Worked solutions

O Modelling 3D space: vectors

Skills check
1 a c=\/212+202 =29
b a= \/132 -7? =10.95

2 d=\(y,-v.) +(6-x) =|(-5-3) +(4+2) =10

3 We calculate the slopes and get that m, = —% =m_so a and c are parallel

m, = g, m,xm, =m,xm, =-1 sob and d are parallel, and both perpendicular to a. e is not
parallel or perpendicular to any of the other lines.

4 We use method of elimination

16x-12y =4
-15x +12y = -6

We subtract both and get that x =-2
and so 4(-2)-3y =1

_1+8

=r°_ 3
-3

Exercise 9A

1 correct vectors drawn

2 a a+b b -a-b cC b-a d -2a-b
e —2a-§b f 2b+§a g —2+E h lb—la
2 2 2 2 2 2

3 a AG = AB + BC +CG

a+b+c
b CE=CB+BA+AE=-b-a+c
c DF=DA+AB+BF=-b+a+c

1 1 11
MN = MB + BC + +GN=--c+b+c--a=b+-c-Z-a
d C+CG+G

4 We have that DC = gy where y is some length. Then the ratio gives us that

3
2pC =
5 y

5 a HC=HF+FE+EC

where FE = AB
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HC -HQ = AB
HC - AHC = AB
HC =(1-k)AB
Hence they are parallel.
This means we can form a right angled triangle HQA and Pythagoras’ theorem gives us
HC = (1+ ﬁ) AB
b MN = ME + ED + DN

MNleE+ED+1DC
2 2

MN=AD+%OD+%DC

Hence they are parallel.

Again we have a right angled triangle which gives us that
MN = [1 + g} AB

6 KL=KB+BL
NM = ND + DM

We know that they are the midpoints, so

kL - AB , BC
2 2

and

m — AP, DC
2 2

Then we form a parallelogram.

Exercise 9B
1 We need to show that
BD = APQ
so we use the triangle rule for both diagonals to get
BC +CD = BD
and
PC+CQ=PQ
where

pc - Lac
2
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and
1
CcQ==CD
Q 2

Then
BD = 2(PC + CQ) =2PQ
hence they are parallel. Additionally,

1
PQ ==BD
Q=3

If PQ is perpendicular to AC, then PQ is parallel to BD, as the diagonals are perpendicular. Then
PQ=QC+CP

AC = AD +DC

BD =DC +CB

BD = 2QC + 2CP = 2PQ—= BDand PQ are parallel, hence PQ is orthogonal to AC
AD =2CP, DC =2QC

Then

AC =2CP +2QC = 2(CP +QC) = 2PQ

as requested

a AG=a+c+b

b CE=c-b-a

¢ DF=a-b+c

d MN:lc+b—1a
2 2

i A(wa)=2ua=(Au)a=(ul)a=u(ra)

i We just the associativity of scalar multiplication
(A+u)a=2a+2a

ili We just the distributivity of scalar multiplication
(A+u)a=ia+ia

iv 1 is the identity so the operation from the left and the right returns the same vector
l-a=a-1=a

v multiplying by zero will always return zero, as each component of the vector is multiplied by
zero.

0-a=0
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Exercise 9C

1 a a+h=(2-3)i+(-5+4)j=—i—]

b a-b=(2+3)i+(-5-4)j=5i-9j

€ 5a-6b=5(2i-5j)-6(-3i+4j)=10i —25j + 18i — 24 = 28i — 49]

d 7b—4a=7(-3i+4]j)-4(2i -5j) = —21i + 28] — 8i + 20j = —29i + 48]

6. 15. 9. 12.

e §a+§b=§(2i—5j)+%(—3i+4j)=—i——j——i+—J =-=j

5 4 5 5 4 4
2 a Lleta(3i+2j)+p(i+5j)=5 -]
where « and g are constants. Then
3ai +2aj+ fi +58j =5i - j
This gives two equations
3a+ =5
2a+54=-1
Then
B=5-3a
we substitute to get «
2c +5(5—3a) =-1
-13a =-26
a=2
and we substitute again to get g
f=5-3(2)=-1
5i-j=2p-q
b Let
a(3i +2j)+ (i +5j) = 10i + 9]
where o and g are constants. Then
3ai +2aj + Bi +58j = 10i — 9j
This gives two equations
3+ =10
20+58=9
Then
B =10-3«

we substitute to get « .
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2a +5(10—3a) =9
—-13a = 41

41

a=—-=
13

and we substitute again to get g

p-10-3(3)- 7

13) 13
137713
Let

a(3i+2j)+p(i+5j)=-9i+7j
here « and g are constants. Then
Bai+2aj+ pfi+58j=-9i+7]j

This gives two equations

3a+p=-9
20+5p8 =7
Then

B=-9-3«x

we substitute to get «

20 +5(-9-3a)=7

-13a =52

a=-4

and we substitute again to get S
B=-9-3(-4)=3

—-4p + 3q

Let

a(3i+2j)+p(i+5j)=i

where o and g are constants. Then
3ai+2aj+ pi+58j =10i - 9j
This gives two equations
Ba+p=1

20 +58 =0

Then
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p=1-3c
we substitute to get «
20 +5(1-3a)=0

-13a=-5

and we substitute again to get g

_1_3(5)_.=2
p=1 3(13] 13

5, 2,
13 13
Let

a(3i+2j)+ B(i +5j) =-j

where « and g are constants. Then
3ai+2aj+ pfi+58) =—j

This gives two equations

3a+p4=0

20 +58 =-1

Then

B =-3ax

we substitute to get «

20 +5(-3a)=-1

-13a=-1

Y O
= 3(13} 13

1, 3,
13 13
Let

a(3i+2j)+ﬁ(i+5j)=—%i+§j

where « and g are constants. Then
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3ai+2aj+ i +58] :—%i+%j

This gives two equations

1
3 =—-=
a+ f >

2
2 58==
a+5p 3
Then
ﬂ=—%—3a

we substitute to get «

2a+5 —1—3(1 _2
2 3

-13a = E
6

_ 19
78

and we substitute again to get g

1 ,(-19) 3
- 32| -=
F==3 (78] 13

19,3,
78 13
3 Note that
QR =PS

so we calculate
QR=-i-3j+4i+j=3i-2j
and so
PS=(3—x)i+(3—y)j

where P = xi +yj, corresponding to (x,y) coordinates of P. Then we equate both expressions

and get

3-x=3

3-y=-2

so x=0 and y =5.Then P=(0,5)

4 In the notation bellow, any vector with a single letter is measured from the origin (e.g. OA=A)
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OA=0B+CD=|2| | j|+|-2||j]|=

= O N
X~ =

OE=0A+CG=|0|-|j|+] 0 |-1Jl=|0
1 -2 \k -1l k
3 i -2 i 1
F=0B+CG=|2|-|j|+| 0 jl=l21J
0) |k -2/ |k -2/l k
1 i -2 i -1\ i
OH=0D+CG=|1|-|j|+| O |-|1J|=|11]]J
2) |k -2) |k 0 )|k

Then A=(2,0,1), E=(0,0,-1), F=(1,2,-2), H=(-1,1,0)
i Commutative: Let a=xi+yj,and b=mi+nj forreal x,y,m,n . Then for all a,b
a+b=(x+m)i+(y+n)j=(m+x)i+(n+y)j=b+a

where we have used the commutativity of addition of real numbers.

il Associative: Let ¢ =/i + pj forreal /,p, then for all a,b,c
(@a+b)+c=(m+x)i+(n+y)j+li+pj=(m+x+l)i+(n+y+p)]j
=mi+nj+(x+/l)i+(y+p)j=a+(b+c)

where we have used the commutativity and associativity of addition of real numbers.

ifi Identity: for 0=0i +0j and for all a

O+a=(0+x)i+(0+y)j=(x+0)i+(y+0)j=xi+yj=a

where we have used the identity and commutativity of addition of real numbers.
iv Let -a=-xi—yj. Then for all a,-a

a+(-a)=(x-x)i+(y-y)j=(x+x)i+(-y+y)j=—a+a=0i+0j=0

where we have used the identity and commutativity of addition of real numbers.
i Foranyreal 2, x4 and forall a=xi+yj forreal x,y we have

(A)a = (Au)(Xi+y]) = Auxi+ Apy j = A(uxi)+ A(uy]) = 2 (ua)

and

A(uxi)+ A(uy§) = u(Axi)+ u(Ayj) = u(1a)

where we have used the commutativity of the multiplication of real humbers.

ii Let b=mi+nj forany real n,m

A(a+b) = A((x+m)i+(y+n)j)=Axi+imi+ Ay j+Anj = Axi+ Ay j+Ami + Anj = Ja+ Ab
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where we have used the commutativity and associativity of the multiplication of real
numbers.

ili (A+p)a=(2+pu)(Xi+yj)=AXi+uxi+Ayj+pyj=AXi+Ayj+uxXi+uyj=2a+ ub

where we have used the commutativity and associativity of the multiplication of real
numbers.

iv la=1(xi+yj)=(1xx)i+(1xy)j=xi+yj=a

where we have used the identity of multiplication of real numbers

v 0a=0(xi+yj)=(0xx)i+(0xy)j=0i+0j=0

and

A(0i +0j) = (4x0)i+(2x0)j=0i +0j =0

Exercise 9D

1

7i424) _7i+24j _ 7. 24
72 + 242 25 25 25

a a

I
—

-3i+2j -3i+2j -3 .

