Worked solutions

Analysing data and quantifying

5 randomness: statistics and
probability

Skills check

720 +750+690+975+700+ 710+ 720+ 680 + 695+ 645 1457
10 -
The number that occurs most often is 720

n+ 1]”’ ~ [E)th _ 700+710

1 a Mean= =728.5kg

=705

Median =
2 2

b Range=975-645=330kg
Q, is the median of the first half of the list, 690 kg
Q; is the median of the second half of the list, 720kg
IQR=Q,-Q, =720-690 kg

(2.5%x5)+(7.5x2)+(12.5x6) +(17.5x8) +(22.5x 4) +(27.5x5) + (32.5x 8)
5+2+6+8+4+5+8
The data is bimodal and the modal classes are 15<x <20 and 30<x <35
n+1jth _[38+1
2 L2

2 Mean= =19.21 litres

th
Median=[ ) =17.5litres

Exercise 5A
1 a The target population is “all celery sticks grown in a certain US state”
b The sampling unit is “each celery stick”
c The sample frame is “a list of all celery sticks from the state”
d The sample variable is “the length of the celery stick”
e The sampling values are “the positive real numbers”
2 a The target population is “all ball bearings manufactured by a company”
b The sampling unit is “each ball bearing”
c The sample frame is “a list of all ball bearings enumerated”
d The sample variable is “the weight of the ball bearing”
e The sampling values are “the positive real numbers”
3 a The target population is “all 1 litre soda bottles from a soft drink factory”
b The sampling unit is “each 1 litre soda bottle”
¢ The sample frame is “all soda bottles enumerated in a list”
d The sample variable is “the volume of the 1 litre soda bottle”
e The sampling values are “the natural numbers”
4 a The target population is “all crates of 50 oranges”
b The sampling unit is “each crate of 50 oranges”

¢ The sample frame is “an enumerated list of all crates”
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Worked solutions

d The sample variable is “the weight of a crate of 50 oranges”

e The sampling values are “the positive real numbers”

Exercise 5B
1 List and enumerate all books, generate a random number x then take books x,x +50,...
2 a Generate a random number x and then sample x bases from each region

b individual response

__ 5 _120 .4
31(5-3)1 6x2

3 a The number of samples of three from 0,1,2,3,4 is equal to [g}

b The 10 possible samples are (0,1,2), (0,1,3), (0,1,4), (0,2,3), (0,2,4), (0,3,4), (1,2,3),
(112I4)I (11314)1 (2131 4)

¢ The means are:
0+1+2
—s -
0+1+3 4
—3 -
0+1+4
—5 -
0+2+3
—5 -
0+2+4

1

=1.3333

=1.6667

=1.6667

N wlu wu wi

d Mean of population: w = % =2
Mean of sample means:
1+1.3333+1.6667+1.6667+2+2.3333+2+2.3333+2.6667+3 20 _

=—=2
10 10

4 The variable is "“whether the envelope is sealed correctly”
The sample is the “batch of selected envelopes”
The population is “all the envelopes”
The variable is discrete

5 It is not possible to wait 4000 years to see if they will last that long
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Worked solutions

7 Pick 12.5 students from each grade (13 from two and 11 from another two).

Exercise 5C

1 a The classes are:

0.5<x<1.5
1.5<x<25
2.5<x<3.5
3.5<x<4.5
45<x<5.5
55<x<6.5
b | Number of people | Frequency Interval on
histogram
1 8 0.5<x<1.5
2 11 1.5<x<25
3 6 2.5<x<35
4 4 3.5<x<45
5 2 4.5<x<5.5
6 2 55<x<6.5
(o
12
10
8
B
4
2 —|—|
04 T - - T T T 1
0 1 2 3 4 5 6 T
2
12
10
]
i}
4
2
a T T T T
10 15 20 25 30
3
50
40
30
i

10
]

Elb ZID .3'0 -1lﬂ E.I] E;]
4 a The data is continuous

b This plot may show the distribution of lengths of ants in mm
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Worked solutions

5 a | Hours Days
4 4
5 5
6 9
7 8
8 4
p 4x4+5x5+6x9+7x8+8x4 183 ., .

4+5+9+8+4 30

Exercise 5D

1

10 20 30 40 50 &0 7O

Shape: the distribution is unimodal, most koalas had a mass of 30 < x <40 kg
Centre: the midpoint would fall in the 30 < x <40 class.
Spread: the mass of the koalas varies from 17 kg to 61 kg

2 a The data is qualitative therefore, a bar chart is preferable. Each bar would represent each
day of the week and would summarise the data very clearly

Mon Tue Wen Thu Fi Sat Sun

3 a A relative frequency histogram is necessary here as we wish to compare the distributions of
two samples from different populations

b | Time spent per day Male Relative Freq Female Relative Freq
0<x<15 0.1667 0.125
15<x <30 0.2667 0.1563
30 < x <45 0.3333 0.2188
45< x <60 0.1667 0.4375
60 < x <75 0.06667 0.625
c

035
030 05
025 04
020 03
015 02
010

0.1

0.

005

[
0 10 20 30 40 50 60 70

d The male distribution is symmetric unimodal. The female distribution is right distorted

unimodal.
© Oxford University Press 2019 n
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Worked solutions

e On average, females spent more time per day on the phone than men.

4 a 8+16+11+7+3 =43 families were interviewed

(150x8)+(160x16) +(170x11) +(180x7) +(190x3) 7460

~165.7 = $166.78
43 43

b

c The data is left skewed

15-11
16-11

5 0.25+0.1875+0.125x =0.5375, 32x0.53125=17.2 items

6 a Skewed, unimodal, contains an outlier
b Skewed, multimodal, no outliers

¢ Symmetric, unimodal, no outliers

Exercise 5E

(0x5)+(1x10)+(2x6)+(3x3)+(4x1) 35

1 a The mean number of children is =—=1.4
25 25
b On average, women from Australia have more children
25x5)+(35x4)+(45x3)+(55%x2)+(65x3
2 a Mean< (22X5)*(35x4)+(45x3)+(55x2)+(65x3) _705 _ 4 4506 . 41 5 years
5+4+3+2+3 17
b
5
4
3
2
1
1]
20 30 40 50 @60 TO
c Left skewed, younger teachers appear to move schools more frequently.

3 a A relative frequency histogram is necessary here as we wish to compare the distributions of
two samples of different sizes from different populations

035
030 05

025 04
020

0.15

0.10

0.05

.00 - T T + T o
120 130 140 150 160 170 120 130 140 150 160 1o

On average, students from Peru are shorter

0

4 a A standard histogram

35
30

5
0

15
10
5
o -
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(17.5x5) +(21.5x15) + (24 x20) +(27.5x 20) +(35x 30) 2490
5+15+20+20+30 90
Modal class: 30 < A<40

¢ Mean= =27.6667 years

Exercise 5F

2+3+3+4+4+5+5+6+6+6 44
10 10

1 a Mean= 4.4

Standard deviation

2 2 2 2 2 2 2 2 2 2
:\/2 +37 43 +4 +41+05 +5°+6°+6°+6° 442 _ 5151936 =1.3565=1.36

21+21+24+25+27+29 147

b Mean= ——~=24.5 kg
6 6

Standard deviation
~ \/212 +212 4242 4257 + 277 4+ 29

-24.5% = 608.833 - 600.25 = 2.92968 = 2.93 kg kg

6
c Mean:3x2+4x3+5x2:§:4
2+3+2 7
2 2 2
Standard deviation = [Fx2+4x3+5 *2 4 _ [16.5714-16 = 0.75591  0.756
\ 2+3+2

