontal
translation left 2, vertical translation
down 1 f(x) = a(x +4)(x —2) = ax® + 2ax - 8a

From the y-intercept:

8a=-16=>a=2

9 From the x-intercepts:

d Horizontal dilation with scale factor%

e Reflection in the y-axis, vertical f(x)=2x*+4x-16

translation up 6 10 Using GDC solver
5 a x-intercepts: 2(x-3)(x+7)=0 a 0.679, 3.68 b 4.92,1.42
= x =3,-7.(3,0),(-7,0) 11a t=0,h=18m
Axis of symmetry occurs b Maximum height occurs when:
at midpoint of x-intercepts b 13
:3+2—73X:_2 2a 9.8 2

b Found from the function h=18+ 13[%} - 49(%}

Axis of symmetry: x = 4, Vertex:(4,2) h=26.6m
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c 18+13t-4.9t2=0
t=-1.00,3.66ast>0
Time taken = 3.66 seconds
0<t<3.66

e 18+13t-4.9t* =23

-4.9t* +13t-5=0
t =0.4667..,2.1863..

2.1863.. - 0.4667.. = 1.72 seconds
12a A(—4,0); B(0,7); C(4,0)

7 7
0=-(x-dD>y=-Lx+7
y 4(x )=y 4x+

c 2pcmby -1.75p+7cm
d Area=2p(-1.75p+7)=-3.5p* +14p

e Maximum area occurs when
_-b_14
"2 7
So dimensions are 4 cm by 3.5 cm
f Area = 4x3.5= 14 cm?
13a -7x-12y +168=0

12y =-7x +168 M1
7Xx
- _7X 14 Al
Y= 12"
b A(24,0) and B(0,14) A1A1

c Area :%x24x14:168 units? M1A1

14a

0 =

D

@

o
[ —
_-"'.-

5t

—
= N

D2 '0 2 3 4
M1A1
b (0,5.9) and (-0.885,0) A1A1
¢ -1.1<f(x)<7.35 A1A1
2
15a x . 2*Vb"-4ac vé)—‘kac M1
a
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Worked solutions

:6ix/208 Al
2
x =3++/52 Al
x =3+2J13 Al
b Using GDC
3-2J13 <x<3+2/13 M1A1
16a 3(x-1) -18=3(x*-2x+1)-18
M1
=3x*-6x-15 Al
b (1,—18) Al
c Al
d f(x)e., f(x)=-18 A1A1
e g(x)=3((x-2)-1)-18-1 M1A1
=3(x-3)-19
:3(x2—6x+9)—19
=3x?>-18x+8 Al
17a 8x>+6x-5=0
(4x +5)(2x-1)=0 M1A1
4x+5:0:>x:—% Al
1
2x—1:0:>x:§ Al

b 8x*+6x-5-k=0
No real solutions
= b’>-4ac <0 M1
36-4x8x(-5-k)<0 Al

36+32(5+k)<0

5+k<—§ = k —E—S
32 32
<—2—4—0:>k<—4—9 Al
8 8 8
18a x*-10x+27
=(x-5) -25+27 M1A1
=(x-5) +2 Al

b Coordinates of the vertex is (5,2)

Al
¢ Equation of symmetry is x =5 Al



Worked solutions

19a At (10,0), 0=10%+10b+c, SO
10b + ¢ = ~100 M1A1

Line of symmetry is x = —g , S0 b=-5

Al
Solving simultaneously gives
-50+c=-100
So ¢ =-50 Al
Therefore the equation is
y =x*-5x-50
b Setting x = 0 gives the y-intercept of
(0,—50) Al
Setting y = 0 and solving gives the x-
intercept of (-5,0) Al
20a f(x)=2[x*-2x-4] M1
~2[(x-1) ~1-4] Al
~2[(x-1) -5]
=2(x-1)’-10 Al
b A horizontal translation right 1 unit
Al
A vertical stretch with scale factor 2
Al
A vertical translation down 10 units
Al
21a Two real roots = b> —4ac=0 M1
36 - 4(2k)(k)=0 Al
36-8k*=0
R -36_9_ ;.3 A1A1
8 2 2
b Equation of line of symmetry is
__b__6__3 M1A1
2a 4k 2k
Therefore 3 =1 o k= 3 Al
2k 2
€ k=2=4x*+6x+2=0
2x*+3x+1=0
(2x+1)(x+1)=0 M1
1
X:_E orx=-1 AlAl