’\/32+22: V13 F f

4i-5j+20k _4i-5j+20k _ 4. 5. 20

= =ori-or]

J& +5 1 20° 21 21 217 21

b b

0
(93]
Il

-i+3j+4k -i+3j+4k 1. 3 . 4
- i+ j+

_ - K
J12 432 + 42 J26 26 267 26

20i-21j _20i-21j _20, 21

d d

a a =
J20? + 212 29 29 29
All vectors parallel to & are of the form 14 for real 1

i—3j I—3J 1

J17+32 410 \/_ ’\/_

All vectors parallel to b are of the form Ab for real 4

b b=

c 6:5i+6j—30k _5i+6j-30k 5. 6 . 30

N4 +52 4207 J61 \/_ \/_ \/_

A

All vectors parallel to ¢ are of the form A¢ for real A

2i+j-5k  2i+j-5k 2 1

J22+12+58 30 \/= F \/=

All vectors parallel to d are of the form Ad for real 4

d d=

We write the equation explicitly b = —i +5j + (A =5)k

2[al =|b]
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afa” - o
4(32 +2° +/12) =12 +5? +(ﬂ—5)2

342+104+1=0
P -10+100-12 3 —5+22
6 3
4 a 4- 5i—j 5I—j 5

Then the required vector is ma =

b=

Then the required vector is mb =

J57+17 26 ﬁ «/E

—4i +5j + 20k

6 . 30 .

Worked solutions

6

Eﬁ’ﬁ

—4i+5j+20k 4. 5 20

4% + 52 + 202

= =—i+—j+=—Kk
21 21 21 21

-4x63. 5x63. 20x63
i+ j+

k6

21 21

k = —12i +15] + 60k
21

This is the same cuboid as in exercise 9C, 4. A space diagonal could be

AG =

0 2
3|-10
-1 1

= |AG| =17

Recall that A

Then

AD=-i+j+k

AE = -2i +0j - 2k

AB=i+2j-k

V=

A

base

Exercise 9E

-(2,0,1), E=(0,0,-1), F=(1,2,-2), H

= 2i+3j-2k

x - -

= (-1,1,0)

1 a a-b=|a|bcosd=+3x4c0s30°=6

b

QD

Q

QD

[

= [al|b| cos & =

b =|a||b|cos & =

= [a]|b| cos &

=3*+4%>=5

12x8cos115°=-40.6

3x5cos§ =13.5

= 5ﬁx17cos:%” = -85

b=3-6+(-4)-5=-2
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Worked solutions

lb| = V62 +5° = 61

a-b =|a||b|cos€=5ﬁcose=—2

cos O = —2

561

0 =1.62rad =93°

3 a a-b=1~(—2)+4-3+(—3)-1=7
b [ =\1?+4+3 =26
bl =27 +3 17 =14
a-b=|a||b|cos€=\/26T14cose=7

cosQ:L
291
0 =1.19rad = 68.5°
4 (a-2b)-(2a+b)=2a-a+a-b-2b-2a-2b-b=0

2x2x2+a-b-4(a-b)-2y343=0
a-b=§=|a||b|cos¢9=2\/§cos€

6 = cos™ L

33

60 =1.38rad =78.9°

5 Let a=xi+yjand b=mi+nj foranyreal x,y,m,n. Then
i a-b=|al|bjcosé =|b||ajcosd=b-a
ii a-a=|al|ajcos0 = |a|2

We prove it for the two dimensional case.

ifli Leta=xi+yj, b=mi+nj,and c=si+tj foranyreal x,y,m,n. Then
a-(b+c)=xx(M+s)+yx(n+t)=xm+xs+yn+yt=xm+yn+xs+yt=a-b+a-c

We have used multiplicative properties for real numbers, therefore this can be extended to
any dimension of vector, as the associativity and distributivity of scalar multiplication holds.

iv Let 1 eR=41(a-b)= A(|a||b|cosd) = A[a||b|cos & = (4|a])|b|cos & = [a| (4|b])cos &

Hence

A(a-b)=(4a)-b=a-(ab).

6 i (a+b)-(a+b)=a-a+2a-b+b-b=|a +2[a|jo|+|0" =|a]" + o +2[a[o|cos&
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ii (a-b)-(a-b)=a-a-2a-b+b-b= |a|2 —2[al|b| +|b|2 = |a|2 +|b|2 —2|al|b|cos &
Each of these cases correspond to the cosine rule for a triangle with sides a, b, and a+b.
7 We use both definitions to write the scalar product between a and b, i.e.
a-b=ab, +a,b, =|a||bcos
Hence both definitions are equivalent.

8 We form the systems of equations

and

(@-2b)-(3a+b)=a-3a+a-b-2b-3a-2b-b=0

This simplifies to

2(a-a)-b-b-a-b=0

and

3(a-a)-2b-b-5(a-b)=0

We will express |a|2 and |b|2 in terms of the scalar product between a and b. This means we
solve the system of equations for the norms of a and b

b-b=2(a-a)-a-b

3(a-a)-4(a-a)+2(a-b)-5(a-b)=0

(a-a)=-3(a-b)

Note that the dot product is negative. This will be important as it allows us to take square roots
of negative numbers multiplied by the dot product. Then we substitute into form for the norm
of b

b-b=-6(a-b)-a-b=-7(a-b)

Then we write

a-b=[3(-a-b){7(-a-b)cosg
or equivalently
1=+21cos@

so cos@ =1/+21, giving 6 =77.4°

Exercise 9F
1 ad =(2—0)i+(3—0)j =2i +3j

Then the vector equation of the line is
X _ 0 Tk 2
y 0 3
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b d=(-1-2)i+(3-1)j=-3i+2]

Then the vector equation of the line is

GG)
¢ d=(3+2)i+(-6+5)j=5i—]j

Then the vector equation of the line is

)

d d= —l—zi+ §+1 jz—Zi+Zj
2 3 4 6 4

R I 4
UEEE
v) |3

4 4

2 a p-a- 3[;]=[_27J”@

X=2+A X-2=2
= =
y=-7+21 y+7=2

=>X-2=y+7=>y=x-9

b n(p-aj=0=n-p=n-a

=(S0-(5)5)

2x -3y =25

,_2x-25
3

3 a We obtain the direction vector of L,

Then
-3Xx+9=2y+2=21
Then

—3X+9:/1:X:3—%l

and
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2y+2=/1:y=—1+%/1

Hence the direction vector is d = —%i + %j

Then the vector equation parallel to L and passing through T is

The perpendicular line must have a normal vector for its direction vector
1. 1. 1. 1.

d=—Zi+=j=>n==i+=]j
3 2 2 3

Then the vector equation perpendicular to L passing through T is

N\
< X
Ne—

1]

|
X
Ne—

+

Y

Wl N+

We find the intersection between L and r as

A

We write this in Cartesian notation
x=1+22

y=-1+41

Then

XT_1=yT+1:4X—4=2y+2:y=2X—3

We write L in Cartesian form and get

X;?’ y+1:6x—9=2y+2:y=3x—%

To find the intersection between the two, we equate both lines and get

2x—3=3x—£:>x=E
2 2
and
5
=2|=|-3=2
Y (2)

So we must find a line passing through T and (g,zj , SO be obtain the direction vector as

5). . 11. .
d _(—3—§j|+(8—2)j_—?|+61
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Then the equation of the line passing through T and the intersection between the two lines is

11
VAR
y 8 6
4 a For them to be parallel, their direction vectors have to be proportional to each other.

Note that

r=3i+2j+A(-i+aj)=d, =-i+aj
p=(1+2u)i+5(u-2)j=d, =2i+5]
For them to be parallel, we must have
d, = yd,

for real y. Then the normalised

—i+aj = y(2i +5j)
: -1
Note that 2y = -1 gives y = 5 SO

a=5><_—1=—E
2 2

b For them to be perpendicular, their scalar product must be zero, so

dl-dz=O:>—1><2+a><5=0:>5a=2:>a=§

Exercise 9G
1 a d=(4-1)i+(2-3)j+(1+2)k=3i—j+3k

Then we write the vector equation simply as

X 1 3
yi=|3|+4|-1
z -2 3

b d=(5-3)i+(7-0)j+(-2+5)k=2i+7j+3k

Then we write the vector equation simply as
X 3 2
yl=|01|+4|7
z -5 3

2 a We write the form for r as

X 3 -1
y|l=|-1|+4]| 1
z 2 3

We substitute with P, and get
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0=3-1
2=-1+21
5=2+32

From the first equations, 4 =3, and then substituting with that value of 1 in the last one

gives
2+3(3)=11%5
Hence there is a contradiction, and so P does not lie on the line.

