Worked solutions

1 1 Relationships in space: geometry and
trigonometry in 2D and 3D

Skills check
! b d:\/(xz—xl)2+(y2—y1)2+(zz—zl)2
1 a 5/10 ~15.8 b 2J/6~4.9
2 2 2
2 a i12600cm? i 1.26m? =\/(2+3) +(4-7) +(-1-2)
b 47~12.6m° ~ 12566/ -J25+9+9=43 ~ 6.56

2 2 2
Exercise 11A c d:\/(XZ‘Xl) (v, =yy) +(2,-2,)

1 a (30,0 b (3,4,0) a1+ (3-3) +(4+4)
c (30,2 d (3,42 =J4+36+64 =104 ~10.2
e Midpoint of OF > 3 3
(X1+X2 Yi+Y, z1+22] d d—\/(XZ—Xl) +(y2_y1) +(22_Zl)
2 2 2 - J2-2) + (117 +(3-3)
4 0+2
:[0;310; 10; j:(lslzll) =\/16+4+0=\/%z4.47
f Distance of OF 4 a d=\/(xz—x1)2+(y2—y1)2+(zz—zl)2
2 2 2
d:\/(xz_xl) (V2 -n) +(z-2) =\/(—5—1)2+(—6—2)2+(—7—3)2
= J(3-0) +(4-0) +(2-0y =36 + 64 + 100= 200 ~ 14.1
=J9+16+4=429 ~5.4 b d=\/(XZ—X1)2+(y2—y1)2+(zz—21)2
2 a (x1+x Y.+ Y, z+z]
2 2 - J(4-0y +(0+4) +(5-2)

=J16 +16 + 9=+/41 ~ 6.4

c d= \/(xz —xl)2 +(ya-vy : +(z, —21)2

(0.5,1.5,3)

_[ 4+5 4 1 3+3j

b (x + X, y1+y2 z+zj

2 "2 —Ja1 @21 (341
_[ 4 2 4+2 5+9J (-337) =J4+9+16=+29 ~5.39
yl)2 + (z2 - zl)2

c [XitX vi+y, z1+2
2 2 "2
_(5-42-3 4-8

2 2" 2

J
Ja-ay «(1-1) +(1+3)

d d=./(x
=J9+0+16=425=5

] - (0.5,-0.5,-6)

d (X1+X2'y1+y2’21+22] Exercise 11B
2 2 2 1 a SA=x2+2x/=20*+2x20x%x26

-51+1.4 -2+1.7 9+11
=( 5 — ’2) =1440cm’
= (~1.85,-0.15,10) b SA=x*+2x/=4%+2x4x6.3 =66.4cm’
€ SA=x*>+2xl=5"+2x5x13 =155cm’
3 a d:\/(XZ_X1)2+(y2_y1)2+(ZZ_21)2 d SA=ar’+7zrl =7x5 +7x5x13
- J(4-27 +(3-3) +(1-5) - 283cm’
=J4+0+16=+20 ~ 4.47 e SA=xr’+arl =7x6*+7x6x14
=377cm?
f SA=uar’l+arl =xx4* +7x4x12
~201cm?
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2 a SA=47r’ =4rx5° ~314cm?

4 =i7rr3 =izz'><53 =524cm?
3 3

2
b SA=4znr =47r><(;j =28.3cm?

3
voZae o232 c1a10m?
3 3 2

3 a Vv :%(base area x height)
= %(4 x4x12) = 64cm’

bV :%(base area x height)

_1(10x13.1 44 240em?
3 2

1 .
c Vv :§(base areax height)

_1 9x7x5)=105cm’
3

4 SA_=curved surface area,

SA, = total surface area

a /=+5+12° =425+144 =169 =13

SA . =zrl =7 x5x13 = 204cm?
b SA, =zr’ + zrl = 7 x5 +204.2

~ 283cm?
1 2 1 2 2
C V==uar‘h==-rx5"x12~314cm
3 3
2 2
5 a SA -2 _47X3 56 5o
2 2
2
b SA, = dxr +7r? =56.5 + 7 x 3?
=84.8cm?
c V= i7zr3 :37r><33 =56.5cm’
6 3

6 a V.=V +V, :%ﬁrzh +;(:7zr3j

=17z><42><10+1 i7z><43 =302cm’
3 2\ 3

b Sum of the curved surface area of the
and curved surface area of

cone, SA

cc !

the hemisphere, SA_

| =+10% + 4% ~10.8cm
SA; =SA. +SAs = 7rl + 271
=7x4x10.8+27%x4% =236cm?
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Worked solutions

7 Volume of the water tank, V;

1
_ 2 2
V. =zr hcy, +—3 wrh .

=7r><12><(13—2)+%7z><12><2
=36.7m°

Conversion to litres

N 1000000cm’ 1L

36.7m° 3 X 3
im 1000cm

=36700L
8 Volume of each ball,

4
Vba// = 5

= g;rx(3.35)3 =157.5 cm’.

h, =3x6.7=20.1cm
V., = nr*h = x3.35° x20.1 = 708.7cm’

cyl

total free space is
V., =V, -3V, ~708.7-3x157.5 =236 cm’

cyl

Exercise 11C

1 a sin@:E,azsin*IE:44_7o
27 27
33 433

b tang===,0=tan* == =30.5°
56 56

c tanez%,eztan’I%:67.4°

d cosd= H, 6 = cos’lﬂ =56.6°
20 20

2 a cos22°= ZX—?,X =27c0s22°=25.0

b tan46°=ﬁ,x: 44 =42.5
X tan46°

C tan46°:Z,x= ’ =6.76
X tan46°
X

d sin43°="-,x=22sin43°=15.0
22

3 tan25° - % h =12 tan25° = 5.60

5.6

tanazﬁ,a:tan’1 =29.2°
10 10
4 tan30°:i,
55
q—55tan30°—§—31 75...~31.8
tan50°= — 9 - 31.75

(55-p) (55-p)
(55-p)tan50° = 31.75

31.75
tan50°

(55-p)=



31.75
=55- ~ 28.4
P tan50°
5 c0520°=z,x: / =7.45
X cos20°
6 tan30°0=2, ho— 8 _104
h tan30°

7 a %xzox15x30:3000cm3

b AC = 2NC =+20%* +15% =25. Then
NC =12.5cm

TC =+/30% + NC? =+/30? +12.57
=+/1056.25 =32.5cm

ﬂ, 0= sin’li =67.4°
32.5 5

d TM=JTC?-MC? =32.52-7.52 =31.6

e sinTMN=£=£,
™ 31.6

TMN = sin’lﬂ =71.7°
31.6

Then

C sind =

8 a V:%x230.4><230.4><146.5

=2592276.5cm’
b AB=20M,
EM = /146.5% + OM?
=146.5% +115.2% ~ 186cm

c tanEMO = Eo = 146.5 ,
OM 115.2
EMO = tan™ 146.5 _ 51.8°~ 52°
115.2

d A -4xA + A, A :%XABXEM

A, =2x230.4x186.4+230.4%x230.4
=139000cm?

e EB=+EM>+BM?
=+186.4* +115.2> =219.1

SinEBO = £0 = 146.5
EB 219.1
sin™? 146.5 42.0°
219.1

Exercise 11D

1 tan25°= i

12
h=12tan25°=5.60m

2 sinb55° = i
50

10 tan75° =

Worked solutions

h =50sin55°=41m

a sing=—

R and J are the same height, so it cancels

out. Then the calculation is
tan70° = ﬂ

3
H =3tan70° =8.24m

a cos36° = ﬂ
25

N = 25c0s36° = 20.2km
b sin36° - XL
25
W =25sin36° =14.7km
sin6ge = X
51
W =51sin68° = 47.3km
H=H.+H,
tan23° = i
300
H. =300 tan23°=127.3m
tan30° = i
300
H, =300tan30°=173.2m
H=H.+H,=301m
Let C be the bottom of the Eiffel tower.
Then
AB = ABC -BC
40°+32°+6 =90°
6=18°
ABC
300
ABC = 300tan50° = 357.53

tan18° = E
300

BC =300tan18° =97.48
AB = ABC-BC = 260m

D+1.5
498

tan(32°+18°) =
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Worked solutions

D =498tan75°-1.5=1857m Area = 173cm?