3x2+8x4+13x4+18x5+23x2 226 _13.2941 ~13.3
2+4+4+5+2 7

Standard deviation

d Mean=

-13.2941%? = 213.412-176.733 = 6.06

_\/32><2+82><4+132><4+182><5+232><2
2+4+4+5+2

2 Mean= X _563 _ 5545
SF 20

2 2
Standard deviation:JZfX -(foj :\/16143_(563

sf | =F 20

2
j =3.83764 ~ 3.84
20

196 +197 +199 + 200 + 200 + 200 + 202 + 203 + 203+ 205 _ 2005

3 a Mean= =200.5g
10 10
Standard deviation
B [1962 +197% +199% +200% + 200% + 200° + 202% + 203% + 203? + 205° 200.5

10
=4/40207.3 - 40200.25 = 2.6551 = 2.65 g

b The mean from part a and 1}% times the standard deviation from part a

6.3+9.6+12.2+12.3+10.3+12.1+10.3+8.4+9.2+4.3 95

4 a Mean= =2~ _-95
10 10
Standard deviation
[/6.32 +9.62+12.2 +12.3° +10.32 +12.1> +10.3* + 8.4 + 9.2* + 4.3? _9.52

-\ 10

= /96.426 - 90.25 ~ 2.49

© Oxford University Press 2019

Worked solutions



Worked solutions

b There is grounds for investigation because the mean amount of lead per litre is within 1

standard deviation of the level that is deemed dangerous

Exercise 5G

1

S \10-1 10

= %(67.5 ~50.41) = 4.35762 ~ 4.36

2 Mean=

112504 — 460.16 = 460 kg kg

2
s .- i 25 (5304823 _(11504) _18.72538-18.7 kg
V25—1 25 25

3 Mean= X -38730 _ 4559
n 25

2 2 2
S (x| [ 25 (60100000 (38750)")|_ 54 cogc
n-1| n n \izs—1 25 25

Tl
1

o

b The data is Isymmetric

¢ Mean=2X_392_5 ¢4
n 50
2
Spu = 22| 3470 (3921} 5 454 2.85
50-1| 50 | 50

d Individual response

Exercise 5H
1 a 80
b ais lower quartile mark, a = 55
b is upper quartile mark, b = 75

k-3+k+k+2+k+5 4k+4
4

k+1

b k+1-3=k-2
3 a 63
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Worked solutions

b i 87 ii 73
4 ai 1.18m

ii IQR=UQ-LQ =1.22m - 1.13m = 0.09m

b | Class Frequency
1.00<h<1.05 5
1.05<h<1.10 8
1.10<h<1.15 14
1.15<h<1.20 24
1.20<h<1.25 18
1.25<h < 1.30 11

ci 2+8+1% 43375 034

80
s514(0%2)
ii . =0.69
5+8+14
5 a i Mean:a+2a+3a+...+na
n
~a(l+2+3..+n) an(n+1) a(n+1)
- n “n 2 2
4 1 4(n+1
ii $>100+M

2n* +2n>100+2n+2
2n* > 102

n* >51

n>7

n=28

. n Jnm
ii M=S=> =
n+m m+n
n =+nm
n®=nm
n=m

As there are the same number of x and y points, median is the average of the two values
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Worked solutions

-
+
o

=0.5

N

Exercise 5I
1 a No association b moderate, positive, linear

c strong, positive, linear d moderate, negative, linear

e strong, negative, linear

14 15 16 1.7 18 19

ii 65kg
i 47s

60
55
50
45

40

50 55 B0 &5 TD TS BO

C

70+
60
50
40
30
20
10

. A a—
30 35 40 45 50 55 60

iv The graphs giving the most accurate predictions are the ones where the data is close to
the line of best fit. Graphs b and c are better than graph a.

40,000
35,000
30,000
25,000
20,000 4+—

L ————
.
.

PP

B
X y X2 % Xy

4895 37900 23961025 1436410000 185520500

75256 27495 5663465536 755975025 2069163720

8563 32595 73324969 1062434025 279110985

24495 38995 600005025 1520610025 955182525

68562 33895 4700747844 1148871025 2323908990
58200 29495 3387240000 869955025 1716609000
34011 34995 1156748121 1224650025 1190214945
70568 21000 4979842624 441000000 1481928000

¥x = 344550 | Ty =256370 | xx? =20585335144 | 3y? = 8459905150 | =Xy =10201638665
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Worked solutions

(=x)°

Sy =Ix* -

XX

344550° _ 11491994663

S, =20585335144 -

2
S, = Ty? - (Zr):)z
S,, = 8459905150 — 2563707 _ 4884;6075
Sxy =3IXy — —(Zx)n(zy)

5,, = 10201638665 - 344550x 256370 _ 1679793545

8 2
r= —SXV
(SSyy)
1679793545
r= 2 =-0.709
\/1 1491994663 488416075
2 2

There is moderate negative correlation

< 1679793545
= — Xy _ —2 —
y =a+bx, where b S. ~ 11491994663 0.1462 and
2
a=y-bx=22930 01462« 3448550 ~38341.6 so y = 38341.6 - 0.1462x

y =38341.6 -0.1462x 50000 = $31031.60

The make of car or price when new would be important information

4 a
400 -
350 .
300 4 T
250 4 . s’
wod .,
1504
100 4
W-
0 ——
11 12 1.3 14 15 16
b 2 2 Xy
x y X y
1.48 329 2.1904 108241 486.92
1.51 314 2.2801 98596 474.14
1.23 185 1.5129 34225 227.55
1.57 356 2.4649 126736 558.92
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Worked solutions

1.29 228 1.6641 51984 294.12
1.30 230 1.69 52900 299
1.37 257 1.8769 66049 352.09
1.17 171 1.3689 29241 200.07
1.2 185 1.44 34225 222
1.34 214 1.7956 45796 286.76
1.42 315 2.0164 99225 447.3
1.42 271 2.0164 73441 384.82
1.37 242 1.8769 58564 331.54
1.44 285 2.0736 81225 410.4
¥x =19.11 Ty = 3582 x* =26.2671 | zy? =960448 | IXy =4975.63

S, =3x" - (ZX)Z

n

s, -26.2671- 1211 _ g 18195

S, = Ty? - (Zg)z

S,, = 960448 - 351822 ~ 43967.7

S, =Xy - —(Zx)n(Zy)

S, =4975.63- 121123552 _ g6,

y =a+bx, where b = gz = % =473.757 and

a=y—bx- % —473.757 191:1 _-390.821 so y = 473.757x — 390.821

C r= Sy
(SwSy)

86.2
r =
J0.18195x43967.7

=0.96375

there is a strong positive correlation

d y=473.757x1.38-390.821 =262.964
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Worked solutions

Chapter review
1 Pick 15 students at random from each MYP class and 15 students at random from the DP group
2 a Pick 12 students at random from the whole medical school

b Pick 1.71 students from each year group at random

c Pick 2.4 students at random from year one and 1.6 students at random from each of the
other year groups

d Ask for volunteers and pick the first 12
3 a Make sure the questions are clear

b Make sure the questions are not leading

c Ensure that the possible answers are applicable to everybody and no options are missed
4 a Number of pages

b Height of page
5 a Qualitative, continuous

b Quantitative, continuous

¢ Quantitative, discrete

d Quantitative, continuous

7 a Mean
~(5.5%13)+(15.5x16) +(25.5x146) +(35.5x139) + (45.5x 84) + (55.5 x 32) + (65.5 x 20)
- 13+16+146+139+84 +32+20