A parallel line has the same direction vector, and now the equation of the line is

X 0 -1
yi=|2|+4]| 1
z 5 3

We substitute T into the equation of the line to get the system of equations

2=3-1
4=-1+4
a=2+31

Then 2 =5, and is consistent in the first two equations. Then

a=2+3(5)=17

If the lines are parallel, their direction vectors are proportional to each other. We obtain

them by rewriting in the equations for the lines in vector form

. Xx-1 y-2 z+3

b 2 3 5 A
SO

xX=21+1

y=31+2

z=51-3

S0

d, =2i +3j+5k

and
L2:x+2:y—_1—z;2=y
so

X=pu-2

y=-2u+1

Z=4u+2

S0
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d, =i-2j+4k
The lines are not parallel as there is no real y for which
d, = yd,

b The lines are skew if they are not parallel or perpendicular to each other. We check the
scalar product between their direction vectors:

d-d,=2-1+3-(-2)+5-4=16 =0

Hence the lines are skew.

a We rewrite the lines in parametric form

X 3 5
L:ly|=|-2|+4]|4
z 1 3
X 7 -1
L:ly|=|4|+ul 2
z -1 -3

At the intersection, both lines will take on the same values, so we construct the system of
equations

3+54=7-u
—2+41=4+2u
1+34=-1-3u

From the first equation we get that

u=-3-51+7=-51+4
and so

2+42=4+2(-51+4)=>1421=14= 21 =1

u=-51)+4=-1
We check that these values satisfy the third equation
1+3(1) = -1-3(-1)

so the lines do not intersect.

b We rewrite the lines in parametric form

X 0 1
L:ly|=|-1|+4| 2
z 3 -1
X -7 3
L:ly|=]0|+ul 1
z 7 -2
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At the intersection, both lines will take on the same values, so we construct the system of
equations

A=-7+3u

-1+2A=pu

3-2=7-2u

We substitute the first equation into the second equation and get
—1+2(—7+3,u) =u

-1-14+6u=u

5u=15

u=3

and so

A=-7+3(3)=2

which is consistent with the third equation.

We rewrite the lines in parametric form

X 0 2
L:ly|=|2]|+4]5
z 0 4
X 1 3
L:yl|=|-1|+u|2
z -3 1

At the intersection, both lines will take on the same values, so we construct the system of
equations

24 =1+3u
2+50=-1+2u
42 =-3+u

The first equation gives us that

_1+3u
2

A

We substitute this into the third equation and get

1+3u
4 3=
( 2 )+ “
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L _1+3(1)
2

-1

which is consistent with the second equation.

5 First we find the point of intersection between L, and L,

X -1 2
L:ly|=|5|+4|3
z -4 4
X -3 1
L:ly|=|6|+ul -2
z 4 -1

At the intersection, both lines will take on the same values, so we construct the system of
equations

-1+2A=-3+u
5+31=6-2u
“4+41=4-pu

The first equation gives us that
u=-1+22+3=21+2

We substitute this into the third equation and get
4+41=4-21-2

61 =6

A=1

and so

u= 2(1) +2=4

This is not consistent with the second equation, so the lines are not concurrent.

Exercise 9H

1 a We use the provided formula

ab,-ab,) [(3x3-(-5)x2) (1+10 9
ab, —ab, |=|(-5)x1-2x3|=|-5-6|=|-11
ab, —a,b, 2x(-2)-3x1 -4-3 -7

1x(-2)-0x0 2-0 -2
b 0><3—1><(_2) =1 0+2 |=]| 2
1x0-1x3 0-3 -3

-4x2-(-1)x1 _8+1 -7
C -1x2-3x2 |=|-2-6|=|-8
3><1—(—4)><2 3+8 11
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Worked solutions

2
——X(—Z)—l{—gj 6 2) (13
_+_ JR—
1 4 3 6
d lxl—(zjx(—Z) =/ 1+1 |=| 2
2 3 5
_+_ —_—
6 4 12

HIEEERE
2 3 4
2 A:|a><b|
3x(-4)-(-6)x(-1)) (-12-6) (-18
axb= (—6)><3—2><(—4) =[-18+8|=|-10
1><(—1)—(3)><3 -1-9 -10
Then
laxb| = 18 +10% + 107 = 22.9
3 a AB=(-2-1)i+(0-4)j+(3-2)k=-3i-4j+k

AC =(-1-1)i +(2-4)j+(4-2)k = -2i - 2j+2k
1
b A=Z|ABxAC|
2
4x2-1x-2 -8+1 -7
AB x AC = 1><(—2)—(—3)><2 =|-2+6|=| 4
3x(2)-(4)(2)) l6-8) (-2

Then

|AB x AC| =77 +42 +2? = 49 +16 + 4 = 8.31
Then the area is

A=Z>(8.31)=8.15

N[+~

4 i Let the vectors a,b,c be well defined. Then
axb =|a||b|sin@ = —|a||b|sin(-) = —|b||a| sin(-#) = —(bx a)

where we have used the commutativity of real nhumbers and properties of sines. Note that if
the angle from a to b is 8, then the angle from b to a is -6

ii We calculate

a, (bc, —b,c,)+a;(bc; +ac,)
ax(bxc)=| a,(a,b,—a.b,)-a, (bc, —b,c =(a-c)b-(a-b)c
( ) 3(23 32) 1(12 21) ( ) ( )
-a, (bc; + bc,) - a,(a,b; — ab,)

a,b, - a,b, A(ab, —ab,)) (a,(aby)-a5(2b,)) ((Aa,)bs —(4a;)b,
bl

ili i|ab —ab, |=|A(ab, —ab,)|=|a(b)-a (b)) |=](4a;)
ab, —a,b, A(ab, —a,b,) a, (Ab,)-a,(4b,)| |(Aa,)b, —(4a,)b,
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Worked solutions

/1(a><b) = (Za)xb = ax(lb), AeR
iv We can expand out the cross products explicitly as

(az + bz)c3 - (a3 + b3)C2 a,c; — a5G, b,c, - by,
(@a+b)x=|(a;+by)c,—(a,+b)c, |=|axc,-ac, |+| b, -bc, |=(axc)+(bxc)
(al + bl) c, — (az + bz)Cl a,c, —a,g b1C2 - b2C1

5 We write out the vectors
AB=(2-1)i+(-1-1)j+(0-1)k =i -2j -k
AC=(2-1)i+(4-1)j+(2-1)k=i+3j+k
AD =(-2-1)i+(2-1)j+(2-1)k =-3i+ j+k
Then

(-2)x1-(-1)x3) (-3} (-2+3) (-3) (1) (-3

(ABxAC)-AD=| -1x1-1x1 || 1 |=|-1-1||1|=|-2|]1
1x3-(-2)x1 1 3+2) (1 5)11

—1x(-3)+(-2)x (1) +5x(1) = 0

Hence the three points are coplanar.