22a A(-6,10),5'(0,-16),C'(1,9)
and D'(7,-10) A4

b A(12,13),B8(0,-13),C(-2,12)
and D(-14,-7) A4
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Worked solutions

4 Equivalent representations:
rational functions

Skills check

Exercise 4B

1a x=-5 b x=6 1 a
C 2X:5:>x:§ ‘g
2
151
2 10
y
51 75
4 ke 7 @,
25 \
5-1z5-6 T5—8.25°| 25 5 15 © us B
= o e B
ol ,
=T
! ' T T T T T > X el
5 4 3 9 19 1 2 4 5 o
e -12.5H
-2 1 -5
3 b
3 = )
4 i
-5
Exercise 4A
1a 1 b 1 c 1
3 5 2
- > ! et
d _I:_l € § f i D125 15
9 1 1 4
-= h —= .
g 8 25 2-4+3 11
4 4  HErHEEnSHEHEHEHHEHE R
2 a15-3-1_2 b 1
2 1.5 3 X
c L d L e 4 c
2x 4y 3x " 3
t 4d 151 -
f d 9 3 h 75
X -3 40 :
X+2 15 \;
9
1 4 \,
3 a 4.=-=—=1 Ll &
v s
z(5 5 75 10125 - 15
p 2. At_7-11 77 _ i
11 7 7-11 77
cZx_z_ . et
X 2 X
d X—1'X—2_(x—1)(x—2)_1
x-2 x-1 (x-0D)(x-2) ~ GG e
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Worked solutions

4,4

ym; T T
-15:112.5/-10 1.5

d The curves are in the opposite

quadrants. The negative reflects the
function in the x-axis.
4 x=0,y=0
Domain: xej,x =0
. Range: yej,y =0
(-4,1)/ i
———'/ i
_I ] T ] _I 0 L} ) T T al
e e t/g——es——'ro
/'(4, -2)
i /
i e :
b
Y
15,
i1
Y5 1
I I 54 I I |
iz tasE Ry d4nareE Exercise 4C
| 2 2
R ] ‘ i e i 1 a x=2oy=—"===1
Bos-10-15 5 ‘51'5_'50_ 25 /J;s——nm y X 2
43_3' |
-5 ] I b y = 4
-1.5 ! 2
10 y “x
-12.5 2 _4
acs X
2
X ==
4
x =0.5
Chamse spends 30 seconds brushing
her teeth.
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Worked solutions

2 aandc 1
b y=—
R —s X=5
v
Y The vertical asymptote is at
207 x = —(-5) =5 and the horizontal
17.5 7 asymptote at y = 0.
15 1 The domainis xej,x-5#0< x #5.
128 5 The rangeis y e, —<0}.
10 | ) =
7.5 1 L
5 The vertical asymptote is at
58 - \ X -4 =0 < x =4 and the horizontal
] asymptote at y = 0.
9" 100 200 300 400 500 600 700 800 900 1000 The domainis xej,x-4+0< x = 4.
The rangeis y €j,i —4{0}.
b /=10:>v:@=100Hz
d y= >
c A string 5 cm long has vibrations of X+5
frequency 200 Hz. The vertical asymptote is at
6 X +5=0 < x =-5 and the horizontal

4 .
3 ay-= 16 - 4 videos of length 16 asymptote at y = 0.
minutes The domain is

Xej,x+5#0< x=-5.
b y:674istheequationthatmodels i XEorUe Xy

The rangeis y €, —{0}.

the number of videos of x minutes.
12
c andd e y-= +2
x+1
- a4
y The vertical asymptote is at
100 + Xx+1=0 < x =-1 and the horizontal
90 - asymptote at y = 2.
80 1 The domain is
70 4 Xej,x+120e x=-1.
60 The rangeis y e j,i —-{2}.
50 -
f y= 12 -2
40 X+1
30 - The vertical asymptote is at
20 4 X +1=0« x =-1 and the horizontal
i o asymptote at y = -2.
5 The domain is
O 5 10 15 20 25 30 35 40 45 50 55 Xej,x+120s x=-1.
1.33 minutes Therangeis y ei,i —{-2}.
4
g y-= +2
Exercise 4D X -3
1 1 The vertical asymptote is at
a Y= x-3=0 e x =3 and the horizontal

The vertical asymptote is at x = -1 asymptote at y = 2.

and the horizontal asymptote at y = 0. The domainis xej,x-3#0< x = 3.