1 .
Exercise 11 E 5 Area=5 xiabsmC

1 Area:labsmc Area:5xlx4x4xsin72°=38.0m2
2 2
1 o
a Area=§x8x6><sm80 6 %(X+2)(2X+1)Sin60°=5\/§
Area = 24sin80° = 23.6cm?
) (x+2)(2x+1) - 1093 _ g
b Area:§x10x15><sin125° ﬁ
2
Area = 75sin125° = 61.4cm’? 2x2 4 x+4x+2 =20
c Area:%x2.5x3.9xsin34° 2x* +5x-18=0
Either factorise, or use the quadratic
Area = 4.875sin34° = 2.73cm? formula:
2
d Area:lx4x7xsin96° X :—Si\/S _4XZX(_18)
2 12 2x2
Area = 14sin96° = 13.9cm? _-5 +4/25+144
4
1 i o o o
e Area=5x12x20><sm(180 - 80°-40°)  5+13
1,2 — 4
Area = 120sin60° = 104cm?
1 We take the positive value, as distances
f Area= 5% 14 x18 xsin(180° - 78° - 60°) cannot be negative.
Then x =2

Area = 126sin42° = 84.3cm?

g Area :%lexstin(180°—30°—67°) Exercise 11F

sing sin35°

1 a =
Area = 48sin83° = 47.6cm? 23 45
. 23 sin35°
2 AreazlabsinC sm@:'—
2 45
. ;23 si °
a Area:lx8x5xsin39° 9=sm’1ﬂ:17.0°
2 45
Area = 20sin39° = 12.6cm? b sing _ sin66°
1 4 8
b 16:5><8><8><SInC Sin9_45in66°
1 8
sinC == . R
2 0= sint 35IN66° _ 55 %
1 8
—_gin!= = o
C =sin 2 30 c sind _sin75°
1 6 18
3 Area:2x§absmC sinH—GSin750
Area = 20 x 12 x sin60° 18
Area = 2405sin60° = 208crm’ 0 = sin? % _18.8°
4 4 faces, so area is multiplied by 4
. . . . sind sin48°
3 angles in an equilateral triangle are 60 d —=
22 63
Area=4xlabsinC . 22 sin48°
2 sing =75

Area=2x10x10xsin60°
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Worked solutions

_sint 22sin48° We substitute back into the first equation

0 =15.0° o
h- s!n70
sin20°
o SiNO _sin82° SO h :_s!”70°(s_in500h—15]
20 29 sin20°\ sin40°
. 20sin82° sin70°( sin50° sin70°
_£22> 7 1- h=-15
sin¢ 29 [ sin20°[sin40°]] " sin20°
0 = sint 20sin82° _43.1° _15Xs?n70°
29 h= sin20° =18.1
ing  sin78° 1_Sin70°(sin50°
g 3NC_ SN sin20°  sin40°
18 34
sin74° sin64°
. . 4 _
sing - 18sin78 10 X
34
e _10sin64°
0= sin 18sin78 _31.20 X = Sin74° =9.35km
in49° sin41°
; o i °©_0Q9Qo_18° 5 We have 2 =
a sin99 _ sm(180 99°-18 ) d 20-b
37 X a1
sin41°
i ° 20-b=d
x =375M63° 33 4em sin49°
sin99° a1
sin41°
i ° i ° b=20-d
b sin53 _ sin44 sin49°
X 7
o and sin38° sin52°
x=75N53° g 05 d b
sin44° in52
sin52°
; o ; o b=d
c sin23 _ S|r;;7 sin38°
X We equate both expressions for b
sin23°
x:15sin77o =6.02 20_dsin41° _ ,sin52°
_ _ sin49° sin38°
d Sin33°_ S'”zlfs 50 _ g[sin41e  sin52°
X ~“(sin49° " sin38°
sin33°
= 4—0 = 137 _ 20 _
sin108 d—m—9.31km
o SIN(180°-100°-22°) _sin22° sin49°  sin38°
X 10 6 We have Sin74° _sin16°
x =10 z::zg =226 o+AD b
_ 16 + AD = pc 3N74
. sin(180°-52°-56°) sin52° sin16°
X 6 AD = DC s'_”zgo -
i ° sin16°
_6SIN72° 504
sin52° sin62° sin28°
and =
base = 15+ x AD DC
H o 1 o H 620
We have that sin70 _ sin20 AD = DC s!n
h X sin28°
q sin40° sin50° We equate both expressions for AD
an = i o 1 o
o pe3TE -16-0c 302
. ° o | o
Then 15+ x = S_migoh in74°  sin62°
sin DC(SI-n _sin j:16
sin50° sinl6° sin28°
X == h-15
sin40°
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Area = %bh - %x 3.27660 x 2.99077 = 4.90 mm?

< =ﬁ
sinl6° sin28°
sin15° sin75°
h 10+d
sin75°
sinl15°
d=3.73h-10
sinl8° sin72°
h d
sin72°
sin18°
Then 3.08h =3.73h-10
3.73h-3.08h =10
0.65h =10
h=15.3

We have

10+d=h =3.73h

and

d=h =3.08h

sin55° _ sin90°
4
h =4sin55° =3.27660..mm

sin78° sin47°

We have

and
4 b
b=4aS"%7" 5 99077..mm
sin78°
Then

Exercise 11G

1

sin64° sinA
10 8

sinA:isin64°
10
.4 8 .
A =sin"| —sin64° | =46.0°
10

and 180°-46.0° =134°
sin20° sinA
35

SinA = gsin20°

C =sin™ [gsin20°j =34.8°

and 180°-34.8° =145.2°
sin45° sinB
8 10

sinB = %sin45°

=9.96km

Worked solutions

B =sin™ (%sin45°] =62.1°

and 180°-62.1°=117.9°
sin40° sinC
24 30

sinC = 2sin 40°
24

C =sin™ [%sin40°] =53.5°

and 180°-53.5°=126.5°

Area:%xABxBstinB =20

%xleOxSihB:ZO

sinB = E
40

B = sin’12 =30°
40

The obtuse angle is 180°-30° =150°

Exercise 11H
1 a a=b>+c*-2bccosA

a* =122 +9%2 - 2x12x9xc0s62°
a=11.1cm

b b®=a’+c*-2accosB
b* =152 +28% —-2x15x28x cos112°
b =36.4cm

C a =b*>+c*-2bccosA
a®> =14 +22? - 2x14x 22 x cos 80°
a=23.9m

d c?=a+b*-2abcosC
c* =10 +9%-2x10x9 x cos66°
c=10.4m

e a =b*>+c*-2bccosA
a* = 40% + 252 - 2 x 40 x 25 x c0s 20°
a=18.6cm

f & =b’+c>-2bccosA
a* =212 +30%-2x21x30xcos123°
a=45.0cm

10.4* +18%* -21.9?
2x10.4x18

0 =cos?(-0.1267) = 97.3°

a cosé =

8.6% +3.12-9.72

b coso=
2x8.6x3.1
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6 = cos™(-0.197299) = 101°
65 + 552 - 1182