15885
450

=35.3

b Use mean and median from part a, and use the table to estimate the other points.
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Worked solutions

9 a | Number of siblings Frequency
0 14
1 28
2 11
3 5
4 0
5 2

The data is left skewed.
0x14+1x28+2x11+3x5+5%x2 75 5

=—===1.25
60 60 4

2 2 2 2 2
standard deviation=\/0 x14+17x28+2° x11+4 3" x5+ 5" x2 = £—§=1.105= 1.11
60 \JGO 16

b Mean=

[SE T T S ]
R T T

=

d Notice that the mean of all students is equal to the mean of the original 60 plus the mean of

the new 32. Need to find x when g+x =1.25x, so %= 0.25x =

10a X 0 0.5 1 1.5 2 2.5 3 3.5

y 0.6 0.45 0.8 0.85 1.4 1.65 2.4 2.85

y? 0.36 0.2025 | 0.64 0.7225 | 1.96 2.7225 | 5.75 8.1225

ki &= @ @

L
QJ//G.'E 10 15 20 25 30 35

¢ y?=2.13357x-1.1725=y =+2.13357x -1.1725

11y -y, =-0.5(x - x,) ,
y -8 =-0.5(x-1)
y =8.5-0.5x

so y=8.5-0.5x=8.5-0.5x7=5
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Exam-style questions

12a

13a

14a

15a

As the mode is 5 there must be at least another 5.

So we have 1, 3, 5, 5, 6 with another number to be placed in order

The median will be the average of the 3™ and 4™ pieces of data.
For this to be 4.5 the missing piece of data must be a 4.
Thusa=5,b=4

_1+3+4+5+5+6 24 _
6 6

4

x|

%:70:Zx=700

Let Steve’s mass be s. Zf: ° =72

700 +s =792
So s =92 kg
IQR =10

76 +1.5xIQR=76+15=91

So Steve’s mass of 92 is greater than 1.5xIQR, so is an outlier.

200

35

Using mid-points 5, 15, 25... as estimates for each interval,
i estimate for mean is 22.25

il estimate for standard deviation is 11.6 (3 s.f.).

Median is approximately the 100th piece of data

which lies in the interval 20<h <30.

Will be 15 pieces of data into this interval
. . 15
Estimate is 20 + =0 x10 =23

i 7.5

ii 6.125

i 6

ii 6.9

Sally’s had the greater median

Rob’s had the greater mean

© Oxford University Press 2019
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(1 mark)
(1 mark)
(1 mark)

(2 marks)

(2 marks)
(1 mark)

(1 mark)

(1 mark)
(1 mark)
(1 mark)
(1 mark)
(1 mark)
(1 mark)
(1 mark)
(1 mark)
(2 marks)
(2 marks)

(1 mark)

(2 marks)

(1 mark)
(2 marks)
(1 mark)
(2 marks)
(1 mark)
(1 mark)



16a

17a

18a

19a

Cc

o1 2 3 4 585 & 7
grade

(1 for scale, 1 for correctly drawn graph)

i 4 i 4 i 4

The values of the median and the mean are the same due to the symmetry of the bar chart.

100=70m+c

140 =100m+c

40 = 30m m=2 c=20
3 3

Positive

Line goes through (X, )

}7=i><90+£=@
3 3 3
Estimate is i><60+§=@
3 3 3

x| 13|14 |15|16 |16 |17 |18 |18 | 19| 19

y 2 [o [3 1 |4 [1 1 ]2]1 2

Worked solutions

(3 marks)

(2 marks)

(3 marks)

(1 mark)

(1 mark)

(2 marks)

(2 marks)

(5 correct: 2 marks; all correct: 3 marks)

r =-0.0695(3sf)

Very weak (negative) correlation so line of best fit is almost meaningless

It would be extrapolation to use this data to predict for a 25-year-old.

i nochange; r=0.87

il no change; 15

ili the scatter diagram has just been translated up by 5 and to the left by 4, so the PMCC
and the gradient of y on x line of best fit are unchanged.

iv Strong, positive
i nochange; r=0.87

ii 2x15= 30

(2 marks)
(1 mark)
(1 mark)
(1 mark)

(1 mark)

(1 mark)
(2 marks)
(1 mark)

(1 mark)

ili the scatter diagram has been stretched vertically by scale factor 2, so PMCC remains

unchanged, but gradient of y on x line of best fit is doubled.

i r=-0.87
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20a

21a

i 22=5
=3

Worked solutions

(1 mark)

ifi the scatter diagram has been stretched horizontally by a factor of 3 and then reflected in

the y-axis, so gradient becomes -5, but PMCC is unchanged.
iv Strong, negative
i 0.849 (3sf)
il strong, positive
iii y=0.937x+0.242
i 0.267 (3sf)

il weak, positive

(2 marks)
(2 marks)
(2 marks)
(2 marks)
(2 marks)
(2 marks)
(2 marks)

ili the Pearson product moment correlation coefficient is too small to make the line of best

fit particularly meaningful when making predictions.
r =0.979 (3sf)
Strong, positive
i y=123x-21.3
ii x=0.776y +20.8
1.23x105-21.3=108
0.776x95+20.8 =95

It is extrapolation
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(2 marks)
(2 marks)
(2 marks)
(2 marks)

(1 mark)

(1 mark)

(1 mark)



Worked solutions

Relationships in space: geometry and
trigonometry

Skills check
1 25% = (2x)*> + x°

252 = 5x?
x? =125
X =+/125

Area = \/125 x 2»\/12 =250 cm?

2 ZACB = ZPAQ

As AB and PQ are parallel, lines BP and AQ meet AB and PQ at the same angle.
Therefore ZABP = ZBPQ and ZBAQ = ZPQA

All three angles are identical therefore, triangles are similar.

Exercise 6A

1 a (3,00 b (3,4,0) c (3,0,2) d (3,4,2)

e Midpoint of OF: (xl;leyl;yz,zl;zzJ:(o£3,o;4lozzj:(1_5,2,1)

f Distance of OF d = \/(xz - xl)2 +(ys —yl)2 +(z, - 21)2 = \/(3 - 0)2 +(4- 0)2 +(2- 0)2

-JO0+16+9=y29 ~5.4

2 a X1 X5 Iy1+y2,zl+zz _ 4+5,4_1,3+3 :(0.5,—1.5,3)

2 2 2 2

b x1 + X, ’y1+y2'z + 2, 4—2,4+2’5+9 - (-3.3,7)
2 2 2 2

c + X, y1+y2’zl+22 _ 5_4,2_3,_4_8 =(0.5,-0.5,-6)
2 2 2 2

d + X, y1+y2,zl+z2 _ 5.1+1.4’—2+1.7,9+11 :(—1.85,0.15,10)
2 2 2 2

3a d=\(x,- %)+, ¥) +(z-2) =\(4-2) +(3-3) +(1-5) =4+ 0+16= 20 ~ 4.47

b d=(x,-x) +(vo-¥:) +(2,-2) =(2+3] +(4-7) +(-1-2) =25+ 9+9= 43 ~ 6.56

2 2

c d=\0-x) (Vs ) +(2,-2) =1+1) +(-3-3) +(4+4)