The domain is The rangeis y e j,i —-{2}.

Xej,Xx+1#0< x=-1.
© Oxford University Press 2019 n
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Worked solutions

h y-—% _4 d xei, x5 yej,y=1
X -4
The vertical asymptote is at L]
X -4 =0 < x =4 and the horizontal : 8
asymptote at y = 4. i -
The domainis xej ,x-4+0< x = 4. E 4
The rangeis y e ,i —{-4}. : 7

a xej, x4 yej,yz0 T

T
THESAG =R e e e e,
Y t T =211
10 - : ‘
d 1 1 ! : # i 1 |
; -6
© A !
8
4
e xej,x#-05 yej,yz0
ca Y
T T X .I‘
o} |
10 -8 -6N\#¥ -2 p SRESE RS S
-2 4 I I :
Zed ;\
:1
st e
Eaoe
L ! BB B gt z 4 ¢
10 B \_ﬂ
b xej,x#-4 yej,y#0 2
Hy - ‘?‘
87 +
R EEEEE |
(} < :
! i
; 4
| f xej,x#-2 yeij,y=0
ammEmE. mn ;
I Y
! & i
1 1 ")
T T T £
B z-4 4
l -Z_ 1
|
1 |
} 4 |
. 4
|
b
P-g 1
et i
C xej,x#4 yej,y=l1 il SEc S idee, $5r S RIS ISR CRRRE (R SRRSCOMER,
ma
Y -3
8
6 -5
| : &
SR
= — - - - e r———
T T o T T > X
-1z -16 -8 -6 ‘M4 -z zZ 4 6
-2
-4
g
g
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g Xej,x=#2 yej,y=2

_____________ AR PR R R R
s e
—~< |

S IRRRE S
i
\—_-__

LB S i

r——————————— T = - — Mmoo
gEfempasnnnas
— et > X
oI HE e T O g e e s
w?_* 1}
1
]
4 4 :
1
—6- T
8
]

a 2: Translation of 2 units right

b 5: Reflection in y = 0 and a translation

of 2 units right

¢ 1: Translation of 2 units right and 2
units up

d 4: Translation of 2 units right and 2
units down

e 3: Translation of 2 units right and
vertical stretch by a factor of 3

t
A
3.2 1
\.1_
3

N
2.9 A
2.8
r T T 0 T T T T T > (|
-30 -20 -10 10 20 30 40 50 60
b 5.56
c t=6

1000

~0.6c +330

Worked solutions

6(0.6¢ + 330) = 1000
3.6¢ + 1980 = 1000
. _ 10001980

3.6
Cc=-272.22°
a c- 200
s-5

The vertical asymptote is at
s-5=0 < s =5 and the horizontal
asymptote at c = 0.

[
A
160 4

140

120 4
100
80
60 +
40 4

2 4

6

T > S

T T T T T T
8 10 12 14 16 18 20

b 15 sessions.

The linear function is a line of symmetry
for the rational function. The linear
function crosses the x-axis at the same

place as the vertical asymptote.
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Exercise 4E

o x+1

1 a [=a=Lb=lc=1d=-1

The vertical asymptote is at
d_ (1)

X=-—= T 1 and the horizontal
c

asymptote at y =

0l

EY
1

Domain x ej,x = 1.
Range y e,y #1.

=2X+f:>a=zb=3c=Ld:1

The vertical asymptote is at
d 1

X =-—=-==-1 and the horizontal
C 1

=2.

asymptote at y = % = %

Domain x e j,x = -1.
Range y e,y # 2.
_6x-1

T 2x+4

The vertical asymptote is at

X = _ﬂ = —g = -2 and the horizontal

C

=>a=6b=-1c=2d=4

asymptote at y = ? = g =3.

Domain x e j,x # -2.
Range y e,y #3.

_2-3x
~ 5-4x
The vertical asymptote is at
X = g = _> =1.25 and the
c (-4
horizontal asymptote at
a -3
=—=—=0.75.
Y c -4

Domain x e ,x #1.25.

=a=-3,b=2,c=-4,d=5

Range y e,y #0.75.

_9x -2

~ 6-3x

The vertical asymptote is at
d 6

X =—-—=-——=2 and the horizontal
c (-3

=a=9b=-2,c=-3,d=6

asymptote at y = % = (9—3) =-3.