C Cosf =
2x65x55
0= cost 3337 _ 1590
3575
2,2 o2
d am@:E_iijé_
2x5x5

0 =cos'0.82 =34.9°
242 +222 - 20°

e (cosd =
2x24x%x22
6 =cos'0.625=51.3°
f cosé :M
2x3.8x7
6 =cos10.891729 = 26.9°
2 2 2
a cos @ :M
2x9x12
6 = cos'0.875 = 29.0°
b A= %absinC

A :%x12><9 x sin29.0° = 26.1cm?

c? =a*>+b*>-2abcosC
c? =60% +30% - 2x60x%x30xcos160°
¢ = 89km

a tan33°= i
46

h, =46tan33° =29.9m
andtanl7° = &
28

h, = 28tan17° = 8.56m
b A=180°-33°-17°=130°
b =46 +29.872 =54.9
c =287 +8.562 =29.3
a’=b*>+c*-2bccos A
a’> =54.9° +29.3?
-2x54.9%x29.3xc0s130°
a=77.0m
C =210°-70° = 140°
c* =a*+b*-2abcosC
c? =92 +15% —2x9x15x cos140°
c =22.6km
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4 a cosADB =

Worked solutions

Exercise 111

20% +12% — 142
2x20x12

A =c0s'0.725 =43.53°

1 cosA-=

Area = %bc SinA

- %xzox 12 x sin43.5° = 82.6cm?

6
2 sin7°:M
d
6
d = 120x10° _ 4534 g million km
sin7°

3 a PR?=PS?+RS?-2xPSxRSxcosS
PR?> =14%2 +11> -2 x14x11x cos55°
PR =11.8m

SinPSR _ sinPRS
PR ~  PS
sin55°  sinPRS
11.84.. 14
sin55°
11.84..
sin55°
11.84..

SiNPRS =14 x

PRS = sin™* [14 x j = 75.4809..°

PRQ =180° - 75.4809..° = 104.519...°

QPR =180° - 50° - 104.519..° = 25.4809...°
sinPOR _ sinQPR

PR QR
sin50°  sin25.4809..°
11.84... QR
QR =11.84,.x 3N25.4809.° ¢ oo

sin50°

c A:%xQSxPstinS

- 2%(11+6.68)x 14 xsin50° - 94.81m
DB? + DA* — BA?
2xDBx DA
122 +20% - 28?2
2x12x20
ADB = cos™*-0.5=120°

cos ADB =

b Area :%xBDxDAxSinADB

Area = %x 12x20xsin120° =104m>.

sinDCB  sinBDC
BD ~ BC




Worked solutions

sinDCB _ sin60°

. 5 .
= A= o
12 13 sin 667 sin95
. 12 . (5
sinDCB = ==sin60 A =sin sin95° | = 48.3°
13 6.67
DCB — Sinflgsin6oo — 53.10 C ACD = 180° - 320 - 48.3O = 99.70
d Let C=AD. Then
CBD =180°-BCD - BDC sinD _ sinC
—180°-53.1°~ 60° = 66.9° d ¢
sinBAD _ sin ADB sin48.3..° _ sin99.7..°
BD __ AB 6.67.. c
SinBAD _ sin120° c=6.67. 20220 - .8039.
12 28 sin48.3..
1 . o 5
sinBAD:%sianO" e A, =5x4x5xsm95 =9.96cm

BAD = sin’l%sinlzo0 =21.79°

1 -
Then Ao =E><6.67..><8.80..xS|n32°=15.55..cm2

ABD =180°- ADB - BAD

=180°-120°-21.79° = 38.2°
Ao = Asse + A = 9.96..+15.55.. = 25.5¢cm?

and so

ABC = CBD + ABD = 66.9° + 38.2° (3s.f.)

=105.1° # 90° 7 tansoe = 1
sinABC sinACB
AC  AB xo_h

sin46° sin ACB tan>0°

48 22.5 and tan60° = 10h ”

. 225 . -
SinACB = 48 sin46 (10—x)tan60°:h

ACB = sin™ 22.5 sin46° =19.7°
48

BAC =180°- ABC - ACB
=180°-46°-19.71°=114.3°
BC? = AC? + AB?
—-2xAC x AB x cos BAC
BC? =22.5% + 482
-2x22.5x48xco0s114.3°
BC =60.8m
Let AC=b
b® = @ +c®> -2accosB
b? =52 +4? -2 x5x 4 x cos95°
b =6.67cm
Let BAC = A. Then
sinB _sinA
b  a
sin95° sinA
6.67 5
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_h
" tan60°

___h
tan60°
We equate both expressions for x and get
h 10 h

10-x

x =10

tan50°  tan60°

h 1 + 1 =10
tan50° tan60°

h= 10 ~7.06m

(s aneor)
tan50° tan60°
a 180°-67°=113°
113°+123°+ ABC = 360°
ABC =124°
b b®=a’+c*-2accosB
b* =80% +120% -2 x 80 x 120 x cos124°

b =178km




a’+b>-c?
2ab

~120° +178% -80°
2x120x178

c0s10.9289 =21.7°

complement to 123° is 57° , then

360°-57°-21.73°=281°

Cc cosC =

=0.9289

9 We use lowercase letters for sides opposite

capital letter angles. Find p
Complementary angle to 84°:
180° - 84° = 96°.
Then HPQ = 360°-210° - 96° = 54°
We have two sides and one angle
a p’=q*+h -2hgcosHPQ
p* = 340% +160% — 2 x 340 x 160 x cos 54°

p =278km
b We find H as
COSH — M
2pg
2782 +340% - 1607
T 2x278x340
=0.884913

H = cos'0.884913 = 27.8°

Then 84°+27.8°=111.8° is B¢, the
complement of the angle
complementary to the bearing B.

B =180°-111.8°=68.2°
Then B =360°-68.2° =292°

Worked solutions

VD =\OD? +VO?
=+7.07> +20* =21.2cm

b tanozzm
oM
a= tan’l% =76.0°

c Let K be the point that connects A with

OA perpendicularly. Let M denote the
midpoint of BA

OA® + MA® - OM?

cos OAM =
2x0OAxMA
B 21.2% +5% - 20.62
2x21.2x5
OAM = cos™0.236226 = 76.3°
Then sinBAK = BK
AB

BK = ABsinBAK =10xsin76.3°=9.72

The angle between two sloping edges,
p is formed by two sides of length BK

and the diagonal of the base
9.72° +9.72? -14.4?

cos f =
2x9.72x9.72
2 2 2
5 :COS,19.72 +9.722-14.4 _95.6°
2x9.72x9.72
123 cosB - a+c?-b? _ 6% +8%-122 _-11
2ac 2x6x8 24

b The cosine of the angle is negative, so
ABC > 90°, i.e. we have an obtuse
angle.

10Triangle ABC with sides a, b, ¢

B =360° - (180° - 30°) -100°=110° Chapter Review
b* = a* + c®> —-2accosB

b* =320% +500% -2 x 320 x 500 x cos110°

1 a-= %(basearea x height)

-Z(8x8x3)-64m’

b = 680km
Then Slant height / is the hypotenuse of the
A b*+c*-a triangle formed by the pyramid height and
cosA= 2bc the distance from the origin O to the
680% + 5007 — 3202 midpoint of a side of the base.

T 2x680x500 |_J3 4 -5

=0.897 b=x*+2xl =8 +2x8x5 =144’
A =cos'0.897 = 26.2° 1 1

e 2 _ 3

Bearing: 360° - (180° - 30° - A) = 236° 2 a=zarh=37x6"x8=96zcm

slant height / is the hypotenuse of the

11a Let M be the midpoint of AD. Then
triangle formed by the cone height and the

triangle OMD is right-angled with

OM=5, MD=5, then cone radius
OD =+OM? + MD?* =7.07cm =8 +62 =10

Then
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b=nr*+nrl =7x6*>+7x6x10 =96 rcm?