=+4+36+64 =104 ~10.2
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Worked solutions

d d=\(x, %) +(, V) +(z,-2) =(-2-2) +(1+1) +(3-3) =16+ 4+ 0= 20 ~ 4.47

4 a

N
L

20m

b tan0=£
co

EC =DC? + ED? = 20% + 202 = /800 = 28.3

Then

co=tec-1283-14.14
2573

tané@ = i
14.14

6 =tan 15 _ 46.7°
14.14

c tane:ﬂ
oM

OM=%20=10

tang = E
10

6 =tan™ 15 _ 56.3°
10

5 BD=+AB>+AD* =5 +122 = 251144 = 169 =13

tang :E = i
BD 13

6 =tan? 4 17°¢
13

6 a AC’=AB+CB*=4*+4*=32cm

AG =JAC? + CG*> =32+ 64 =9.8cm

b tanezﬂzi

AC 32
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tané = % = @
AE 8
0 =tan* N32 _ 35°
8
(90°—55°)
. 4
sinfg = —
Jo6
. 4
0 =sin" —— =24°
Jo6

AC =82 + 8 = 128 =11.3cm
AM is the midpoint of AC, so

AM =%><AC =5.7cm

EA = JEM? + AM? = 64 + 32 = /96 = 9.8cm

8
1 V128

2

tané =

6 =tan™ =54.7°

1 J128

2

Exercise 6B

1

V:lA h:%><12><12><12:576cm3

3 base
P =67 1122 =13.4
SA= A, +4A,. = (12x12)+4x [% 12 x 13.4) - 466cm?

v=>1n h=%x4x5x6:40cm3

3 base

h,..=2?+62 =6.32

SA=A

base

+ 4Aface = (4X 5) + 4X(%X 5x 632} =83.2cm?

V:lm‘2 =17r><32><9=85cm3
3 3

$=19>+3=9.5

SA=rar*+ars=7x3*+7x3%x9.5=117.8cn?
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d V:%m‘2 =%7Z’><1X3=7Z‘=3.14cm3

s=Vr’+3 =3.16
SA=zar*+ars=nzx1+7rx1x3.16 =13.1cm?

3
42 x(%j —2310cm’

e V=—nmr=—nx
3 3

2
SA=4rr* = 47:(%) =845cm?’

3
f Vzﬂm’3:iiz>< 9 =113.1cm?
3 3 2

SA =4xr? = 4z(3)° =113.1cn?

1(4 1(4 (5.6Y
2 VZ—— 3 = —| = —_— :4 3
2[3#[‘} 2{3#[ > J] 6cm

3 Vo +Voone = 21N, +%ﬂr3hcone =7x3.2° X9-1+%ﬂx3.22 «6.2 = 359cnm’
1 4 1 4
4 Vc/ay:Vhl‘th=§><§7TX93—§><§7M83=454cm3

5 12(4”§3)2]+7z(10)2 ~1.44 cm

2
=17rr3=1nx 1> (15+45) = 3534cm’
3 3 2

2
V. 21727'2 = %ﬂ' x[g) (15) =98.17cm?

V, =V, -V, =3436cm’

Exercise 6C

45°7r  « 60°r =«
450 = -z 60° = =T
1a 180° 4 b 180° 3
270°r 3z
270° = === L]
c i d 360°=2r
e 18°-57_ 7 f 2250 -22°T_>T
180° 10 180° 4
80°zr 4r 200°r 10rx
0° = =27 200° = ===
9 80°=186° "9 h 180° 9
120° — 120°7 _ 27 j 1350 - 135°7 _ 3z
180° 3 180° 4
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Worked solutions

2 a 2180 3, b ~180_4g
6 =« 10 7«
¢ 2Z180° 4500 d 3,189 _s400
6 =~ V3
e 771807 g3 £ 27180744
20 ~« 5
g 7180° 55 h 147180°  ogpe
4 9 V.4
i 22180° 5500 j 137180° ogn.
3 4 Vs
3 a 100-227 _0.174 b 40° =297 _ 608
180° 180°
¢ 25 =227 _0.436 d 3000=390°7 554
180° 180°
e 110°= 1107 _4 95 £ 750727 131
180° 180°
g 85°-3%7 _ 443 h 12.8°- 1287 _ 553
180° 180°
i 37.5°- 3727 _ 645 i 1°=X7 _0.01
180° 180°
4 a 1x8% 573 b 2189 150
T T
¢ 0.63x18%° 3610 d 141189 _gg.70
T T
e 1.55x18%° _ggge f 318071900
T T
g 0.36x8% _20.6° h 1.28x18% 733
T T
i 0012289 05730 j 2.15x189° 173
T T
5 a 1+2A=r~r
a_r-1
2
b V+2==rx
V=r-2
Exercise 6D
1ai /-ro-14xZ-7zcm i /=re=1zx%=9ﬂm



Worked solutions

i /=ro=3x2 -27m iv [=ro=15x227 270 o
6 2 9 3
b i A=ll‘29=l><142><£=497rcm2 ii A=ll‘29=l><122><3—”=5471'm2
2 2 2 2 2 4
ifi A=lr‘26=lx32x5—”=§ﬂ'm2 iv A=lr‘2¢9=l><152><14—7[=1757z'Cm2
2 2 6 4 2 2 9
A:1r2£=37z
2 12
r2=37r><2><£=72
Ve
r=+72cm

a A =%1226’=367z

0-2%.2-7
12 2
b P=2r+/

I=ro=12x% -6rx
2

P=2x12+67 = (24 +67)cm

A

\shaded — Asectar - Atriangle

A =lr26’=%x102x1.5=75

sector 2

Aviangle = %rz sing = %x 10°sin1.5=49.9

Agoses = 75-49.9 = 25.1

Arclength is travelled in one second, so we need 60/ for total distance travelled.

l=ro=4x2 ="
12 3

Then 60/ = 20zm

p=2r+1=2r+ro

r(2+6)=p

1
Aquad = 5

r26, - %xmz <2 =78.53

%rjn - 78.53
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r2 =78.53x2 =50

T

r, =50 =7.07cm

Pooy = 25 +1 =2x7.07 +7.07 x 7 = 36.36cm

Exercise 6E

1 a Quadrant II, 6 =180 —(-215+360) = 35°

b QuadrantII, 6’=7r—(%+27rj2

7z

¢ Quadrant 1V, «9=47r—?=

d QuadrantlV, 0=2rx —%

T

e Quadrant III, 6 =564°-360°-180° = 24°

f QuadrantlV, 9 =22°

g Quadrant II, 6=37z—8?”=

Worked solutions

2 sin@ cos @ tané 0
A 0.5 ~0.866
0.5 _ 4577 o
~0.866 6
B
—sinZ --0.5 cosZ-0866 |- 92 _ 0577 1z
0.866 6
0.3907 ~0.4245 2.74
¢ 03907 _ 4 9204
~0.4245
° 2 V2 ! z
2 2 4
E NA 2 -1 3z
2 2 4

3 a 6=sin'0.6=36.8°143°
b 6 is undefined

c O=tan'-2.36 =293°112°

4 cosQ:%,Bis in QII

sing =—ﬂ and tané = —i
5 3
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Exercise 6F

1

2

0 =cos'0.45=1.104 and #=27-1.104 =5.18
0=tan'-0.56 =5.77 and 6 = 7 - (27 -5.77) = 2.63
0 =sin"0.23=0.23 and #=7-0.23=2.91

theta is undefined

cos* 0 +cosf =0

cosB(cosf+1)=0

Then

cosd =0

3z

gives that 6 = f,—
2°2

and
cosf =-1

gives that =17
2co0s?’0-3cosf+1=0
(2cos@-1)(cosf-1)=0

Then

1
Cosf ==
2

? =sin'-0.62 =5.61

Note that 0 < 3?0 <37, so

36
2% _5.61,3.81
2
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Worked solutions

and so

0=3.74,2.54

9 tan26 =-0.45555
so 0<20<4r and
tan™-0.45555 = 24

then
260 =5.855,2.714,8.997,12.1382

where the first two angles are the angles for the negative tangent, and the last two are an
added rotation to them (+27)