6 a We find D such that AB = DC. Then

2 1 1
AB=|-1|-|2|=|-3

3 1 2
and

4 d, 4-d,
DC=|5|-|d,|=| 5-4d,

-1 d, -1-d,

Then we have the equations
4-d =1

5-d,=-3

-1-d, =2

Then

D=(3,8,-3)

b Note that the vectors DC, DA and DH enclose the parallelepiped, so

1 i
DC=|-3|-|J
2 k
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Worked solutions

¢ The volume of the parallelepiped is given by
V =|(DC x DA) - DH| = |(0)(1) + (-8)(-5) +(-12)(9)| = 68

7 Assuming D is the apex, we obtain

BC =BD+DC =(1-2)i+(-2+1)j+(4+5)k =—i— j+9k
V=lBase-h:l-1|BAxBD||Bc|
3 32
-3x4-2x(-2) _12+4 -8
BAxBD=| 2x1-(-2)x4 |[=| 2+8 |=|10
—2><(—2)—(—3)><1 4+3 7
Then

% =%(\/82 S107+ 72 17+ 97) = 22.2

8 (a- b)2 + |(a xb)-(ax b)| = |a|2 |b|2 cos® 0 + |a|2 |b|2 sin’ 0 = |a|2 |b|2 (cos? @ +sin® 0) = |a|2 |b|20
9 We calculate

a, (bic, - b,c,)+a; (bc; +ac,)
ax(bxc)=| a,(ab, -a;b,)-a,(bc,-bxc,) |=(a-c)b—(a-b)
-a, (bc; + bc,) - a, (a,b; — ab,)

Exercise 91

0 2 -1
1 a p=a+Au+puv=| 2 |+ 1|+u| 2

-1 4 -1
1 0 1
b p=a+iu+uww=|-2+1|-3|+ul 4
3 2 -2

-3 -2 2
C p=a+Au+uv=|4 |+ 0 |+u|l

2 a AB=(-1-0)i+(2-1)j+(0-3)k=—-i+j-3k

AC =(3-0)i+(-2-1)j+(4-3)k=3i-3j+k
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Worked solutions

Then we can write the vector equation of the plane as

0 -1 3
p=|1|+2] 1 |+u|-3
3 -3 1
b x=-1+3u
y=1+1-3u
z=3-31+u

c We eliminate the parametersin b
A=3u-x
which we substitute into the equation for y and z to get
y=14+3u-x-3u=y+x=1
z =3—3(3y—x)+,u
We cannot express the equation in terms of x, y , and z, so the Cartesian equation is
y+x=1

a The normal vector is

2) (-1) (9
1]x| 2 |=]-2
4] (-1) |5
9) (x) (9) (0
20 |yl=]-2]]2
5)lz) |5/ (-1

9x -2y +5z=-4-5

9x -2y +5z =-9

0 1 -2
b |-3(x|4|=|2
2 -2 3
-2\ (x -2 1
2 |-lyl=|2|]-2
3 z 3 3

-2X+2y+3z=-2-4+9

2X+2y +3z=3

-2 2 -3
c 0 |x|1|=]|16
3 5 -2

© Oxford University Press 2019 E



Worked solutions

-3) (x) (-3) (-3
16|-|y|=|16]|-| 4
2)lz) |=2) |2

-3x+16y -2z =69
4 a We substitute the point into the equation of the plane
3(5)-4(4)+2(-2)=-5=5
Hence the point is not on the plane
b The normal vector is
d=3i-4j+2k

Then we are searching for a plane with the same normal vector but a different point.

3) (x 3 5
4l-ly|=|-4 4
2 z 2)\-2

3x-4y +2z=15-16-4
3x-4y +2z=-5
5 We equate solve the equations of a plane as a system of equations
xX+y-z=1
2x -3y -9z =10
X+2y-3z=-4
We subtract the third from the first and get
-y+2z=5
y=2z-5
We subtract two times the first from the second, and get
-5y -7z=8
Then substituting our value for y we get that

—5(22—5)—72 =8
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Worked solutions

6 a We express y and z in terms of x

y=3+2z-x
z=1+3y -2x
Then

y=3+2(x-2)-x

y=3+2x-4-x

Which we can then substitute into the equation for z as
z=1+3(3+2z-x)-2x

this simplifies into

Z=x-2
and so
y=x-1

We let x =1, and so

X=A
y=21-1
Z=1-2

We eliminate A to find the Cartesian equation, as
X=y+1l=2z-2

b We can set the new equation to be generated by
A=2i+(2-1)j+(1-2)k
and
T=2i-4j+k

SO we can write it as

2 1 0 2 2 1 2
p=|-4|+A|1|+|-1|+u|-4|=|-5+2|1|+u 4|x-4y+3z=21
1 1 2 1 3 1 1

7 1If two planes are parallel, their normal vectors are parallel, then
n, xn, =|ny||n,|sin@ = |n,||n,| x0 =0
If the vector product of the normal vectors is zero, we have
n, xn, =|n||n,|sin6=0=6=0

hence they are parallel
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Worked solutions

Exercise 9]

1 a x-5=21

y+1:}L
2
i-z _,
3

or equivalently

X=21+5

y=21-1

z=1-32

We substitute in the equation of the plane
2(1+5)-4(22-1)+1-32=-3
22+10-81+4+1-31=-3

-91=-18

A=2

There is a unique solution, so the line and the plane intersect at a point. This point is
x=2+5=7

y=2(2)-1=3

z=1-3(2)=-5

So they intersect at (7,3,-5) .

b 1-2x=21

2z+2
3

A

or equivalently

1-2
X ===
2

y=41+3

We substitute in the equation of the plane

5(121)+(4z+3)—4[3’1—2‘2}3
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A==
9

Worked solutions

There is a unique solution, so the line and the plane intersect at a point. This point is

determined by

or equivalently
X=41+5
y =-21-2

z=31+3

We substitute in the equation of the plane

2(44+5)+(-24-2)-2(32+3) =3

This has no solutions, so there is no intersection.

79
9

y+2:i
3

1-3z=21

or equivalently

x=1-24

y=31-2
1-2

Z = —
3

We substitute in the equation of the plane

© Oxford University Press 2019



Worked solutions

2(1_21)+(3/1_z)_3(1‘71] 1

This has infinite solutions, so the line is contained in the plane.

2 The normal of the plane and the direction vector of the line must be orthogonal, so their dot
product must be zero. We obtain the parametric equation of the line as

X = x=im
m

Y=l i oy-2i+1
2
Z+2 L s_41-2
4
Then
m
d=|2
4

2
n=\m
-3
Then
m 2
d-n=|2|-|m|=2m+2m-12=0
4 -3
gives
m=3

3 This is precisely what we have calculated above, as
d-n=|d||n|cos@

and =x/2,s0 d-n=0.

Exercise 9K

1 a let x=21
3i+y-2z=-1
A—4y +2x =3

Then

and
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Worked solutions

1+132
Z =
6

which determine the equation of the line

b n =(31-2)

n2 = (11 _41 2)

cos 6 = Iy 3(1)+1)(-4)+(-2)(2) _ 5
Infln| 12+ 2212+a2 422 76

Then

0= cos’li =1.275

76

2 Any system of equations formed has no solution, so these lines do not intersect.

3 a We have that

X=A1+2
y=-31+1
Z=21+2

Substitute in the equation of the plane as

3(A+2)+2(-32+1)-(22+2) =1

A=1

Then the point of intersection is P =(3,-2,4)
b The direction vector of the line is

d=i-3j+2k

The normal vector of the plane is

n=3i+2j-k

Then

anp D@ (@)1 s

din - i3+ r2+12 14

6 =0.365
4 We look at the angle between the normal vectors
n, =(a,0,a)
and
n, =(b,-b,0)
Note that

n-n,=a-b
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Worked solutions

n| =23

in] = 2o

ab = 2|a||b|cos &
so

cosé =J_rl
2

It is the angle between their normal vectors if it is acute and it is the supplementary angle if it

is obtuse, hence for both the positive and the negative case, the angle will be %

Exercise 9L
1 a For a, we have that the direction vector will be

d, = (0+3000)i + (0 - 5000) j

and since the speed is 4m/s we have to normalise and multiply by this so that the
magnitude holds. Then

_ 4x3000i -4x5000j _ 12 ; 20 .
: J3000% + 50002 NEZRN Y

and so with the point (—3000,5000) , the equation of the position becomes

d

: : 12 . 20 .
a = (~3000i +5000j) + t| =i - =
( 2 (\/34 34 J]

similarly for | we have
d, =(0-7000)i +(0—-9000) j

and since the speed is 4 ms™! we have to normalise and multiply by this so that the
magnitude holds. Then

g _6x(-7000)i -6x(9000)j _ 42 , 54
) J7000% + 90002 Y130 130
and so with the point (7000,9000), the equation of the position becomes
. . 42 . 54
| =(7000i +9000j) +t| ——i - —
( J) [ J130 J130 Jj

b We check when each boat gets to the point (0,0). For a

12

X =-3000+ 2=t
J34
20
=5000 - =t
4 J34

Then at (0,0)

© Oxford University Press 2019 m



12 20

3000+ 22 ¢ =5000- 22 ¢
34 34
32
32 ¢~ 2000
34
£ % V34 364.45

For | we have

x =7000- 22 ¢

V130

y:9000—it

J130
Then at (0,0)

7000 - %2 ¢ _g000- 24

V130 130

t

12
—=1t =2000
V130

t = 500 “330 ~1900.3s

Boat a will arrive first.