V=czr’=—nx
3
4, _32
3 3
4r3 =32
r’=8
r=2
Then SA=4zr? =4z x2? =16zm?
a V. =lm‘2h =l71'><42 x10
3 3

_ 160~ =168cm’
b Vtr :Vcane - Vz:ut
Vv =17rr2 h =l7z><22><(10—6)
cut 3 cut” ‘cut 3

=1sT”=16.8cm3

V, =168-16.8 = 151cm?®
a d=2r
65 =2r
65
r=—
2
r=32.5mm=3.25cm

V = zr’h = £ x3.25> x39 = 1294.14cm?

b Each ball has a diameter of
2x3.25=6.5cm

h 39
6.5 6.5
6 tennis balls fit in the cylinder
c V,=V,6 -6V,

air cyl

V,, =1294.14 - 6(3;”3 253]

=431.38..=431cm’ (3 s.f.)
im?
1000000cm?
=0.431x103% m®
a V.=V, +V,

cyl sph

d 431.38..cm’x

E—15m
2
r’h +

3"

b SA=hx2zr+4rr?

=8.5x27rx1.5+47rx1.52 =108cm?

© Oxford University Press 2019

rx1.5° ><8.5+%7z'><1.53 =74.2m?

Worked solutions

V= %(base area x height)

=%><6><6><3=36 cm?
W=12xV =12x36 = 432grams

oc-Lac
2

AC = JAB? + BC? = /62 + 6% = 8.49cm
Then OC = %AC - %x8.49 _ 4.24cm

Then
VC = \JVO? + OC?
=+/32+4.24% =5.20cm

as required.
We split the triangle BVC into two right-
angles triangles, BVM and MVC, M is the
midpoint of BC.
sinBMV _ sinBVM

BM

Then

sin90° _ sinBVM
5.20 3
sin90°
5.20
sin90°
5.20

sinBVM =3

BVM =sin™3 =35.2°

2BMV = BVC
so BVC =2x35.2=70.5°
Slant height

VM = JVB? - BM?

=+5.20° - 3% = 4.25cm

SA = x*+2x]

=62 +2x6x4.25=87.0cm?
d= \/ X)) yl) +(zz—zl)2
d=\/(1—1)2+(5—0)2+(3—3)2
d=5
Midpoint
X, +X, Y, +Y, Z,+2,

2 2 "2
:(1+1,5+0,3+3j:(1,2_513)

2 2 2
d= \/ yl) +(zz—zl)2

d= \/7 1) + (V15 - 0) + (10 - 3
~VJ6? +15+7% =



Worked solutions

2
9 Area=labsinC V=3X2M
2 4x
3
Area:%x6x4sin30° :ZX(300‘3X2)
9
=125in30°=%=6cm2 =Zx(100—x2)
14 Distance at angle 45°
tan45° = (73—2‘
10a r=%=%=8cm 20
= =70m
4 , 4 ; s tan45°
Vo =5l = 57”8 =2144.66cm distance at angle 10°
Then tan10° = 70
V, =80V, = 80x2144.66 OB
_ 3
=171573cm 0B-_7% _397m
1, , tan10°
b V,, ==zr*h=171573cm
3 Ad _397-70 654 m / min
1 At 5
Then =7z x40°h =171573 m 1 km 60 min
3 PRLLUEN < -3.92km/h
171573 min 1000 m 1h
h=3 =102cm 1 : :
16007 5We can form a triangle with the bottom of
D the building, O
il1a tan60°=E ACO =90° -32° =58°
. X
CD =10tan60° = 103 m tanl>®=—5
CD
b tan30°=— co-_%X
OA tan15°
1043 co
= =30m o _
tan30° and tan58 80+ x
AB=0A-0B=30-10=20m x
124 faces, equilateral triangles tan5ge — tan15° _ X
h=m:3\/§ 80+ x (80+x)tan15°

tan58°tan15°(80 + x) = x
A=%bh=%x6x3\/§=9\/§ ( )

x(tan58°tan15°-1) = -80tan58°tan15°
A, =4x9V3 =36/3cm?

-80tan58°tan15°
X = =60.1m
13a A=2(x)(3x)+2xh+2(3x)h tan58°tan15°-1
2 2 2
=6x° +8xh 16a cosg=u=o_6875
. 2x8x7
as required. )
b 6x +8xh = 600 0 =cos0.6875=46.6
8xh = 600 — 6x° b A=%absinC=%x8x7xsin46.6°
600-6x> 300-3x2 5
h= = =20.3cm
8x 4x

17a CB®> = AC® + AB®> -2 x AC x AB x cos BAC

CB? =15% + 342 - 2 x15x 34 x cos 25°
CB=21.4m
b ACB=180°-25°-85°=70°

© Oxford University Press 2019 “

c V = basearea x height = (3x)(x)h



18a

19a

sinACB _ sin ABC

Then
AB AC
sin70° _ sin85°
34 AC
AC =343185° _ 36 0m
sin70°

A:%xABxAstinBAC

- %x 34x36.0 x SiN25° = 259m?

ACB =180°-70°=110°
and so ABC =180°-110°-25° =45°
sin ACB _ sin ABC

AB AC
sin110° _ sin45°
34 AC
AC =345N4>° 55 6m
sin110°
SinQRS _ sinQSR
QS QR
sin42° sin85°
Qs 30
05 =303142° _50.0m
sin85°

SQR =180°-85°-42°=53°

Area = %x QS xQR xsinSQR

Area :%x 20.2x30xsin53° = 242m?
Area =%xPQxQSsin9 =141
sing — ﬂ
12 x20.2
0= sin‘lﬂ =86.7°
12x20.2

and the obtuse angle,
180°-86.7°=93.3°

We choose the obtuse angle, § =93.3°
PS? = PQ* + QS? -2 x PQ x QS x cos 8
PS? =127 +20.2?
-2x12x20.2x€0s93.3°
PS =24.1m
ABC =360°-(180°-100°) - 150°
=130°

sin ABC _ sinBCA
AC AB

20a

21a

22a

Worked solutions

sin130° _ sinBCA

100 70
sinBCA = 7051n130°

100
BCA = sint 70 3M130° _ 55 4o

100

Then the bearing is given by
360°-32.4°-(180° - 150°) =298°

CAB =180°-130°-32.4°=17.6°

BC? = AC? + AB?> -2 x AC x AB x cos CAB

BC? =100?% + 702
-2x100x70xcos17.6°

BC =39.4km

PQA =180°-95° = 85°
QPA =180° - 85°-26.5° = 68.5°
sinPAQ _ sinQPA

PQ QA

sin26.5° sin68.5°

PQ 119
sin26.5°

PQ =119

sin68.5°

=57.1m

SinQPA _ sinPQA

QA PA

sin68.5° sin85°

119  PA

sin85°

PA =119

Sin PAG = E
PA

sin26.5° = PG

sin68.5°

=127.4m

127.4

PG =127.4sin26.5° = 56.8m

5:4><M+

h=+7-25 =

52

=95 cm’ M1A1

6.54 cm M1A1

4 :%XSZ x 6.538... = 54.5 cm’

/=10 -3* =9.54 m

6x9.538...