Exercise 6G

1 a pP=q¢*+r*-2grcosP =8%+5*-2x8x5c0s30°=19.72

SO
p=+19.72 =4.44
2, 2 g2 2 2 _ Q2
costr +p°-q° 5 +4.44° -8 _ _0.434
2rp 2x5x4.44

Q=cos'-0.434 =115°
and so

R =180°-115°-30° = 34.25°

b y’>=x>+2z"-2xzcosY =4%>+5° -2 x4x5c0s95° = 44.49

y =44.49 = 6.67
and so
2 2 2 2 2 2
cosX:y +Z°-X =6.67 +5°-4 _0.802
2yz 2x6.67x5
X =cost0.802 =36.7°
and
Z =180°-36.7°-95° = 48.3°
2 2 2 2 2 2
¢ cosA-D*rC-F E+¥ -5 4594
2bc 2x8x4
so A=30.8°
2 2 2 2 2 2
cosp =2 *€ - _ 5 +4 -8 =-0.575
2ac 2x5x4
so B=125°
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Worked solutions

a+b’-c 5+8 -4

= =0.9125
2ab 2x8x5

cosC =

so C=24.2°
2 Largest angle is opposite the longest side

3.92+2.3%-4.5°

cosé =
2x2.3x3.9
2 2 2
9—cost[32 +2:3 -45 1 _gg 50150
2x2.3x3.9

3 We have that
3PQ = 2QR = 4RP
so the smallest side is RP. Then

4 jz 2 5

—RP +(2RP) -RP
2 2 pp2 (
COSPQR:PQ +QR°-PR* 3 _43

2PQQR 2><%><2><RP2 48

cos™ 2—2 =26.38°

52+x2—(2x—1)2
2 x5x

4 cos60° =

or equivalently
2X5X><% =25+x*-4x* +4x -1

or equivalently

-3x>-x+24=0

which has solutions x = —3,% . We take the positive value as it is a distance. So

8
X ==
3

and b=§, a:2x§—1:§.
3 3 3

Then we calculate the remaining angles as
2
(2]
CoOsABC=—— 24—~
13
2x5x 3

SO

ABC = cos™ 37 _ 18.42°
39

and so
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Worked solutions

BCA =180°-18.42° - 60° =101.6°
5 Note that DAB = BCD and CDA = CBA. Then
2DAB + 2CDA = 360°
CDA =180° - DAB
We use the cosine rule to get the relationships

b*+a -qg°

cosDAB =
2ba

and

a+b-p?

cosCDA =
2ab

Note that we also have that cos CDA = cos(180° — DAB) = ~cos DAB, so

b*+a -qg° =—a2—b2+p2

2ba 2ab

which rearranges to

p’+q =2(b*+a)

Exercise 6H

sinA sinB sinC

1 a
a b c

sin30° sin125°
10 b

b =M10 =16.4cm
sin30°
Then C =180°-125°-30° =25°

sin30° sin25°
10 c

_ sin25¢
sin30°

10 =8.45cm

b Q=180°-45°-40°=95°

sin45°  sin40°
7 P

_sin40°

== 7 =6.36cm
sin45°

and

sin45°  sin95°
7 q
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Worked solutions

_sin95°
sin45°

7=9.86cm

sin40° sinA
9 7

SinA=7 =0.4999

sin40°
9

A =sin™0.49999 = 30°
Then
B =180°-40°-30°=110°

and

sin40° sin110°
9 b

and

b-9 SI!’]110°
sin40°

=13.15

sin15° sinQ
150 80

sin15°
150

=0.138

sinQ =80

Q=sin"0.138=7.93°
Then R=180°-7.93°-15°=157.1°

sin15° sin157.1°

150 r
F-1505N157.1° 550 5ym
sinl5°

The error course took 80 +150 = 230km, which took

230 _ 0.575h

400
and the correct course would take

2255 _ 0.56375h

400

Then the time difference is

0.575-0.56375=0.01125h

which in seconds is

0.01125x 3600 = 41 seconds

3 The distance between the end of the lake and the balloon is given by
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Worked solutions

250

1

tan32° =

X, =400.1m

The distance from the balloon to the beginning of the lake is

tan(90° - 68°) = 2

X, =250tan22° =101m
Then the length of the lake is the difference between the two lengths,
X, — X, =400.1-101 =300m
4 (CBM =180°-64°=116°
BMC =180°-116°-23° =41°

sin41° sinl16°

15 MC
Mc =153M116° _ 56 5
sin41°
sinl116° sin23°
20.5  MB
MB =20.5°5"23° _g91m
sin116°
and

sin64° sin90°
MA  8.91

MA = 8.91sin64° = 8m

sin55° sinACB
27 31

sin55°

SinACB =31 =0.9405

ACB =sin* 0.9405 = 70°

Then for this case, the third angle is BAC = 180° - 55°—-70° = 55°
Alternatively we can take the obtuse angle,

ACB =180°-70.14° =110°

and so the other triangle has angle

BAC =180°-55°-110° =15°

Exercise 61

1 Atata/ = APQR + APRS
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Aok = %x 10x13xsin125° =53.24

PR?> =10% +13?2 -2x10x13xcos125°=119.87
PR =20.45
Then

Agps = %x 20.45x15xsin70° = 144.1

Then
Ao =53.24+144.1=197.4

sinB _ sin20°
104 52

B = sin[104 51120
52

j: 43.16°

In this case, the other angle is C =180°-43.16°-20°=117°, so

A - %x 52 %104 xsin117° = 2409cm?
We can also take the obtuse angle for B, and so

B =180°-43.16°=137°

Then the other angle is C =180°-20°-137° =23°, so
A - %x 52 x 104 x sin23° = 1057cm?

5 +5°-7?
cosYOZ = ——— =0.02
2x5x5

YOZ = cos ' 0.02 = 88.8°
A= %5 x5xsin88.8° =12.5cm?

5 + 5% - 3?
XO0Y =———=0.82.
Cos 2x5x5

XOY = cos™0.82 = 34.9°
1 .
Aoy =5 x5x5x5in34.9°=7.15

Then

A = Ao + Ay =12.5+7.15=19.7cm’

tan60° = E .
CA
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tan55° = E
DA

12
tan55°

CA> + DA* -CD*>  6.93% +8.4* -15°

= =-0.914
2xCAxDA 2x6.93x8.4

cos CAD =

CAD = cos™*-0.914 =156.1°

Acip = %xCAxDAxsinCAD = %x6.93x8.4xsin156.1° =11.8m?

a A :lxrzxsin[£+£+£j=1r25in2—”=—3r2

PoQ = 5 7175 = ;
and Agps = %rz sin% - %rz
b A e = %rza - %rz (% +%+ %) _ %FZ
AminorPQ = Asectorrq ~ APOQ = %,-2 - @rz = r? ( % _ @ J
€ Accors = %rzﬂ = %rz (%) - 7;_;2
Aninorrs = Psectorrs ~ Aros = 7;:_/‘22 - % rr=r? [% _ %J

d Shaded area should not include minor of RS (otherwise it’s just A . ..)