The initial position is given at time t =0 so

p(0) = 23i +8j + 43k

The speed is given by the magnitude of the direction vector
ld| =22 + 1> + 4% = 21 ~ 4.58ms*

Intersection between the line given and the plane. The components of p are
X =23+2t

y=8-t

z=43+4t

We substitute into the equation of the plane to get
12(23+2t)-3(8-t)-5(43+4t)=-2

276 + 24t —24 + 3t —215-20t = -2

39=13t

3=t

Total distance = 321 ~ 13.75m

Assuming distance is in km and time in hours

Speed of p,
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v, = 8 +9? +0.25% ~ 12.04 kmh™

Speed of p,

v, = J72 +112 +0.2% =13.04kmh*

b Assume that there is an intersection. We write out the components of p, and p,

x, =147 -8t
y, =—-156 +9t
z, =5+0.25t
X, =-118+7u
y,=189-11u
z,=7+0.2u

We equate the components to get a value of t
147 -8t =-118+7u

~156+9t =189 11y

5+0.25t=7+0.2u

This gives u =15 and t =20 which is consistent in all three equations. Hence the paths
intersect. The point of intersection is given by

147 - 8(20) -13

—|-156+9(20) | =| 24
5+0.25(20) ) | 25

N X X

¢ The times at which they reach this point are different, and unique. Hence they will not
collide.

Chapter review

1 a a+b=AB

Hence the midpoint will have half of that length, so
1
== b
m=> (a+b)

b AD-= %DC , S0 AD and DC are the parallel sides of the trapezium.

¢ Midpoints are (6, 1), (4.5, 3.5), (2, -1), (8.5, 5.5), which give two pairs of parallel lines with
equal length and thus form a rhombus.
2 a We calculate the Cartesian form

X=2+1-3u

y=21+u
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Worked solutions

z=u-1

We subtract the second from twice the first
2X-y =4+421-21-6u—pu

Then

2x-y=4-7u

We add 7 times the third equation as

2X -y +7z2=7u+4-7-7u
2Xx-y+7z=-3

We substitute with each of the points, leading to the equations
2(2)-(0)+7(a)=-3

2(b)—4+7(—1) =-3

2(-1)-d+7(0)=-3

Then we solve them and get

a-3-%_ 4
7
b=—3+4+7=4
2
d:—3+2:1
-1

We write (taking all vectors from the origin)

C=B-A+D=A=B+D-2A

5 -1 2 -1
C=|5|+1|-2/0]|=|5
-1 0 -1 1

We substitute with the point E and get
2(1)-(-2)+7(1)=11=3
so the point E does not lie in the plane

We use the formula for the volume of the pyramid. We calculate

-1} (2) (-3
AC=|5|-|0|=|5
1) |-1) (2
4) (2) (2
AB=|4|-|0|=|4
-1} (-1) o
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1) (2) (-1
AE=|-2|-| 0 |=]-2
1) (1) |2

Then

1
V= g|(AC x AB) - AE|

1
V=2l-8)(-1)+ (4)(-2) +(-22)(2) - 8
The direction vector of the line will be the normal to the plane
d= (2,—2, 1)

Then the equation of the line is

2 2
p=|-2|+21]-2
1 1

The point of intersection is obtained by substituting

X=2+24

y=-2-21

z=1+1

into the equation of the plane
2(2+24)-2(-2-22)+(1+4)=0
4+40+4+42+1+4=0

A=-1

Then the point of intersection is

0
0
0

Then the distance between this point and the plane is

|OA =27 +22+1* =3

A point on the plane is B = (O, 0,0) and we define the vector
BP = (Xo)i —2y,J + z,k

The normal of the plane is n

n=2i-2j+k

Then the distance we need is

g |AB - n| _ [2x, =2y, + 2| _ [2x, =2y, + 2|
|| N2 +22 412 3
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4 a Note that
a-b=pr+4+m
and

a-b=(p*+4+r’)coso

since the components form an arithmetic sequence with common difference d, we have the
relationship

p+d=2
2+d=r
We use this to rewrite the formula for the dot product in terms of d and get

(2-d)(2-d)+4+(2-d)(2-d) 12-2d®> 6-d?
(2-df +4+(2+d) S 12+2d° 6+4°

as required.

b When the angle is 60°, the cosine is % SO

6-d> 1

6+d> 2

12 -2d* =6 +d?

3d>=6
d*=2
Then d:i\/i

5 If these planes are perpendicular, then their normal vectors are always perpendicular, so we
check

n, -n, =sinag-cosa +cosasina -1
These planes are not perpendicular

6 If they are perpendicular, their dot product will be equal to zero. We use the fact that their
magnitude is 1 to calculate

(2u-3v)-(5u+2v)=10u-u+4u-v-15v-u—6v-v

-11u-v+4=-11cosf9+4=0

cos:9=i
11

0 =69°
7 a x=31+4
y=1-2

z=21+5
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4(3/1+4)—3(1—/1)+(2/1+5):1
154 +16-3+32+24+5=1

-17
A==t
20

Then the point Pis at 1 = —% and so the point is

x:s[_ﬂj+4- 131

20 20
117y _37
Y= 20) 20
z=2 _17 +5:2
20 10

Angle between the line and the plane

d=(3-12)

n=(4,-31)

4 [0+ (03 QW] g
|d||n| - 1242242 1324 12 0 =284.8

a-b=2"(2)+(4)(0.5)+(5)(—4) =0

4 4+2-20=0
This is true for x =2.

The equation of the plane is given by

RREN:

We have the following relations
a-k= |a|||2|cos;/
a-j= |a||f|cos/3

|
1

a-f=|a|

Cosa

Note that the norm of the unit vectors is one, and

| = J(a ) +(a-3) +(a-0)

We substitute with the relations obtained and get

|a|2 = |a|2 cos’ y + |a|2 cos’ B + |a|2 cos’ a
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1 =cos? y + cos? B+ cos’ a
b The norm of a is
la) =3+ 67 +2% =7
We substitute into the relations obtained in a to get
3=7cosa = a = 64.6°
—-6=7cosf = f=149°
2=7cosy =>y=73.4°

¢ When the plane passes through zero, the normal vector will correspond precisely to the unit
vectors i, j,k. As we saw in a, these can be written as the cosines of the angles. Hence

N = COSai + COS B3] + Cos yk

Then the equation of the plane can be written as

XCosa+ycosfB+zcosy =0

10a We calculate the vectors

1 2 -1
AP =|2|-|0|=]| 2

4 0 4
and

0 2 -2
AQ=|1|-|0|=|1

4 0 4

These will be the two vectors on the plane equation. Additionally we take a point, choosing
for simplicity A = (2,0,0). Then the plane equation in vector form is

2 -1 -2
p=|0|+1] 2 |+u| 1
0 4 4

To write it in Cartesian form, we write out the system of equations

X=2-1-2u
y=21+u
z=41+4u

We subtract the third one from twice the second one, to get
z-2y =2u
SO

z-2y
2

and we add the second one to twice the first one, to get
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Y+2X=4+21-2A+u—-4u
or equivalently
y+2x=4-3u

Then we substitute with our value for uto get

y+2x:4—3{z_22yj

This simplifies to

4x -4y +3z =8

Worked solutions

b using the equation of the plane written in a. BG gives the direction vector of the line.