S=4x
2

=114.47...=114 m’

M1A1
M1A1

M1A1

h=42++9.538..2 - 32

=51.1m

arccos i =72.59
10
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Worked solutions

— [0 Jp A
e (P=6tan60°-10.4m M1AL d The angle C D B can either be acute or
23a /= V52 + 32 =5.83 cm M1A1 obtuse Al
S=2x (7r x3x5.83...) =110 cm’ and the two possible values add up to
18009°. Al
M1A1
2><l><7z'><32><5 28a V:%X%X33+7zx32x7 M1A1A1
b —3  x100% =31.9%
7x3.057x10.1 — 817 =254 cm® (3 s.f.) Al
M1A1
24a X=22£12=5 Al b S:%><271><32-4—27z><3><7-4—7z><32
h=+13*-5% =12 M1A1 M1A1
_ _ 2
b A:22;12x12:204 o M1A1 =607 =188 cm? (3 s.f.) Al
5 29a tan32°:E
¢ C=90°+sin [13] =112.6° M1A1 X
30
d AC= 172+122 :208 cm M1A1 :>X=m=48.0 metres M1A1A1
25a ABC =135° Al b AB=y=\/(3+48.0)2+302
AC =207 + 257 - 2 x 20 x 25 x C05 1350 _59.2 metres M1A1
M1A1 30
AC =41.6 km Al c arctan (m) = 30.59 M1A1
p SInC _sini35° M1 30a BC =+/482 +572 - 2x48x57cos117°
20 41.61...
C =19.90 Al = 89.7 metres M1A1A1
Therefore the bearing of A from point C 1
is 360 -105-19.9 =235.1°  M1A1l b A=2x48x57sin(117°)
26a FC =82 +102 + 62 = 10v2 _
M1A1AG = 2219 'sqnn;];atres (3s.f.) M1A1
sin sin
— — o
b M[0;8,0;0,6;6j:(4,0,6)M1A1 Y = B =285 M1A1A1

C FM=+42102+6% =213 M1A1
421102+0%2 =229 Al
p=2J13+2429 +10y2 cm M1A1

e tanM=9=E M1
4 2
cosM = —— =213 M1A1AG
9 13
41
4
27a A:%xleOSin30°:22—5 M1A1
b BD?>=5%+10*-2x5x10co0s30°
M1A1
BD =125 -503 Al
BD = l25(5—2J§) M1
BD =55-23 AG
i i (o]
c smCDB= sin45 M1A1
13 5/5-23
sincoszi Al
10y5-243
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Worked solutions

1 2 Periodic relationships: trigonometric functions

Skills check

1 a X2 b V3 ¢ X2

(-0.618,0),(1,0),(1.62,
(0.633,0)

3 a (-1.61,0.199)
(2.21,0.792)

-3

Exercise 12A

1 a 450272 _7
180 4
60r =«

b 60c=—==
180 3

270r 3=«
180 2
360x
180

e 18°-187_ 7

180 10
f 2250227 o7
180 4
80z _ 4_7r
180 9
h 200° - 200z _ 10«
180 9
1207 2_7z
180 3
135z

. 3z
135° = ===
] 180 4

c 270°=

d 360°= =27

g 80°

i 120°=

6 6 V4

180°

d 37=37x =540°

X
5 5 Vg
7
4 4 V4
h 147 14~ 180°
= X
9 9 T

3

2
0)

= 280°

j
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3 3 T
137 13z N 180°
4 4 V3

_ 10z
180
407z

40° = ——~0.698
180

250 = 227 _ 4 436

180
d 3000 3007
180

=585°

10° ~0.175

~5.24

110x

110° = ~1.92
180

75° = 757 ~1.31
180

857
85°=—"~1.48
180

0.63 = 0.63x 139" _36.1°

T
180°
T
180°
T

1.41°=1.41x =80.8°

1.55° =1.55x% = 88.8°

180°
7

3¢ =3x =172°

180°
T
180°

1.28°=1.28x——=73.3°
n

0.36° =0.36 x = 20.6°

180°
T

180°
T

0.01° = 0.01x =0.573°

2.15° =2.15x% =123°

Worked solutions “



Worked solutions

Exercise 12B Exercise 12C
1 a 130° is obtuse, hence we have a
negative cosine
b 320° is obtuse, hence we have a
negative sine

1 ai /:r9:14><%:77zcm

ii /:rH:le%T”:Qﬁcm

ili /=r9=3x o7 _ 5lcm c tan225°= Sin225° is negative sine
2 cos225°

. 147 70x divided by negative cosine hence we

WV /=ro=15x=g==—>=cm have a positive tangent

2 a sin36°= sin(180° - 36°) = sin144°

bi A-lro-1i14xZ_49zcr _ _ _
2 2 2 sin50° = sin(180° - 50°) = sin130°
1 1 3z
il A=5r'0=3x12"x—- = 54zrcm’ c sin85° = sin(180° - 85°) = sin95°
d sin460° =sin(460° -360°) = sin100°
i A:1r29:l><32x5—”:1j 2 ( )
2 2 ! e sinf =sin|z-Z —sinz—”
iv A:%r20:%x152x14—”:1757rcm2 3 3 3
1 f sinZ —sin|z-Z —sin4—”
2 A=§r29:§xr2x%:37r 5 5 5
2 12 sin2” — sin| 7 - 2% | = sin2%
r :37z><2><7:72 g 7 7 7
r=72 = 6J2cm h sins?ﬂzsin£8?”—2ﬁj=sin2?ﬂ
1
3 a A==r6=36 2
2" rem 3 a cos40° = cos(360° - 40°) = cos 320°
1 12240 -36 b cos110° = cos(360°-110°) = cos250°
2
367 %2 € c0s300° = cos(360° - 300°) = cos60°
0= X 21 o o o o
144 2 d cos500° = cos(500° - 360°) = cos 140
b /:r0:12><%:67z' e cos” - cos|27-Z | = cos12Z
8 8 8

Then P=2r+/=2x12+67x =42.8m

4 Area of sector:

A, :1r29:1x102x1.5 =75
2 2

Ve T 197
f COS— =coS|2r——|=C0S——
10 10

g Cos— = cos[Zﬂ —3—”j = cosZ
Area of triangle: 2 2
1, . 1, ., . O 9 T
A =5r smezilo sin1.5=49.9 h cosjzcos T—Zﬁ :COSZ
note that the angle is in radians 1
: 4 a sintz=2
Area of shaded region: 2 6
— _ _ o2
A=A -A =75-49.9 =25.1units s ( ”j 5.
smgzsm T—-= =sm€
5 /persecond: /=rf=4x—2 =2
12 3 - S
60 times in a minute: angles ' 6
60/ = 20zm
1 b cos’lﬁ:E
6 We have 50 per minute, which in radians 2 4
c lo__ 7 7 cosZ =cos|2z-Z =cos7—”
s —°= = 4 4 4
60 60x180 10800
r
Then /=r6=6371x—"  =1.85km angles =, “~
r *10800 4' 4
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5 a sin6+cos?0=1

2
sinfg=1- [i]
17

2
sing =,/1 - 8 =iE
17 17

We take the positive value for @ acute

15
b tane:ﬂ:ﬂ:g
cos§ 8 8

17

Exercise 12D
1 a 6=cos'0.6=53.1°
and 360°-53.1° =306.9°
b 6=sin"0.15=8.63°
and180°-8.63°=171.4°
€ f=tan'0.2=11.3°
and 180°+11.3°=191.3°
d ¢=tan'-0.76 =322.8°
and 322.8°-180° =142.8°
e 0=cos'-0.43=115.5°
and 360°-115.5° = 244.5°
2 a 9=sin"0.82=0.96
and ~-0.96 =2.18
b ¢6=tan’-0.94=5.53
and 5.53-7=2.39
€ 0=cos'-0.94=2.79
and 2z -2.79 =3.49
d 0=cos'0.77=0.69
and 2z -0.69 =5.59
e ¢=sin'-0.23=6.05
and 7-6.05=-2.91=27-2.91=3.37
3 2sin’@+5sing=3
(sing+3)(2sind-1)=0
Then sing+3=0
singd =-3
9 =sin'-3