V4 *\/§ r 1 r?
Ashaded = SminorPQ AminorRS =r? (5 _Tj_ r [E _ZJ = Z(ﬂ.’-‘r 1- \ﬁ)

Yacht : 24 x5 =120 nautical miles

Catamaran : 15 x5 = 75 nautical miles

0 =139°-37°=102°

d* =75 +120° -2x75x120cos102° = 23767.4
d= W =154.2 nautical miles

The bearing is given by the relationship
360°-143°=217°

and this this the angle complementary to the bearing from the yacht to the origin. Then we find
the other angle of the triangle as

sin102° sinA
154 75
A=151.6°
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Worked solutions

where we chose the obtuse angle. Then the complementary angle to the bearing we are looking
for is

6 =217°-151.6° =65.4°
Finally, the angle we are searching for is

¢ =180°—65.4° = 115°

Exercise 6]

V1 1
cos = =
1 sec%—cot%: 1 3ZL_L:§
cos® sin” ﬁ ﬁ
2 2
sin7—”
2 esc[ 2 )i2manZFo L 76 _ 2B 2B,
3 6 sin 2z cos7—” 3 3
3 6
sing .
3 a cosdtand =coséd =sing
cosé
b cot@secﬁ:C(_)se 1 = _1 =csco
sin@ cosd sing
C cscftand = _1 sm9: 1 =secd
sin@ cos® coso
d cosé@sec®dsind = cosd 5 =S'—ne=tan9
cos” @ 0
sing coséd
e tanIHCOt9= COSQ sin@ - — csco
sing sing sinég
f tan@csc&:smg 1 1 =secd

cosé sind N cos o

4 csc6'=_L =E
sind 5
Then
sin.9=i
13

This comes from a triangle of sides 5, 13 and ¢ = J132 52 12, then

cos¢9=iz
13
and
to - =-=
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Worked solutions

5

5 secd= =
cosé 4

cos@:—i
5

Then the third side can be calculated as ¢ =+25-16 =3, and so

_3
tan9=sm9=_5=§
cosd 4 4

5

with sing = —% which is negative to satisfy = <8 <2x

Exercise 6K

1 a J1-sin?@ =+cos?é =cosé

b sin@ _ sin@ _tano
J1-sin?g cosé
— 2 i
c \/1 cos- 0 _ sing —tano
cosé cosé
d cos®  cosd _cotd

1-cos’® sind

e Ji+t2 =J1+tan?@ =1 +sec?9—-1 =secd

sing
f tann9 =tangzcosg =Sin0
J1+tan?g seco
cosé

2 a asinfo-a =a2(sin29—1)=a2c0326

b bcotoyb* + b* cot? @ = beot Hasz(l +cot? @) = b? cot 9Jesc? 0 = b? cot Hesc O

bzcose 1 ,cosd
sing sing sin* @
c b - b = b - =sing
2.2 _\/ 2 2 enf2n N, 2y csch
Jb +y b*+b°cot®d byl+cot®d
sing
d Ja*sec?0+a atanfd-1+1 tand cosg _sing
aseco aseco secd
cos 6

3 a 3-3cosf=2sin*o
3-3cos8 = 2(1 - cos? )

2cos*0-3cosf+1=0

© Oxford University Press 2019



Worked solutions

(2cos@-1)(cos0-1)=0
Then

cosd _1
2

SO 0=£,5—” and
3'3

cosf =1
so 0=0,2r
secd = !
cos
so
c050=l
2
then 6=£,5—”
3°3

cos’d+sind+1=0
1-sin@+sing+1=0
sinf@-sind-2=0
(sin@-2)(sind+1)=0
Then

sing =2

cannot be a solution as it is outside the domain of the sine function. We also have

sing = -1
SO 0:3—”
2

sec’d =1+tand
tanf9+1-1-tand =0
tan’6-tan6 =0
tang(tang-1)=0

Then tané =0, then 6 =0,27 and

tand =1
SO 6 =

3tan’6-5secd+1=0

3(sec29—1)—55ec6+1 =0
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Worked solutions

3sec?9-5secd-2=0

(secd-2)(3secH+1)=0

So we have
secd = =
cosé
cosf = 1
2
Then = %,5?” . The second equation gives
secd = t _ 1
cosé 3
cosf =-3

which is outside of the domain of cosine, so it gives no solutions.

f 2coté+8=7cscéo

2cosH B 1
sin@ sin@

We multiply both sides by sind and get

2cos@+8sing =7

4 a csc?6d-1=cot?9

1+2sinfcos@ cos’ O +sin*6+2sindcosd (cos +sing)’

b . = - , =Cos@ +sing
siné + cos @ sin@ + cos @ sin@ + cos 6
, sin0+1
c 2tan0+sec20_2tan0+tan20+1_( tano +1 )_ coso
(sin6 + cos6)’ (sin6 + cos @)’ sinf+cosf) sind+cosd
siné + cos @
cos@
- = =secé
singd +cos@® cosé
1

Exercise 6L

1 sin(A + (—B)) = sin Acos(-B) + sin(-B)cos A = sin Acos B — sin B cos A

2 a Using the construction on pg. 38

OT _OP-TP _OP-SQ _OP SQ

cos(A+B) =
OR OR OR OR OR

= 2%—2& =cosBcosA-sinBsinA
OQ OR RQOR

b cos(A + (—B)) = cos Acos (-B) - sin Asin(-B) = cos Acos B + sin Asin B
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Worked solutions

sin(A+B) sinAcosB +sinBcosA

t A+B)= =
an(A+B) cos(A+B) cosAcosB-sinAsinB

SsinA sinB
_ COSA+cosB _ tanA+tanB
{_SINA sinB  1-tanAtanB
cos A cosB

tan(A+(-B)) = tanA+tan(-B) _ tanA-tanB
1-tanAtan(-B) 1+tanAtanB

sin75° = sin(45° + 30°) = sin45° cos 30° + sin30° cos 45°

148

==+

22 :g(ﬁ”)

N[+~
ol -

1
=1
o . o tan60° + tan45° 3
tan105° = tan(60° + 45°) = T tanB0 tandse - i =3+2

NE]

105° is obtuse, so we take the negative value

tan105° = —(\/§+ 2)
sin33°cos 3° - cos 33°sin3° = sin(33° - 3°) = sin30° = =

€0s75°€0s15° + sin75°sin15° = cos(75° - 15°) = cos (60°) =

N+

Note that the missing side of the triangle with angle Ais ¢ =5 -3 =4, so cosA = % as

A is obtuse, and the side of the triangle with angle B is ¢ =132 -5 =12, so cosB = % as
B is acute. Then

cos(A—B)=cosAcosB+sinAsinB=—ﬂx£+§x£=—§
5 13 5 13 65

Note that

3
sinA 5 3

tanA = = - _=
cosA 4 4
5
5
sinB 13 5
and tanB = =43 _ =
osB 12 12
13
3,5
Then tan(A+B) = tanA+tanB _ 4 12 _ 16
1-tanAtanB 1 3 5 63
+ o x
4 12
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Worked solutions

cos(A+B) cosAcosB-sinAsinB
sin(A+B) sinAcosB+sinBcosA

cot(A+B) =

Divide by sinAsinB and get

cosAcosB-sinAsinB
sinAsinB _CcotAcotB-1

T sinAcosB+sinBcosA  cotA + cotB
SinAsinB

sin(A+B) sinAcosB +sinBcos A

= =tanA+tanB
cos AcosB cos AcosB

1 sinA_1+sinA

secA+tanA = =
COosA CcosA COs A

sinA cosA sinfA+cos’A 1

+ = = _ = - =secAcscA
cCosA sinA CosAsinA CosAsinA

tanA+cotA=

1 1 sinf@+cos’d 1

T, TG, T o P =— 5 =sec’ fcsc? @
cos ¢ sin“ @ sin” @ cos- ¢ sin“ @ cos” ¢

sec’ @ +csc’ 0 =

1 _cosé 1-cosé@
cscf-cotld _sing sing __sing __1 _ .,
1-coso 1-cos@ 1-cosf® sinb6