0 2 -2
BG=|0|-|2|=|-2
4 0 4
Then the equation of the line is written as
0 -2
p=|0|-21|-2
4 4
¢ Angle between plane
4x -4y +3z =8

and line
0 -2
p=|0|-21|-2
4 4

We have that

sing =

dn (D@ (@@ 12 6

dlin ~ 22422+ 42a2 4132 2246 246
Then
0 =22.5°

Exam-style questions

2
11la AB=|0
-1

3

AC =|2

2
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%!
m

X

3|

0

I

o N

X
NN W

3 2 -13

d |[-5|x|-7|=|-10

1 4 -11
13
n=|10
11

y=0=x-= —%,z = % (or equivalent)

-1 13
r=|0 |+1]/10]| (or equivalent)
8 11
-2) (1 -3
12 AB=0OB-0A=| 2 |-|0|=| 2
3 1 2
0) (1 -1
AC=0C-OA=|4|-10|=| 4
2) |1 1
3) (1 2
AD=0D-0A=|1|-|0|=|1
3/ |1 2
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Worked solutions

-3 7
Volume = é|A—BA—C x E| = é 2 1. 4 (2 marks)
1

= g|(—21+8—18)|

= % units?. (1 mark)
13AP=p-a (1 mark)

BP=p-b (1 mark)

AP.BP =(p-a).(p-b) (1 mark)

=(p-a).(p+a) (1 mark)

=pp-ap+ap-aa (1 mark)

=p.p-aa (1 mark)

= |p[ - af (1 mark)

=0 since |p| =|a| (1 mark)

Therefore AP is perpendicular to BP and ZAPB =90

1 4
14a Equation of line perpendicular to [ and passing through P is r=|0|+ 4| -3
2 1
(2 marks)
Attempting to solve P and IT simultaneously: (1 mark)
4(1+42)-3(-32)+(2+2)=19
4+161+92+2+1=19
264+6=19
A= 1 (1 mark)
2
1 1 4
Therefore 0Q =|0|+2x=x|-3 (1 mark)
2
2 1
5
=|-3 (1 mark)
3

b Distance between P(1,0,2) and Q(5,-3,3) is given by

© Oxford University Press 2019 m



15a

16a

J5-1) +(-3-0) +(3-2)

=J16+9+1
_ %6
4(1+6/1)+3(5—2ﬂ.)—(—3+21) =14

4+241,+15-61+3-21=14

22+161 =14
a=-1
2
1 1 6 -2
r= -5 -2|=| 6
-3 2 -4
So P(—2,6,4).
-2 4
6 | lies on the plane and n=| 3
-4 -1
-2\ ( 4
6 |.| 3
-4) -1
So distance = —_—
~f42 +3%+(-1)
~-8+18+4
J26
_ 14 :14«\/26 :7«/26
J26 26 13
2 8 -6
AB=0B-0A=|0|-|2|=|-2
6 0 6
8 -6
r=|2|+4|-2
0 6
12 4 8
CD=0D-0C=|3|-|4|=|-1
0 4) |-4
4 8
r=|4|+uyl-1
4 4
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Worked solutions

-6 8
c Direction vectors are | -2 | and | -1
6 4
-6 8 -2
2 |x|-1|=[72 (2 marks)
6 4 22

(8,2,0) lieson AB and (4,4,4) lieson CD

-4
AC =|2 (1 mark)
4
-4\ (-2
2 |.|72
-2
N —— . 4 |22
Projection of AC to the vector | 72| is = (2 marks)
22| (2] +72% 4222
_ 8+2144+88 (1 mark)
J(2) + 722 4222
240
= 1 mark
x/5672 ( )
_ 24045672 _ 480\/1418 _ 6041418 (: 3 19)
5672 5672 709 '
10 1 11
17 Choosing 4 =1 (say), gives r=|-4|+|2|=|-2 (1 mark)
4 1 5
Therefore A(5,8,0),B(10,-4,4) and C(11,-2,5) lie on II (2 marks)
5 6
AB=|-12| and AC =|-10 (2 marks)
4 5
5 6 -20
ABx AC =|-12 |x|-10|=]| -1 (2 marks)
4 5 22
-20 5)(-20
So equation of planeis r.| -1 |=|8].| -1 (2 marks)
22 0 22
-20
r| -1 [=-108 (1 mark)
22
-20x -y +22z =-108 (1 mark)
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Worked solutions

ﬂx.kiy_zz:l (1 mark)
108 108 108

5 1 11
—X+—y-—2z=1
(27 108 54 J

2
18 Direction vector of lineis | 5 (1 mark)
p
5
Direction normal to planeis | p (1 mark)
p

If the angle between the line and the plane is 8 , then

2) (5
S|P
sing = P)\P (3 marks)
\/22 +5° +p2\]’52 +p*+p?
2
- 10+5p+p (1 mark)
\/22 +5° +p2\/52 +p*+p?
6 is maximum when sin@ is maximum. (1 mark)
By GDC, maximum occurs when p =6.797 (1 mark)
So maximum value of sin@ is 0.96 (1 mark)
= Gy = 73.7 (1 mark)
3 1
19 |-1|#k|-1|,so0 L, and L, are not parallel. (2 marks)
1 1
Consider i and j components: (1 mark)
1+31=2+p and -A=1-y4 (1 mark)
Solving simultaneously: (1 mark)
A=1, u=2 (1 mark)
Substitute into k component: (1 mark)
2+A=14+u , 2+1=1+2 (so equations are consistent). (1 mark)

Therefore L, and L, intersect at the point where 21 =1 and x =2, so are not skew.

(1 mark)
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Worked solutions

10 Equivalent systems of representation:
more complex numbers

Skills check
1
o] |
2 o7
| -

3 a 1-13i b - ———i

4 a z =2+3i,-z=-2+3i,
1. 2.,2-13

z 13 13
b z*:i—éi,—z:—i—gi
5 5 5 5
1.4 3, 17-1
z 5 5
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Exercise 10A

1

6 = arctan 2 =z
2) 4

242 = Zﬁcis[%J

0=r+ arctan(%] =3.78

.. =4 - 3i = 5cis(3.78)

212 +(-20)" = 29

0= Zﬁarctan[ﬂJ =5.52
21

21- 20/ = 29cis(5.52)
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Worked solutions

3 4 12
-3
0=2r+ arctan(TJ =5.64
ﬁ —ﬁi = %cis(5.64)
3 4 12

7 . (~« 7 . (10x
4 a -Zz=—CiS| =+ |=—cCis| —
12 9 12 9

Exercise 10B
/[%-r%] ,‘7l
1 a zz, =8e = 8e 12

b 2z, = 30cis(90° +45°) = 30cis (135°)

T R R

d zz, =cis(220° +275°) = cis(495°) = cis(135°)

2 a z =cos 3z +isin 3z =—i+ii=—ﬁ+ﬁi
4 4) 2 2 2 2

2r . . 27 . 2% i%"
b z, =cos—+isin—=cis—=¢e
3 3 3

s ) (%) BaE_ BB,

—e4g3
cC zz,=e%e?3 =

4 4
d _ﬁ_'.ﬁ _14_@/ - ﬁ_ﬁ+ _ﬁ_ﬁ

2 2 2 2 4 4 4 4

cos&_ﬁ_ﬁ;sin&_—ﬁJ”E
12 4 12 4
177 2 +46 2

17z Sy 4 (V6+\2) 8201z 8+43
e tan—z_ 5= = = > = = =2+3

1 cosl—zﬂ ﬁ;ﬁ 6- 4 4
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Worked solutions

z («E —i ) = 2rei(97%)

2r<33r<§
2

-.Real if 0 :% or 6= 7?”(up to multiples of z)

and less than 3 if r < g

. 1 i 5 . . b5x 2z
b z(-1+i =\Ez -+ —= =ﬁz(cos—+/sm—j=ﬁze4
(1)~ 2[5+ ) Ty
N 5z
= 2rel(9+4j
0+ —x=g--% or 1%
4 4 4
0+2F 27— 9=
4 4

. Imaginary if 9 = ‘%ﬂ or o= —% (up to multiples of z)

Modulus greater than 4 if |\5r| >4=r> 2«5

12 12

I cosl—isinl cosz—isinE cosz—isinz = _icis| -~ |ecis|-Z |ecis| -~
12 12 6 6 4 4 12 6 4

(fr m 7®

- —ie_l[F?ZJ ——je'? = (—i)2 =-1

. T . a . T . T . T . T
4 |sin——+jcos— || sin—+icos— |l sin— +/cos—
6 6 4 4

Exercise 10C

3cis Z
1a &2 4 Ecis(z—s—”j=%cis(—&J=EcisV—”j

4ci55—” 4

T
z, 3CISZ 3 .(7[ 5z 771} 3 .(317[) 3 .(177[)
c = =50%12"3 " 61205 13 )" 2| 15

z, 5 (7 = 5z)) 5(.( 32))) 5 . 37y 5 . (3x
d - =—|=cs|—-=-=1|| =—|-=|cis|-= =-—cCis| 2z + = | = ——cis| —
z,z, 12 6 4 3 12 4 12 4 12 4
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-
i

i

_Z;*:\/_ ( Z ”J \/_e'( 12) or\/iei[%j

@z)* \zz) = ;szs?:%

o iy e et
.
e R R R

5ci T
z, CIS§ B 5«/7 .
% 3ﬁcis% 6 12

ﬁ_§+52ﬁf 5 1443 5 (1+V3I)-))
z,” 3+3 6 1+i 6 (L+i)(1-/)
5(+3-1)

s 1+J§+i(w’§—1)_5(1+ﬁ)+i

6 2 T 12 12
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Worked solutions

cos - & i(nﬁ):l;g:ﬁ;\/i

:sinﬁzsﬁ. 3 = Zﬁ = 2
r V67 _(6-2)(6-2) 1
N G 6-2 ()

=%(6—2J1_2+2)=%(8—4J§)=2—J§

Exercise 10D

1 zl=f( fas— \Fe“

5

3z 4n

a z°z}? ( ] j—sfe[4 HE 8@5’%

b 2 4\/_64 [{

z? 8% 2

2z

(2, = (2¢") (2ei3J5 _ (zefn)[aze“?”]