Domain x e, x = 2.

Range y e,y = -3.

© Oxford University Press 2019

Worked solutions

i B
a=1,b=-3,c=1,d=2
Vertical asymptote: x = —% =-2
Horizontal asymptote: y = % =1
ii A
a=0,b=4,c=1,d=0
Vertical asymptote: x = —% =0
Horizontal asymptote: y = % =0
ifi D
a=-2,b=3,c=1,d=2
Vertical asymptote: x = —% =-2
Horizontal asymptote: y = ? =-2
iv C
a=2,b=-3,c=1,d=2

Vertical asymptote: x = —% =-2

Horizontal asymptote: y = ? =2

y=X"P a_-1,b--pc=1d--q
X-q

The vertical asymptote is at

X = —% = —% =q and the horizontal

asymptote at y = ? = % =1.

Domain x ej,x #q.

Range y e,y #1.

4 a

T e
*



Worked solutions

b 2x -3 x+6

' x+1 x-2

(2x -3)(x =2) = (x +1)(x + 6)
2x* -3X-4x+6=X>+6X+X+6

\ | x?*-14x =0
S x(x-14)=0

| Sas el el N
| i

> So x=0and x =14.

i | c 7- 5 _ 10
X-2 X+2
7(x-2)-5 10
Xx-2  x+2
C 7x-19 10
Y x-2  x+2
(7x -19)(x +2) =10(x - 2)
7x% +14x -19x -38 =10x - 20
7x*-15x-18=0
(x=-3)(7x+6)=0

&\-
1
O e e e T

SEsnimsmineesrasinnsaee e —> X So x=3and x =~ 2.

rerrA e /}/”?7——1:7 10 7

‘ Bt : d x+5:1+ 6

! J X+8 x+1

! =it x+5 x+1+6
X+8 x+1
X+5 Xx+7

d x+8 x+1

(X +5)(x+1)=(x+8)(x+7)
X*>+6x+5=x>+15x+56

9x+51=0
27
9 3
6 x =3 is the extraneous solution.
- Therefore the solution to Will's
equation is x = 2.
. . 7 a f(x)-= X+3
IEHIEREEERERE x-2
. I 1
U | | X =y_+3
8 — y -2
x(y-2)=y+3
5 a 5 .,Xt7_5 (y-2)=y
2x x+4 Xy -2x=y+3
S(x +4) + 2x(x +7) _, Xy -y =2x+3
2x(x +4) y(x-1)=2x+3
5x +20 +2x? +14x = 4x(x + 4) = 2;( +13

2x? +19x +20 = 4x* +16x . 2% +3
2x*-3x-20=0 ) == —
2x* -8x+5x-20=0

2x(x —-4)+5(x-4)=0

(x-4)2x+5)=0

So x =4and x:_?s.
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xy =7-2y
y(x+2)=7
7
X+2

Fi(x) =

y:
7
X+2

1+7x
9-x

c f(x)=

x=1t7
9-y
x(9-y)=1+7y
Ox-xy =1+7y
y(7+x)=9x -1
_9x -1
74X

Fi(x) = 9x -1
X+7

5-11x
X+6
X:5—11y
y+6
x(y +6)=5-11y
Xy +6x=5-11y
y(x+11)=5-6x
_5-6x
S ox+11

5-6x
! =
) x+11

d f(x)=

8 aandc

¥
a0 4 ||

180
150 |
140 4 ||
120 4 ll

wi |

&0 -
&0
Sm_

——

0+

i)

T T

— T T T T T T T
E 10 15 20 25 30 35 40 45 ED

b 20

c M(s)= 105-;500 _

20
10s +500 = 20s

500 =10s

s=50
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Worked solutions

9 a C(m)-=

w as 20is the initial

cost and them for every month there is
another 10 AUD cost.
b
K
C
J
35

30 A

25 4
20

k

T T T T T T T > M
2 4 6 8 10 12 14 16

¢ 4 months

d The price will get closer to the
horizontal asymptotey = 10.