This is outside of the domain for the sine
function. Second equation gives us

© Oxford University Press 2019

sing =

Worked solutions

2sind-1=0

1
2
1

6 =sint= = zands—”
2 6 6

4 a 4cosx =3sinx

sinx _ 4

cosx 3

tanx:i
3

X = tan’li =0.93
3

and 0.93+ 7 =4.07
2sinx +cosx =0
2sinx = -cosx

sinx 1
COS X 2
tanx :—l

2

X = tan‘l—% =5.82 and 2.68

tan®x —tanx-2=0

(tanx -2)(tanx +1) =0

tanx =2 and tanx = -1

Thenx =tan'2=1.107..=1.11 (3 s.f.)
and1.107 + 7 = 4.249.. = 4.25 (3 s.f.)
and x =tan™(-1) =5.50
and5.50 -7 =2.36
2cos? x +sinx =1
2(1-sin?x)+sinx =1
-2sin’x+sinx+1=0

—(sinx -1)(2sinx+1)=0

so sinx =1, thenx =1.57

and sinx = —%,thenx =5.76 and 3.67

cosd =0.3

6 =cos'0.3=1.27
and 2r-1.27 =5.02
For 2z <0 <3r
2r+1.27 =7.55

For -z <6<0
5.02-2r=-1.27



1 a cos

b tand=1.61
6 =tan"1.61=1.01
and 1.01+7 =4.16
For 2r <9 <4rn
27+1.01=7.30
4.16 +27r =10.4

C sing=-2cosé
sing
cosd
tang = -2
B=tan?'-2=-1.11
7-1.11=2.03

d 2tan’6+5tan6 =3
(tang +3)(2tano-1) =0

tand = -3andtan@ :%

6 =tan'-3andgd =tan'=

6=-1.25
and 0 =0.46 =0.46 - 27 = -5.82

as wellas -1.25-7 = -4.39
and-5.82+ 7 =-2.68

6 3cosx =5sinx

sinx _ 3
cosx 5
tanx:E
5
X = tan” E_ 31°
5

as well as 31°+180° =211°

Exercise 12E

=2Xx

V3
2

Because we have 2x, and
-180° < x <180°, then we use
-360° < 2x < 360°.

2x = 30°,-30°,330°,-330°
Then x =15°,-15°,165°,-165°

b cos’lﬁ =3x
2

Because we have 3x, and
-180° < x <180°, then we use
-540° < 3x <540°.
3x = 30°,-30°,330°,-330°,390°,-390°
Then x =10°,-10°,110°, -110¢°,
130°,-130°

© Oxford University Press 2019

Worked solutions

C 2cos3x-1=0

COS3X = l

3x =cost=

Because we have 3x, and
-180° < x <180°, then we use
-540° < 3x <540°.

3x = 60°,-60°,300°, ~300°, 420°, ~420°
Then x = 20°,-20°,100°,-100°,
140°,-140°

X
3tan=+3=0
2+
taniz —E:—l
2 3

Because we have %, and
-180° < x <180°, then we use

—90° <X <90°.
2

X

Then 5= -45°and so x = -90°
sin! % =30

Because we have 3¢, and 0<6 <27,

then we use 0 <30 <67x.
39_12_7r7_7r8_7r 13~ 14~
3’3’3’3 3" 3

27 7 8z 13x 14
then o= % 2% 77 87 137 14z

9°"9°"9°9" 9 9
cos30-1=0
30 =cos'1

Because we have 3¢, and 0<6 <27,
then we use 0 <30 <67x.

2r 4rn

30 =0,27,47,6nthen 9 =0,== 3 ?,272'
2 2

9_ sin’lﬂ

2 2

Because we have g, and 0<0<2r,

then we use 0 < g T

3z
"4

N[
N

3

Then 9 =Z%,2%
22



d

sinz%—lzo

sinﬁ =1
3

Because we have % ,and 0<0< 27,

then we use 0 < 2% < 47,
3 3

20 _giniz1- %
3 2

Then 0 = xi:_
2

z
2

Exercise 12F

1 a

2sin5cos5 =sin2 x5 =sin10 by the
double angle formula

2sinZ cosZ =sin2x Z = sinx by the
2 2 2

double angle formula

2sindz cos4r =sin2 x4z = sin8z by the
double angle formula

c0s?0.4 —sin?0.4 = cos2 x0.4 = cos0.8
by the double angle formula

2cos?’6 -1 =cos2x6 =cos12by the

double angle formula

1-2sin?Z = cos2xZ = cosZ by the
4 4 2

double angle formula

We use the Pythagorean identity

sin*6 +cos?0 =1

2
(l] +cos’d=1
3

2
cos?f=1- 1 =1—l=§
3 9 9
We take only the positive value as ¢4 is
acute cos¢9=¥
sin29:25in0cos€:2xlx&_ﬂ
3 3 9
8 (1) 7
c0s20 =cos*f-sinff=——-|=| ==
9 \3 9
42
tan2g - SiN20 _ 9 42
cos2¢ 7 7
9

sin@ +cos?6 =1

© Oxford University Press 2019

Worked solutions

S|n2¢9:1—l:E
4 4
sinazﬁ
2
Sin20=25in¢9C050=2x£x—l:—£
2 2 2
2
C0s260 = cos* @ —sin® 6 = Ay 31
2 4 2
V3
sin20 "~ o
tan20 = =—< =43
cos2¢ 1 V3
2

6 is obtuse, so we take the negative
value of the cosine

sin®6 +cos?0 =1
2
(—1] +cos’f=1
8

c0529:1_i:§
64 64

J63

cosf = -———
8

sin20 = 2sin@cos @

1 J63 63
:2><——><——:—
8 8 32

c0s20 = cos’ 6 —sin* @

Ay

63 1 62 31

" 64 64 64 32

J63

tan29=csmze =32 V63

0s26 31 31
32
sin46 = 2sin26 cos 26
5,63 31 31J63
32 32 512
sin26 = sin@
this is true for 9 =0,27,7

divide by sing
2cosf =1

cos 6 _1
2

-1



b cos20+sing=0

1-2sin?6+sind =0
~(sing-1)(2sing+1)=0

sind =1
f=sint1==
2
and siné):—l
2
0:sin‘1—1=7z+£=7—”
2 6 6
and 49:271'—£:ﬁ
6
sin29=\/§cose
25in0cos€=\/§cos¢9
this is true for g = % 37
22

divide by cosé
2sing =3
V3

sing = —
2

2z
3
cosé =sin@dsin20

then ¢ =Z,
3

cosd =sin@2sinfcoso

true for @ :5,3—”
272
divide by cosé
2sin9 =1
sin2¢9:l
2
. 1
sing =+—
2
. 3r 5 7r
Then ¢ =sin'x1/2 = 2%, 2% 2% /7%
/2 4" 4" 4" 4

cos 20 = cosé
2cos’f—1=cosd
2cos’f—-cosf-1=0
(cos®-1)(2cosd+1)=0
cosf =1
cost1=0=0,27
2cosf9+1=0

cosf = L
2

Worked solutions

6 a 32sinxcosx
=2x16xsinxcosx =16sin2x
Then a=16, b=2

b 16sin2x =8

SO sin2x=£=l
16 2
Note that 0 < 2x <27, so
sin‘11:2x:£,5—”
2 6 6

and so x :1,5—7z
12712

7 Area :%x 15xsin260 =10
%JEXxesinecose =10

\/Exsinecosezlo

\/Exsina(\/l—sinza) =10

with sing =% we have that

m;[ 1_(1]2}10

4

\/EXX%X 15 =10

15
16
160 32

15 3

x =10

Exercise 12G
1 a

© Oxford University Press 2019



The amplitude is |1 = 1 and the period
.2z
is ==,
3
The amplitude is |0.5/ = 0.5 and the

period is 27” =r.