137i

-64e 3

c (214)

(Z *)6 [zeng 26 i2z
d 2= = 16fe s

(-z) (ﬁe’i”f 2(2¢s

5r). T . . T .5 . . & -r . . T
2 7z =\2|cosZ —cos|2Z|i|=\2|cosZ +isinZ ;Z, =2|sin——isin= | =2| coa— +isin—
lJ—( 3 (6nf( 3" 3)2 [ 6"3J ( 3“'3]

3
'3
—_ —J—%ei” = ﬁe"é”
z,’ A 32 2 16

. . 2019 P 2019
3 sin@ +icosé _ j010 cosd —isind _ j010
cosd —ising cosd —ising

_ j2016/3 _ (i4)5°4 (—i) -
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Worked solutions

4 a o130 _(L+3)@-1) 5451, 5
240 (2+0)(2-1) 5

8
o2+ i)(ﬁel“j =16(2+i)=32+16i

c s =(2+i)[\/=2éi=( .)16fe"%_

N J2e' -
(16«/_e J[ J 2+i)32_16ﬁe’§_ﬁe”§+1

:(2+/

[«/_e 4—1][ ] Z—ﬁ[ei‘”‘+e_izj+1

el ) el 4l
1
-2 [2 )
=(2+/)33 16(1+i)—-(1-1)
1
=(2+1)(16 -15i)
=47 -14j

Exercise 10E

1 a &+1=0
= (0+1)(e? —0+1)=0
But @ # —1 so it must be the case that @ ~w+1=0
b (o) -0 +1=(0?) ~& +1 =(e? ~w+1) =0"=0
c @ =(o?)” =1
o+ (1-0+0’)=1+0=1
2 1+o+.+0°)(0-1)=0=0"-1=00=1

27k

o =€’ ,k=12,..,6
1+ w+...0° can be factorised
(0-a)(0-a)(o-a)(0-o,)(0-o)(0-a) =

since © =w,, 0, =a, 0, =0,
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(0- a)l)(a) a)l)(a)—a)z)(a)—wz*)( (a) a)3)

(a)2 2Re ‘01 (o+1)(a) —2Re((o2)(o+1)(a) —2Re( )a)+1)
® —2cos—w+lj (a)z—2COS4—7”a)+1J:(a)2—2C0$67—”w+lj:
(0 -1.250 + 1)(a)2 +0.4450 + 1)(602 +1.80a)+1)

1

a (54ei/r+2ik;r)z _ Sei”[%%)

(«E B I.)% _ ot [«/2? B LJS _ 2% (eig+2k”j5 _ Z%em(zni)

-3

2

ey

0

(_1 . @/J _ (eJ _ )

2

a 2z =1.18+0.334/ = Polar1.22e%*"”
i0.277+2
z, :1.22e( Zj:—0.334+1.18i
z,=1.22€°?7") = 1,18 -0.334/
i0.277+3—”
z4=1.22e( 2]=0.334—1.18i
b z =1.40-0.106/ = Polar1.40e%%"
(0671' z”k]
z,,, =1.40e ,k=1,2,3,4

z, =0.533+1.30i; z, = -1.07 + 0.907/;
z, =-1.19-0.735/; z, = 0.330 - 1.36/

c 2z =1.40+0.287i = Polar 1.43e%*%
[o.zoznﬁ]
z,.,=1.43¢e"" 3, k=1,2,34,5

z, =0.453 +1.36/; z; = -0.949;
Z,=-2,;Z =—2Z,;Zg = —Z,

:cos%:\/%(pr%] \/\/Z_j_l V[2+4J_

.'.Re(zé):ﬁ\/2+ﬁ: [2«/_+4:\/2,\/_+4

4 \' 4 2

© Oxford University Press 2018

Worked solutions




Worked solutions

Exercise 10F
1 P(n): (ciso)" = cisng

The statement P(1) is true:

cisg = cisé

Assume that P (k) is true for some k e 7

i.e. (cise)k = ciskd

Then,

(cis6) " = (cis6)* (cish) = (ciskd)(ciso)

= (cosk@ +isinko)(cos 6 +ising)

= (cosk6#cos@ —sinkfsind) +i(sinkd cos 6 + sind cos ko)
= cos (k6 +0) +isin(k6 + 0) using the compound angle formula
= cos((k +1)6) +isin((k +1)0)

so P(k)= P(k+1)

Therefore it has been shown that P(1) is true and that if
P (k) is true for some k e Z* then so is P(k +1). Thus,
P(n) is true for all n e Z* by the principle of mathematical
induction

2 a z* :(cos¢9+isin6’)4

=cos* 6 + (4cos3 Hsine)i —6C0s?0sin® 6 + (—4cos¢9sin3 e)i +sin* 6

= (cos4 0 — 6 cos? §sin® @ + sin® 9) + i(4 cos® #sind — 4 cos O sin? 9)

b z*=cos460+isin46

Comparing these with the answers found in part a,
i cos46=cos*9-6cos’sin’ 0 +sin* 0
ii  sin46 = 4cos®@sing —4cosdsin’® 0

: 3
sina sin’ a
4

sinda  4cos’asina-4cosasi®a " cosa oS’ a

cosda cos*a-6cos’asin’a+sinta 16 sin’ a R sinta
cos’a cos*a

c tanda =

_ 4tana -4tan’a
1-6tan*a +tan‘a

[ 1]“ . 4Z2° 6722 4z 1
3a |z+=-| =2"+—+—F+—3+—
z z z z z

=z“+4zz+6+iz+i4
z

4
b (z+l) :[z4+i4j+4(zz+i2j+6
V4 z V4
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Worked solutions

=2c0s460 +8co0s20+6
Also,

1 4
(z+—j =16cos* 9
z

cos“6?:lcos40+lc0529+E
8 2 8
c .'.]'cos4xdx=j 1 osax+Lcosax +3|dx
8 2 8

=isin4x+lsin2x+3—X+C
32 4 8
4 a a)6—1=(a)2—1)(a)4+a)2+1)=0

> #1soitmustbethat 1+’ +w* =0

b «'%= (w6)17 =1

@

167
1004 _ ((06) 602 _ 0)2

20004
20008 _ ( a)6) ot = o

2140+ 0+ 0®% =1+ (1 + o+ a;“) =1

5 letz=e*

LT LT
I— I— .
Let S=1+e8+e%+...+€"

iz
u=1r=e?

LT 9
1 —[e'sl
S-_ N )

l1-e8
o s |1re®|l1-e’s| 14]et-et|-1
1-e"e8 1+et
=S = - - -

1-e® 1-€° (l—eisJ(l—eif’] 1—(ei8+ei8j+1

2isin” 4isin” cos ~ .