10a f(xX)=m+
X-n

_m(x-n)+6
 x-n
_mx-mn+6
© x-n
a=m
b=6-mn
c=1
d=-n

The vertical asymptote is at

x:——:—ﬂzn:S.
c 1

Hence n =5.
b f(7)=7
6
=m+—
7-5 2
f(7)=m+3=7
m=4

F(7)=m+

c The vertical asymptote is at

_a_4._
= 1"
11a y- 4 +3:4+3(x—2):3x—2
X-2 X—-2 X-2
a=3
=-2
c=1
=-2



Worked solutions

The horizontal asymptote is at c f(x)=0
_a_3_ 2x+1
c 1 x-1
b The vertical asymptote is at 2x+1=0
x=-4_.C2D_, x<-1
c 1 2
c The x-intercept is when y = 0. The x-intercept of f is at point
x-2_, (-1,0) = (-0.5,0).
2
X -2
3x=2 The point is 13a gof(x)=g(f(x))
2
x == _ox+2, 1
3 __g(x-+3 Tox+2
2,0) = (0.667,0). x+3
3 _Xx+3
The y-intercept is when x =0. X+2
3.0-2 -2 b
=—-=1=y
0-2 -2
The point is (0,1).
d
Y
8
6 \

]
l
1
1
|
__________ i
e o4 ekt -
1
T T 0\ i T e X = —2.5
-4 -z \4 4 6 8
I -z 1
Emmmmmaramaam Chapter review
12a 1ay-22a-0b-2c-1d=0
o ERmmmy ELSSismsso smssaamsscenmmiuaa The horizontal asymptote is at
g \ _a_»0_
! =—=—=
: E N c 1
- ! s The vertical asymptote is at
____________ e e e e L L L
] ! ; X =—%=—%:0.
EFiSgSE S aEERaIEn NeE T
i 1—1-\ ! ? ? Domain: xej,x =0
1
-4 : Range: yej,y #0
o

b b yzizazo,bzl,c=1,d=8
Fx) =2+ a2 b_1c-1d=-1 X+8
x-1 The horizontal asymptote is at
The horizontal asymptote is at ~a_ 0 _
c 1 7 The vertical asymptote is at
The vertical asymptote is at .- d _ 8 _ g8
X :._EZ::_EZEzzzl_ Cc 1
¢ 1 Domain: xej,x # -8

Range: yej,y#0
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Worked solutions

C _
g yzl_);:a:_llbzllczlld:4
y = =a=1b=0,c=2,d=-10 X+
2x-10 The horizontal asymptote is at
_a_-1_
The horizontal asymptote is at y=c"71~-"
y=2_ 1 The vertical asymptote is at
c 2
_d__4_,
The vertical asymptote is at X=-c=1=+
x:_g:_ﬁzs, Domain: xej,x = -4
c 2

Range: yej,y #-1
3 2x—1_4_2x—1—4(2x+6)

Domain: xej,x =5

1 h y=
Range:yei,y;ti 2x +6 2x+6
_2x-1-8x-24 -6x-25
d y-—3 ,3.3+3x-2) 3x-3 T 2x+6 2x 1+ 6
x-2 x-2 x-2 =a=-6,b=-25c=2,d=6
=>a=3b=-3c=1d=-2 The horizontal asymptote is at
The horizontal asymptote is at _a_-6_ 3
_a_3_, T2
c 1 The vertical asymptote is at
The vertical asymptote is at _d_ 6 _ 3
_4d_ 2 _5 c 2
c 1

Domain: xej ,x # -3

Domain: xej,x #2 Range: y e,y # -3

Range: yeij,y #3 2

a
¥
e y:2—Xz>a=2,b=0,c=1,d=—9 5ilt
x-9 \
The horizontal asymptote is at -
y-2_2_ :
- C - 1 5 \
The vertical asymptote is at s S
9.2, .
C 5 4 5 -2 - ,ﬂ 3 1 r L
Domain: xej,x =9 \ -
Range: yej,y #2 =2
f y-8X5_ ,_8b--5c-2d-4 \.
2X +4 E
The horizontal asymptote is at L
a 8
e
Y c 2
The vertical asymptote is at
x=-d__2%__
c 2