The amplitude is |-4/ = 4 and the period

.2z
is —/—.
3
. . 1 1
The amplitude is 5173 and the

period is ZT” =6r.

3
period of 7, amplitude of 1, then
y =sin2x
period of 7, amplitude of 3, then
y =3c0s2x
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Worked solutions

period of 2z, amplitude of 2, then
y =-2C0S X

period of 2z, amplitude of 2, then
y =2sin(-x)
The amplitude is 6| = 6

L. 2z
The period is —— =4
P /2

Exercise 12H

1 a

b

3 a

amplitude 3, period 27” =z . Option iv

amplitude 2, period 27 and vertical
shift +1. Option ii

amplitude L, horizontal shift —Z or %
2 2 2

units to the right. Option i
amplitude 1, period 12/—”2 =47 , vertical

shift 2. Option iii
period 2z, amplitude
maxz— min _ 551 =2, vertical shift +3

y =2sinx +3

period 2z, amplitude
max2— min _ 2;0 =1, vertical shift +1

horizontal shift 7, y = cos(x - 7)+1

period 2z, amplitude
max2— min._ 0;4 =2, vertical shift -2

y =2C0sX -2

period 2?” , amplitude

max —min _ -0.5+1.5 -0.5,
2 2

vertical shift -1, y =0.5sin3x -1

vertical shift 2, amplitude 3, period =,
plot given

y
5 -

h




Worked solutions

b horizontal shift —%, amplitude 0.5, 6 Plot sinx —% =y, find zero at
period 2z, plot given K= 5z 13z 17x
- 6’6" 6 "6

1,
7 Plot € -cosx =y between -2 and -1.

- Find zero at (-1.29,0)
= X
0 \ : 7/
05 2” 8 a cis the horizontal shift: £
: 2

=1, = b The graph of y = cosx may be
c vertical shift -1, amplitude 1,
period 2z, horizontal shift -z, plot

translated % horizontally to the right to

given become the graph of y = sinx
y
o5 9 a
y

-0.5-

d vertical shift 2, amplitude 2, period =, b 0.6075,1.571,2.534,4.712
plot given

10a (2.36,-1)

F 1

;‘/\,f\ b 24
HANA

N
L\

2
¢ x=0,1.26,3.77,4.19

> Exercise 121
0 m n
1 a

e vertical shift 1, amplitude 2, Y oa
20

period 27 horizontal shift -z,
3 15 ik

plot given

yl\
34 5 -
2.5 4

g
1.5 7 -10

1- 154
057 -20 -

o]

-0.5 1

-1-
(—0.824,0),(0.824,0)

5 Plot 2sinx-x-1=y. Find zero at
(—2.38,0)
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=
N
=]

-10

-15 1

-20 -

-10

-15

=20 -

T > 6
m{ 2n

Worked solutions

-20 -

2 a 1.254.39
1.13,4.53

-0

Exercise

b
c -r,0,7
d .903,0.677,1.98,2.61

12)

1 a Minimum when sin(%(t —5)) =-1,i.e

h(t

)=-5+7=2m

Maximum when sin(%(t —5)) =1, i.e.

h(t)=5+7=12m

b sin

Hig

C sin

(ste-9)-1
55 5=t

h tide at 8 am

-9

(%(t—S)j:—%:t:Z

Low tide at 2 am

d h(9) :55in(%(9—5))+7

© Oxford University Press 2019

:55in2—”+7
3

53

:—+7 11.3 m



e h(t)= 55in[g(t —5)J+7 =3
%(t—S) =sin™ (—2]
%(t -5)=-7+sin™ [‘5‘), —sin™ [‘5‘),

7 +sin™ (4j, 27 —sin™ (4j
5 5

t =0.771,3.229,12.771,15.229

0:46 am, 3:14 am, 12:46 am, 3:14 pm
(multiply decimals by 60 to convert the
decimal number of hours into minutes)

a 13000 on February 1%t
b 7000 on August 9th
€ 3000cos(0.5(4-1))+10000 = 10212
a 20
b 10
c amplitude 202_0 =10, vertical shift 10
period ~ 4z . Then y =10 sin0.5x +10
d 16 fish
a 35m
b 5m
c 32=°_1i5m
2

d a=15,c = vertical shift = 20
horizontal distance between
maximums: 4 -0 =4 (period)

f biscalculated as b= 2% - %

2

g plot y:15cos%t+20. Find y =30 at
t =0.535

a radius=12 m, so diameter=24 m

maximum is at2m + 24 m =26 m
above the ground

minimum is at 2 m above the ground
26 -2
2

amplitude =12, increases then

decreases, so a =-12

_max+min  26+2
S22

2z V1

T 40 20

c =14m

h(t) = “12cos Z x +14
20

b Att=p, —12coszic')p+14=20

© Oxford University Press 2019

6 a

b

Worked solutions

so —12cos 2~ =6, i.e. cosp=—=.
Zop 20p 2

Then the required angle is ¢ = 2?”

Vg 2 40
—p=="then p=—=13.3
20773 P=3 °
max =20x2+1=41m, min=1m.

Then amplitude is 20, a = -20

vertical shift =
max +min _ 41 +1 —21m
2 2
period 2% - %
40 20

h(t) = -20cos = x + 21
20

for h=23m = —20cos%x +21,

Ve 23-21 1
COS— X = =—-—
20 -20 10
@cos’l—i =x =10.64s
Vs 10
amplitude 60;40 =10

period 2x(1.8-0.3) =3, then b:z?”

vertical shift 50

60+40
2

maximum at 0.3 instead of 0, so
horizontal shift of 0.3

y =50+ 10cos(2;(t —0.3))

y =50+10 cos(z?”(ﬂ.z - 0.3)} =43.3m

C

Plotting the function and the line y = 59
gives t =0.0847 s

Chapter review

1 a

b

30 x T _T
180 6
150x_7%_ - 2%
180 6
315 % 77
180 4
120x_7__27
180 3
-20 x T __T
180 9
o40x T __ 47

180 3



270x " — 3z
180 2
144 x _4r
180 5
37 180 0.
V3
77 180 5400
6 Vs
77 180 _ e
12 Vs
7 180 _ Qe
T
75,180 40
T
1ir 180 _ .,
30 Vs
1ir 180 .o,
T
347 180 _, 0,
15 V1
We have that ro =/ so
6=5x%x0
0 :é rad
5
1, 6

A==r60-= —><25><—:15
2 2 5

We use the Pythagorean identity

cos? @ +sin*9 =1

cos?6+0.62 =1

cos’9 =1-0.36 =0.64

coséd =+0.8

We take the positive value for acute 4

cosd =0.8

and tang = 2N _ 06 _4 5
coséd 0.8

2sinx =tanx

holds for x = 0. We divide by tanx to
get
2cosx =1

1
COSX ==
2

holds for x =% and x = %

sin'-= =rz+2 and2z-Z
6
S0 977 1ix
6 I
cos’lﬁz—andZﬁ—E:E
2 4

© Oxford University Press 2019

Worked solutions

tan‘llzfandyz+£:5—”
4 4 4

8sinxcosx =4 x2sinxcosx =4sin2x
soa=4and b=2

4sin2x =2

2sin2x =1

sin2x = l
2

sin’lé =2x

Note that 0 < 2x < 4r, so

ox = 7r57r1372177r
6’6" 6 "6

7 5z 13r 17x
SO X =
12'12"12 " 12

the angle is obtuse, so we need a
positive sine

2
J12) sime -1
13

S|n 0 = 1_14_4:£
169 169
sing = i
13

c0s20 = cos® 6 —sin*

12y (5Y _119
13 13 169
. . 5
sin(6+ ) =-sind =-—
13
2sin6+sind-1=0
(sin@+1)(2sing-1)