_ 5. 1616 _ jcot -
2-2cos= 4sin? =
8 16

Chapter review

37,
1 z-6e * =6|cos 3z —isin 3z
4 4

= —i+L =- +3i
o[- ) EE
so Re(z)=-32, Im(z)=32
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Worked solutions

l2,| = [5* + (-12) =13
.'.|21222| =13r’=52=r’=4=r=2 (r=0)

1 1+2z%* 1+2z%*

1+z :(1+z)(1+z*) 1+(z+z*)+|z|2

1+2z%* 1(1+cos€—isin6j_1(1_. sing )

=2+2Re(z) 2 1+ cosé 2 1+cosd
Zsingcosg
=% 1—/'2—6’2 =%[1—itangj
2cos’® =

=>z=e5 (eg.n=0,1,234)
2ni 4xi 6 8xi
=>z=1z=€e5,z=€%,z=€%5,z=¢€"

b The five roots above can be written as

1, o, ®*, @°, o" i.e. the fifth roots of unity
As a consequence of the fact that the roots of unity sum to zero,
Re(l-&—w-&—(o2 +a)3+a)4):0

4z %4 87z

2r
= 1+Cc0S— +CcO0S— + COS— +Ccos— =0
5 4 5 5

2 4r 67 87
= COS— + COS— + COS — + COS — = —1
5 4 5 5

a z" +% =(cos@ +ising)’ +(cosd +ising)”
= (cosn@ +isinng) + (cos(—na) +isin (—na))
= (cosné +isinng) +(cosnd — i sinng)

= 2coshé

zs z°

( 1)6 s 62° 15z 20z2° 152 6z 1
Z+=| =2 — Gttt + ¢
V4 V4 V4

=z‘5+62“+1522+20+¥+%+i6
7z z

¢ Using part a,
1Y 1 1 1
(z+—J =[ze+—6]+6(24+—4j+15(22+—2j+20
z z z z

=2c0s60+12cos40 +30cos26 +20
but also

6
(z + %) =(2cos 0)6 =64cos® @
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Worked solutions

. 64c0s° 0 =2cos66 +12cos46 +30cos26 +20

= cos® @ = ic0569+ icos4¢9+£c0526’+ >
32 16 32 16

5

d .. |cos®xdx = ic056x+icos4x+Ec052x+— dx
32 16 32 16

Bl —
B — Ol

EINE!

192 64 64 16

5r 1 15 5x
== —— 4 — + —
32 (192 64 64)
5 11
64 48

= {isin6x+isin4x+£sin2x+5—x}

z
4

6 0= —arctan(;—;J =-1.0595656... = -1.06 (3s.f.)
1
7 3z, -2z,+ 523

= [9—10cos%+J§cos[—%D+i[3—10$in187—;+«/§sin(—%}]

=1.9997458...-(3.9996610....)i

=2.00-(4.00)/ (to 35.f.)

sindx . 4cos4dx
=lim

8 lim— =i
x=0 sinx x>0 COSX

=4 using L'Hopital's Rule

9 The distance from the centre to each vertex is 2

Therefore split the pentagon into five isosceles triangles, and using the formula
Triangle area = %absinC, we have

Pentagon area = g(z)2 (sinZ?”j =9.51056... =9.51 to 2d.p.

10 &° =(a+2i)2 =a +4ai—4=(a2 —4)4ai

arg(e’) = arctan(f—aJ =1

a -4
£—4 =tan(1)
ah2
a’tan(l)-4a-4tan(1)=0
a=3.66

Exam-style questions

11la zz, = 4cis(—%)3cis[5€”j = 12cis[5€” —%) (1 mark)

= 12cis[%j (1 mark)
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= 16(cosz—”+isin2—”
3 3

:16[_§+§J

= -8+843i

12 1+ =2
1+i)=2
arg( +|) 2
. . T
1+I—\/§CISZ

(1+0)° = (ﬁ)m cislgT’r by de Moivre’s theorem

=25 ciss—”
2

—25cisZ
2

~32i
13a |- ,f1+(\/§)z =2

argz =-=
3

© Oxford University Press 2018

Worked solutions

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)



14a

15a

Z = 2cis[—£}
3

z"=2" cis(—n—”]
3

Z"eR = _nm _ 27k

3
Son=6
(1 - ixﬁ)ls =2 cis[— @J

3

= 2" cis(-57)
= 2" cis(z)
=215 (= —32768)
(cos@+ isin6’)5 = cos® 6 + 5cos” d(ising) + 10 cos’ 9(isin6)2

+10 cos? os?(isine)3 +5cosd(i sine)4 + (isin 49)5

Worked solutions

(1 mark)
(1 mark)

(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(2 marks)

= cos® 0 + 5icos® 9sin@ —10cos® @sin®* @ —10icos® sin® @ + 5cos sin® @ +isin® 0 (1 mark)

By de Moivre’s theorem, (cosé + isin6')5 = cos50 +isin50
Equating real parts of each expression:

€0s56 = cos® @ —10cos’ 0 (1 - cos’ §) + 5cos 0 (1 - cos’ 9)2

= cos® § - 10cos’ 4 + 10 cos’ 6’+5cos¢9(1—2cos2 6 +cos* 0)

=16c0s’ 8 —20cos’ 8 +5cos 6

Let 23 =-27i
|z3| =27
arg(2’) = —%

73 = 27[cos(—£) +isin[—zj]

2 2
z? = 27[cos(—% + anj + isin(—% + Zﬁkjj
7’ =27 cos(4”k_”j+isin(4”k_”j

2 2
oo 7 [ *7)

z = 3| cos +isin

6 6

© Oxford University Press 2018

(1 mark)
(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)



16a

Choosing k =1,2,3 (or equivalent)

z, =3cisZ
2

z, :3cis7—”
6

Z, =3cisﬁ
6

Area =3 x l><3><3><sin2—”
2 3

=3x(lx3x3xﬁj
2 2
2743

T4

2" =(cos@ +ising)” = cosnd +isinng

-n

=z" =(cos@+ising) "~ = cos(-nd)+isin(-ne) = cosnd —isinne

N[

So Zz" +% = (cosn9+isinn0) +(cosn9—isinn9)
= 2cos nho

4 2 3 4
(z + lj =z*+4z7° [lj + 622 [lj +4z (EJ + (lj
z z z z z

=z“+4zz+6+i2+i4
z

:z4+%+4(22+%j+6

=2c0s46 +4(2cos26)+6

=2c0s40+8cos20+6

4
Now [z+%} = (2c056')4 =16cos* 9

Therefore cos* 6 = % (2cos46 +8cos20 +6)

1

cos’d d@ =
16

[ S——
O =y O

(2cos46 +8cos20 +6) do

:i lsin4«9+4sin26’+60
16|2

0
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(2 marks)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)



ol

(1 . 2x .7
=—|=sin—+4sin-+x
|12 3 3

848

_ 1 §+2J§+HJ

0

(93,
4

_x 93

16 64

‘ﬁ+| |‘/_+'|

_2_
_| 2

-

Sor=1

arg[%) = arg(«/§+ i) - arg(«/?—i)

o i (B (- <[z res{ )]

=2"cis— nz +2" us[—mJ
6 6

nx nz nz) .. ( nx
COs — +isin— + cos +isin| ——
6 6 [ 6) ( 6 D

=2" cos—+|sm—+cos—”—|sm—”
6 6 6 6

6

-7
(

~27[ cos "+ cos
(
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Worked solutions

(1 mark)

(1 mark)

(1 mark)

(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
(1 mark)

(1 mark)



Worked solutions

. )\8 0\8 8r

i 3 +i 3-i] =2°cos| — 1 mark
N (- - 2eos( %) (1 martg
=2° cos(ﬁj

3
=2° 1 (1 mark)
B 2
=-2% =-256 (1 mark)
18a o =&’ (1 mark)

1Y
:(1_0)] (1 mark)
=0°=0 (1 mark)
b (1+a)+30)2)2 =(1+a)+a)2+2w2)2 (1 mark)
= (20?) = 40" (1 mark)
— 4o (1 mark)
C (1+2w+3a)2)(1+3a)+2w2)=(1+a)+a)2+a)+2a)2)(1+a)+a)2+2a)+a)z) (1 mark)
=(a)+2w2)(2w+a)2) since 1+w+w* =0 (1 mark)
=20 + & +40® + 20" (1 mark)

=20’ +50° + 20°

=20* +5+ 20 (1 mark)
=2(1+a)+a)2)+3 (1 mark)
=2x0+3
=3 (1 mark)
19i=cosZ +isinZ (1 mark)
2 2
T .. T
:cos(5+2ﬁkj+|sm[z+2nk] (1 mark)

So z-2i= cos[47rk6Jr ”]+isin(4”k6+ ”j (1 mark)
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Worked solutions

k=0:>z—2i=cos%+isin% (1 mark)
k=1:>z—2i=cos%[ﬂsin%r (1 mark)
k:2:>z—2i=cos%[+isin9?” (1 mark)
z—2i_ﬁ+li

2 2
z—2i=—ﬁ+1|

2 2
z-2i=4 (3 marks)
So roots are z, =§+§i , Z, =—§+§i and z, =i (1 mark)
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