Domain: xej ,x # -2

Range: yej,y =4
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Worked solutions

b The vertical asymptote is at
¥ _
l:"'l x:_gz__]‘:]__
r c 1
: b The x-intercept is (%,0):(0.5,0) as:
3 f(x)=0
/1 o
1 =0
= x-1
) I X 2x-1=0
g e 1 2 3 _4 -4 1
X ==
Vi 2
i / The y-intercept is (0,1) as:
. x=0
- 2-0-1
f(0) = =1
5 ! © 0-1
c c
5“ ; f.ll
2/ ) ]
_——---'-'- : l-_--‘1
5 > :
# 8 2 4, 1 1 4 5 A—F8 =
) P hs o O\l 23 4 5 6 7
d 4
13: A 1{ A
La} | o
| v v
» ¥ > X
B B H -E_FD \j 4 & 10 12 £ B —E_Fm P4 8 1D
_ _ x=-1.5,1
a f(x)=- 1 +2:1+2(X 1):2x 1
x-1 x-1 x-1 5 a 1.29,2.71 b 2.71 c 1.27
=»a=2,b=-1c=1,d=-1 6 a f(x)=0
The horizontal asymptote is at 2x -8 0
_a_2 _, 1-x
Tc 1 7 2x-8=0
x=§=4
2
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Worked solutions

The x-intercept is therefore (4,0). 9 a The x-intercept is (_ 1 0]
2 !

2x -8
1-x 4

=a=2b=-8,c=-1,d=1 :
6 Y
The vertical asymptote is at I
4 | 1

x=-9-_1_4 ‘“‘\Y
c -1 7 '
The horizontal asymptote is at I

f(x) =

o

y:iziz_z_ R e zl
c -1
ax+b
f(x) = = =
(x) < d b x=25y=4
The vertical asymptote is at ¢ 2.375 d 38
-d 10a xo2y+1
X:_T:d. y_].
The horizontal asymptote is at x(y-1)=2y +1
_4a_ Xy -x=2y+1
y-1-¢9 y(x-2)=x+1
Hence 3=d and 2=a . _x+1
b 2+b x-2
a+ +
(1) = = -4 Figgy - X*1
1-d 1-3 ="
f(1):2+b=—4 b
N 4
2+b=8 o] i
b=6. RN
5 5+n(x-m) : deizaces sk
f(x) = +n= I BHAS SR R A A A R MR
X-m X-m PR :
_mx-mn+5 bt N s e
X-m 'Z'\i '
a=nb=-mn+5c=1,d=-m 4

c a=2,b=1c=1d=-1

d -m
4=——=—=m . .
c 1 The vertical asymptote is at
F(0)=7 x=-9_ 714
0-4n+5 4n +5 ¢ !
n-0-4n -4n
f(0) = 0 4 2 _4+ =7 The horizontal asymptote is at
4n-5=28 y-2_.2_5
4n =33 c 1
33 d f(x)=0
4 2x+1_,
33 x-1
y—z—ﬁ 2x+1=0
1 4 1
X=-=
2

The x-intercept is (—%,0).
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Worked solutions

e f(x)=rFf"(x) c gx)=0
2x+1=x+1 +3=0
x-1 x-2 x-3
x+1)(x-2)=(x-1)(x +1) 15
2x* -3x-2=x*-1 x-3
x*-3x-1=0 x—3=—%
X _-btyb*-4ac 3++9+4 x_-3_.1_8
12 = 2a - 2 3 3
_ 3+413 _-0.303,3.30 The x-intercept is (2.67,0).
2 x=0
1 1 8
11a f(x)=—— - _= =2
(x) X2 9(0) 3+3 3
X - 1 The y-intercept is (0,2.67).
y -2
1 1+3(x-3)
_ - d = 3=
Xy -2x=1 g(x)=—5+ ~_3
1+2x
y=— _1+3x-9 3x-8
- x-3  x-3
f‘l(x)=1+2X=l+2
X =a=3,b=-8c=1d=-3
b The vertical asymptote is at
f | :_gz___3:3
8 3 c 1
6 The horizontal asymptote is at
4 _a_3_
25 c 1
T -—?_‘x €
SEiResrasaas imas!s y
g i
1 1+2x |
C ——= 6 1
X-2 X !
x=@+2x)(x-2) sdsissasEssanints 55
X =X+2x*>-2-4x 2'\5 !
2x?2-4x-2=0 f REE) T T t T T 1 ™ X
2% -1-0 2 -1_2_ T2 \} 4 5 6 7T
_—bx+b*-4ac _2+8 13a f(x)=2x+3
1,2 — -
X2 2a 2 X =2y +3
2y =x-3
Hence the solution is x = 2.41. x_3
12a Y
y x -3
FHH fix)=212
6 ! (x) >
i 3 5
{ Uxy= g X2y 2
z4 3 b gof(x)=g( > ) X3
I T 1 T T T > X
R I T e N O IO IO S S 2
ERRREEA Y 3 5 5
A C2(x-3) 2x-6
Saaa |
) C x-0=h0)=—2 -2
b g()-——<+3 2:0-6 6
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The y-intercept of h is
(o,—g) ~ (0,-0.833).