1-sin® x _cos’ x
sinx sinx

. 1 .
CSCX —Ssinx = —— —-sinx = = COS x cot x
sinx

. . 2 2
1+cos4x—sm4x=1+cos4x—(sm2x) =1+cos4x—(1—coszx)

1+cos“x—(1—2coszx+cos4x) =2c0s x

1 sing 1+sing

secd +tanéd = =
cosf coséo cos @

We multiply numerator and denominator by 1-sinég and get

_1-sinPo cos® 0 _ cosé
cosf(1-sing) cosf(1-singd) 1-sing

sinA sin’ A 1-cos?A (1-cosA)(1 +cosA)
sinAtanA _ COSA _ _COSA __ COSA _ cos A _1+COSA 1 secA

1-cosA 1-cosA 1-cosA 1-cosA 1-cosA Cos A

tanB +tanC

tanA+ ———
tan(A+ (B+C)) - tanA+tan(B+C) _ I _tanBtanC
1-tanAtan(B+C) {_iapp tenB+tanC

1-tanBtanC

_ tanA-tanAtanBtanC +tanB +tanC
l1-tanBtanC —-tanAtanB -tanAtanC

Substituting into our formula above

|

N |~

Ul
NI +

N |~
X
(60N
X
0|
| +
0|
Il
[y

|~

tan(A+B+C):

1-

X
X

|~

N[+~

X

Ul
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Worked solutions

Hence A+B+C=%

c If A, B and C form the angles of a triangle, then tan(A+B+C)=0, so

tanA-tanAtanBtanC +tanB+tanC
l1-tanBtanC —tanAtanB -tan AtanC

or equivalently
tanA-tanAtanBtanC +tanB+tanC =0
or equivalently

tanA+tanB+tanC =tanAtanBtanC

Exercise 6M

sin A +cosA_sin2A+coszA 1 2 2

1 a tanA+cotA= - = - = . = . =—
cosA sinA COSASInA cosAsinA 2cosAsinA  sin2A

=2Csc2A

sin2A+cos2A+1 2sinAcosA+2cos’A-1+1 2cosA (sin A+ cos A)
sin2A-cos2A+1 2sinAcosA-1+2sin®A+1  2sinA(cosA+sinA)

=cotA

cos3X —sin3X  €os(2X + X) —sin(2X + X)
1-2sin2x 1-2sin2X

_ €os2XcosX —sin2Xsin X —sin2X cos X —sin X cos2X
- 1-4sinX cos X

cos 2X(cos X sin X) —sin2X (sin X + cos X)
1-4sinXcos X

~ (cos® X —sin” X)(cos X —sin X) — 2sin X cos X(sin X + cos X)
- 1-4sinX cos X

_ (cos X +sin X)(cos X —sin X)(cos X —sin X) —2sin X cos X(sin X + cos X)
1-4sinXcos X

_ (cos X —sin X)?(sin X +cos X)) — 2sin X cos X(sin X + cos X)
- 1-4sin X cos X

_ (sinX + cos X) (cos® X —2sin X cos X +sin® X — 2sin X cos X)
1-4sin X cos X

(sinX + cos X) (cos® X — 4sin X cos X +sin’ X)
- 1-4sinX cos X

(sinX +cos X) (1-4sinXcosX)
- . =sinX +cos X
1-4sinXcos X

cosx 1 cosx 1 _ 2c0s? X —cos® X —sin® x

d cotx-csc2x == - =— - = -
sinx sin2x sinx 2sinxcosx 2sinxcos x

_ cos’ x —sin’ x _ cos2x

= . == = cot2x
2SsinXx cos x sin2x
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Worked solutions

sin4A  2sin2Acos2A  4sinAcos Acos2A  4sinAcos A (2cos® A-1)
SinA SinA sinA SinA

=8cos* A—4cos A

3
_ z[j
3 sin2Asec2A = sin2A =tan2A = 2tan;4 = 4 > :2_4
COS2A 1-tan” A (3)
4

4 cos3X =cos(2X + X) =cos2X cos X —sin2X sin X
(2cos® X —1)cos X —2sin X cos X sin X =2cos’ X —cos X —2sin” X cos X
= 2c0s’ X —cos X —2(1-cos® X)cos X
=4cos® X —3cos X
sin3X =sin(2X + X) = sin2X cos X + sin X cos 2X
=2sinX cos* X +sinX (1-2sin® X)
=2sinX (1-sin®> X) +sinX —2sin®* X
=-4sin® X +3sin X

5 cos4A =2cos’2A-1 =2(2cosA—1)2 -1=8cos*A-8cos* A+1

Z(ZtanAj 4tanA
> A
6 tandA - 2tan22A _ 1-tan“ A - lz—ta?ZA !
1-tan°2A 1 2tan A (1-tan® A)°-4 tan“A
1-ta’ A (1-tan® A)?

4tan A(1 —tan? A)
(1-tan” A)°—4 tan’A

7 a We use the formula obtained in 4 to express sin3x
—4sin® x + 3sinx = sin* x
or equivalently
sinx(4sin’ x +sinx-3)=0
Then sinx =0 gives x =0,27 and
(4sin* x +sinx - 3) = (sinx + 1) (4sinx - 3)

then sinx = -1 is given by x:37” and sinx:% gives x =0.848,2.29

b cot2x =2+cotx
Note that

1 1-tan’x
tan2x  2tanx

cot2x =
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Then the equation becomes

1-tan’x 1
2tanx tanx

which simplifies into
1-tan®* x —4tanx-2=0

or equivalently

tan’ x +4tanx+1=0

We use the quadratic formula to get that
tanx =-2+3

237 11x 1972 7x
SO X = ——

121271212
c We use the formula obtained in 4 to express cos3x
4cos® x —3cosx -3cosx =2cos’ x —1+1
which simplifies into
4cos’® x —2cos® x —6cosx =0
or equivalently
2cosx (2cos’* x —cosx —-3)=0

so 2cosx =0 gives x:%,:%” and

(2cos® x —cosx —3) =(2cosx - 3)(cosx +1) =0

which gives for cosx :g no real results as it is outside of the domain of the cosine function.

Finally, cosx =-1, gives X =7

Exercise 6N

1 Reasoning

cscfd =1 when sinfd=1,so0at 6==+2nz,neZ

z
2

cscd = -1 when sind=-1, so at 0=3?”i2n7z,neZ

cscé is unidentified when sing =0, so at 6 =0+ nxz,n € Z we have vertical asymptotes
cscd — o as sing —» 0

cscld ——o as sind —» 0"
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2 Reasoning

cotd =1 when tand=1,so0at 9=="+nzr,neZ

z
4
cotd =-1 when tand=-1,soat 9= %T”imr,n ceZ
cot @ is unidentified when tand =0, so at & =0+ nxz,n € Z we have vertical asymptotes
cotd » » as tang — 0"
cotd »—o as tand - 0
3 a f(x)=sinx
Then g(x) = 3f (4x) . We apply the following transformations to f(x):
We apply a vertical stretch of scale factor 3 parallel to the y-axis

We stretch the function y = 3sinx by a scale factor % parallel to the x-axis

The period of the new function is therefore %T” =%

The amplitude of g(x) is 3 and the period of g(x) is %

b The graph will the same as for sin(x) with a vertical shift of 37”

c Let f(x)=sinx, and g(x)=-2f(zx). We apply the following transformations to f(x):

Then we reflect f(x) with respect to the x axis, and apply a vertical stretch of scale factor
2 parallel to the y axis.