Then sing = -1
and sing = 1
2
sin'-1= 3z
2

1_z 57
2 6’6

2
[EJ +cos*f=1
4

cos?9=1-2> =L
16 16

Obtuse angle, so we take the negative

7

cosine cosé = e

and sin!

cos 26 = cos® @ —sin* @



Worked solutions

(_QJZ _(3}2 1 15a Plot y = cosx - x* and find zeros for
4 0<x =72, then x =0.824

10period: =, amplitude =

30. b Plot y =4sinzx —4e ™ +3 for
0.5<x<1.5 and find zeroat x =1.14

z 30+30 _
2 2

Then b=2—”=4and a=30

k3 16A:labsinazlxloxsxsinezlo
2 2 2
11a periodis 7-0=1x singzl
b 3 4
c 3 o-sin'i-0.25
4
d b-2_> itive si
-, Obtuse angle and positive sine,
12a 5 7-0.25=2.89
5 17 Area of the sector is
b Z£-4 1 1
V3 Sector:—r29:—><102><0.8:40
2 2 2
c Then OAN = 7 -0.8=0.77
y . e . ~
5 4 . Using the sine rule SinANO _ sin OAN
AO ON
4_
. T
a4/ 1\ S5 sin0.77

10 ON
ON =10sin0.77 = 6.96

Then Ay, = % <10x6.96 x Sin0.8 = 25

0 1
14 Then
-2 4 Ashaded = Asect - Atriangle
5] =40-25=15cm’
-4 4 18a Using the sine rule sinADO _ sin AOD
AO AD
_5 4 . .
sin AOD sin0.8
AD = AO = =14.7cm
13 Ashaded = Asector - Atriang/e sin ADO sin0.4
1, 1, b DAO =r-ADO - AOD
Apoded = =50 —=r"sing
2 2 =7-0.8-0.4=1.94
Ay :1x82x£—lx82xsin£ sinDAO _ sin ADO
2 6 6 oD AO
=0.755
14a A-12xaxsing-2 oD = A0 SINPAO _ gsinld4.. g 4.y
2 sin ADO sin0.4
2\/2sin6 =2 c A-lrg-l.8.0.8-256cm’
2 2
. 1 3z
Sinf = —==— 1
2 4 d A == x AD x OD x sin ADO

2
for obtuse @

3z

1 . _ 2
b Then CBD - ”_T _ ok x14.7x19.1xsin0.4 =54.9cm

r
4
1 , AABCD = Atriangle - Asector
and S0 Agye =5 x 47 x 7 =2z ~54.9-25.6 = 29.3cm’
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19a f(x)=2x10xsin3xcos3x =10sin6x

b 10sin6x =0
sin6x =0
for 0<6x <27z.Then 6x =0,7,27

and x=0,%2,%
63

20a f(e):(2cosze9—1)+cos¢9+1

=2co0s’* 0 +cosb
b This is a quadratic equation in cos@
with positive discriminant, so there are 2
distinct values of cos# which satisfy it.

€ cosf(2cosf+1)=0

cosfd =0
= 6 =-90°,90°

2cos€+1=0:>cos¢9=—%
= 0 =-120°,120°
21a /:r9:15x%:7_85m

1 V4
b A-lrp-Ll152+7 _58.9m?
29T %%

¢ When wheel turns through %, Ais 15
m above the ground.

Wheel then turns a further %radians to

complete a total turn of 2?”

h, :15+15sin%=15x%=22.5m

d hlZ|=15-15c0s2|Z+Z|=25.6m
4 48
e h(0)= 15—15c052(%) =4.39m

f When cosZ(t+%) is -1, we have a

maximum. Then

cosZ[t+£J =-1
8

Z(t-l-%j:ﬂ'

t= =1.18s

zr_r
2 8

© Oxford University Press 2019

Worked solutions

22a p=3, q=§—Z=i, b=2%_>

2
—d:—z:—l,so d=1
2

b 3cos%x =sin2x -1
The intersection points can be found as
x =1.30,3.41,6.19
23a 3

T

b 10-2 =8 =period, b=2—”:
8 4

d f(x)= 3sin%x+5
translated (3,0)
f(x) = 3sin%(x—3)+5
reflected in the x axis
f(x) = —(3sin%(x -3)+5)=9(x)
24a A(t)=(2cost -1)(cost -1) A1A1
b (2cost-1)(cost-1)=0

2cosl’—1=0:>cost=l

2
St=E,27 M1A1
3'3
cost-1=0=cost=1
t=02r M1A1
25 2cos® x = sin2x
= 2c0s’ X —2sinxcosx =0 M1
2cos x(cos x —sinx) =0 M1
cosx =0,cosx =sinx M1
x:f, x:3—7r Al
2 2
x:f, x:5—” Al
4 4
26a Correct attempt to at least one
parameter M1
a-14-8_3 Al
2
p=27_5 Al
T
:142+8:11 Al



Worked solutions

i 9="— Al
A 18
® LT LT 29a i -1<y<3 Al
1_|:| P . .
. ~ ~ i 2 Al
o - b a=-2 Al
I L an Zn 2
5 3 b="_, M1A1

A1l for trigonometric scale and correct
domain, c=1 Al

A1l for correct max/min,

1
€ -2coszx+1=0=coszx == M1
A1l for two complete cycles e = g 2

27a S(x) = 50 2 7 o5 + 39y 405 & ”XG{_E z 5z 7_71} M1
3'3"3"3"
M1A1A1
=1+sin4dx AG XE{_E,E,E,Z,} M1
3’333

b A1l for correct shape, Al for 2 cycles,
A1l for correct max/min

30a i X=0,X=£,X=7r Al
¥ 2
.~
3 i ~ Al
2
/ \ o\ b b=2 Al
. d=1 Al
04 \Ur \'\/"f g c The first point of inflexion occurs at
] x== R1
} 4
-1
d f(f )
ci Z Al 8
2
T T
ii 0<y<2 Al :f(x):atan(z[g—zj}rl:—z
d <Please insert the graph of M1
y =cos(2x)-1for 0<x<2z> A3
atang—fj =-3 Al
ei = Al 142 4%
2 -1
ii p=rx (oranyz+2nz,ne¢) a=3 AG
Al .
g=-2 Al e Z Al
8
5—”and9—7r Al
8 8
. 1 2 4
28a i Azixzzx?ﬂz?ﬁ Al 31a -2cos’x +sinx+3
=-2(1-sin’x)+sinx +3 M1
TR P A1 ( )
3 3 = 2sin* x + sinx + 1 Al
b i rH:% Al b -2cos®x+sinx+3=2
= 2sinx+sinx+1=2 M1
rf_ A1
2 2sin”x +sinx-1=0
Solve simultaneously M1 = (2sinx -1)(sinx +1)=0 M1
r=6cm Al
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Worked solutions

sinx:%,sinx:—l Al
11z n 7 n 5z 3«
X € R Ay A e
6 2 6 6 6 2

A2

Award A1l for two correct
solutions

© Oxford University Press 2019 E
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