L
Ny

0 Y P O L Y O
-
i
R
-

5
2x -6
X = 5

2y -6
x(2y -6)=5
2xy -6x =5

_ 5+6x

T 2x

h(x) =

e h(x)=

5+6x
2x

The x-intercept of h™ is given by
hi(x) =0
5+6x ~0
2x
5+6x=0
5

X =-=
6

The point is therefore

5
(~2/0) = (-0.833,0).

f a=6,b=5c=2,d=0

The vertical asymptote is at

x=-9_.0_g
c 2

14 F(x) 2+ 10 _2Ax-4)+10 _2x+2

x-4  x-4  x-4
a=2,b=2c=1d=-4

a The vertical asymptote is at
d -4

The horizontal asymptote is at

yo2_2_
22

b The domainis xej,x-4=0< x = 4.

Worked solutions

The rangeis y e j,i —-{2}.

¢ The x-intercept:

F(x)=0

2X +2 _0

x -4
2X+2 =
x=-1

0

The point (-1, 0).

The y-intercept: f(0) = 14 =-0.5

The point (0,-0.5).

% 6 -4 -2

=r

10

-1z

-14

RN R R RN R A RN R SR RERE E NE R
o
o
=
O
—
=
=
>
=
o

e Horizontal shift of 4 units right and a
vertical shift of 2 units up.

15a x e

b f(x)ei , f(x)

¢ When x=0, f(x

, X2 -2 Al

L3 Al

So one coordinate is (0.-5) Al

When y =0, x =

_20
3

So the other coordinate is (?,Oj

16a Domainis x € j
Rangeis f(x)ej , f(x)=0

b Domainis x €
Rangeis f(x)ej , f(x)=4

¢ Domainis x €
Rangeis f(x)ej , f(x)=4
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Al
, X #=-2

AlA1
, X #=-2

AlA1
, x=0

AlA1



Worked solutions

d Domainis xej , x=0 20a 6 Al
Rangeisf(x)eij , f(x)=0 AlAl 18(1+0.82x12
(9 (9 b p-180* 4X12):57 M1A1
17a x-1 Al 3+(0.03 X )
- 18(1+0.82t
b y=3 Al ¢ Solving 100 - 8(1+0-820) M1
c 3+0.034t
YA 300 + 3.4t =18(1+0.82t)
167
. :\ 300 + 3.4t =18 +14.76t
1z |
: \ 282 =11.36t
M HA 282
N t = 5= =24.8 months Al
RS Sy R R 2 AR R PR g 11.36
N >y d A horizontal asymptote exists at
1
-16 -12 -8 —4J . X 3 12 16 P=18X0'82=434.12 M1A1
\ 0.034
8 : Therefore for t >0 , P <435 Rl
1
LW T 21a f(X)=17_10X:12+5_10X M1A1
2x -1 2x -1
A3
12 +5(1-2x)
18a y =10 Al = Al
2x -1
b x=2 Al 12-5(2x -1)
10(2- 3 T ox-1
¢ Flx)-104+-3_ 2020+ 2x -1
2-x 2-x 12 5(2x-1)
M1A1 “2x-1  (2x-1)
-10x +23
- A1 12
-X +2 = -5 Al
2x -1
19a Vertical asymptote occurs when
c+8x=0 M1 1
b x== Al
c+8(-2)=0 2
AL c y=-5 Al
c=6 d
b _ a+ bx Y u
6 +8x 8
Substituting the first coordinate: . ll
M1 N :\
2 a+ip ! > X
5~ 102 -16 -12 -8 -4_40 i &L_ 8 12 16
4=a+ib """'""\:":"'""" 7
8=2a+b (1) Al \l
Il ¥4 :
Substituting the second coordinate: L6
_i: a+4b A3
38 38
-3=a+4b(2) Al
Solving (1) and (2) simultaneously:
a=>5 Al
b=-2 Al
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22

Worked solutions

Asymptotes are x = —% and y =2

Al1A1l

Intersections with axes are at [0,%] and

(_lloj A1A1
4

A2
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