We stretch the function y =-2sinx by a scale factor 1/ = parallel to the x-axis

The period of the new function is therefore 2z =2
T

The amplitude of g(x) is 2 and the period is 2

d Let f(x)=sinx, then g(x)=2f (4(X + %)] —-1. We apply the following transformations to
f(x):
We apply a vertical stretch of scale factor 2 parallel to the y-axis.

We stretch the function by a scale factor % parallel to the x-axis

We shift horizontally by %

We shift vertically downwards by 1
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4 a let f(x)=cosx and g(x)=2f(x)+2.We apply the following transformations to f(x):
We apply a vertical stretch of scale factor 2 parallel to the y axis.
We shift the function vertically upwards by 2.
b Let f(x)=cosx and g(x)=f(3x)—-1. We apply the following transformations to f(x):

We stretch the function by a factor of % parallel to the x axis
We shift vertically downwards by 1

.. 27
The new period is 3

c Let f(x)=cosx and g(x)=-2f(3x). We apply the following transformations to f(x):

We reflect along the x axis.

We stretch the function by a factor of 2 parallel to the y axis

We stretch the function by a factor of % parallel to the x axis

The new period is 2?”

d Let f(x)=cosx and g(x)=23f(2x)+3. We apply the following transformations to f(x):

We stretch the function by a factor of 3 parallel to the y axis

We stretch the function by a factor of % parallel to the x axis

The new period is 2?” =7

We shift the function vertically upwards by 3

5 There is one solution in the interval 0 < x <z as there is only one intersection between f(x)

and g(x) in that interval.

Exercise 60

1 a The amplitudeis 5

the vertical shift is +1

the horizontal/phase shift is %

the period is now 2?”

_ max -min _ max+min

5 and 1

, then
the maximum value is 6, as
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the minimum value is -4
The amplitude is 2

the vertical shift is -2

We rewrite the argument as 3(x +5€”J , so the horizontal/phase shift is >z

the period is now 2?”

_ max -min _ max+min

5 and 1 , then

the maximum value is 6, as

the minimum value is -4

The maximum value is 220, taken from the amplitude
The minimum value is -220, as there is no vertical shift
The amplitude of V is 220

2z 1

The period is given b =
P g 4 120~ 110

Pt Ea Tatal P}

[\ e/
\ L,

T T T T T
-0.036 -0.010 440 u\.tm /u,czu

_max-min 14.4-1.2

=6.6m
2 2
vertical shift
d- max+min _ 14.4+1.2 _7.8m

2 2
period of the function
27 _ 12= b = £
b 12
Then our function looks like

h(t)=6.6 sinﬁ—;(t + c)) +7.8

Note that 08:15 is equivalent to t = 8.25 hours. At t =8.25, h=14.4. Substituting into
our equation for h(t), gives us

© Oxford University Press 2019



Worked solutions

6.6 sin(i—; (8.25+ c)j +7.8=14.4
sin[z—”(8.25 +c)j =1
12

G—;(S.ZS+C)] _

8.25+c=3

N[N

c=-5.25
Then

h(t) = 6.6sin(f_’2f(t -5.25)J 7.8

sketch of the graph, first minimum occurs at t = 2.25

The time intervals during which the boat could enter or leave the harbour on that particular
day are calculated by plotting y =5 along with h(t) , and obtain the intervals for which

h(t) >y over a period of 24 hours. This gives 4.41 <t <12.1 and 16.1<t <24.

The minimum value is -3.5 and the maximum value is -2.5, this is a cosine function. We
calculate the vertical shift and the amplitude as

g.2:5-35_ 4
2
_-25+35 1
- 2 2
SO

f(x) =%cosx—3

Horizontal shift, %, and we choose a cosine function. The amplitude is

azﬂzz
2

and

d=7+3=5
2

is the vertical shift. Then the function is

f(x) =2cos(x—%)+5

We choose a cosine function. The amplitude is

2+4
a= =
2

3
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and the vertical shift is

d:ﬂ:_l
2

The period is z,s0 b = 27 _ 2 . Then the function is

f(x)=3cos(2x)-2

d We choose a sine function, reflected along the x axis. The amplitude is

a- 2+2 _2
2
and there is no vertical shift. The period is 2?” ,S0 b= ;—Z = 3. Then the function is
3

f(x) =-2sin3x
e This is a tangent function, shifted horizontally by %, so f(x)= tan(x —%J

f This is a secant plot, shifted upwards by 1, where the asymptotes are at x = -, 7, etc...
This corresponds to

f(x)= sec%x+1

Exercise 6P
1a 0-22" b o-%,2% c 0=r d 9-%,7%
6 6 4" 4 6 6
e 0-0,2r f o277 g 0=
4" 4 33
2 cosix-Z_2F_57
2 9 18
and
1 . 272'
tan™ x =tan sm? =0.748
3 a tanx <0 for%<x<7z and 3?7[<X<27r
b sec2x<0 for£<x<3—” and 5—”<x<7—7r
4 4 4 4

¢ sin4x > 3 never happens as it is outside of the domain of sine
4 a We solve
y =sin2x

for x, giving
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is defined for x €(0,1)
In the case of g(x),
gt(x)=2x.
and it is also well defined for all x
1 1
b g'|=|=2/Z|=1
7 (ZJ [2]

and

sintg (”] int %
f*lg [ZJ _ 6 Sin 3
6

which has no real results

2z
period

so the period is 2?”

b e amplitude is 6
¢ The sine function is symmetric about the origin

d We stretch the function by a factor of 6 parallel to the y axis
We stretch the function by a factor of é parallel to the x axis

The new period is 2?”

There are no vertical shifts

Exercise 6Q

1 a For all of these, we graphically show the plot for the left hand side and the right hand side
and find the points of intersection

csc? 9 =3coto -1

1 cosé
o, - -1
sin“ @ sing

1=3cos#dsind—sin*9
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cos? @ —3cosfsing +2sin9 =0

(cos@ -2sin@)(cosd —sind) =0

so we are searching for the solutions of
cosé =2sing

or equivalently

2tand =1
tané :l
2

which has solutions 8 =0.463,3.605, and
cosé =sing

which is true for 6 = 1,5—”
4’ 4
2tan®d =3 +5coto

5
tané@

2tand =3+

2tan’6 =3tand+5
2tan’6-3tan6d-5=0
(2tang-5)(tang+1)=0

Then we get that
tané = >
2

which gives 6 =1.19,4.33 and
tang = -1

which gives 6 = 3—”,7—”
4" 4

2sec’9-3+tané=0

12 _34 sing _0
cos” @ cosd

2-3cos?’# +sinfcosh =0
2sin’ @ —cos? @ +sinfdcosd =0
We divide by cos? 6 and get
2tan*#+tand-1=0

or equivalently

(tan@ +1)(tané - %) =0
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so tand = -1 gives 9:%'% and tang =1/2 gives 0 =0.464,3.61

d 5cscO+cotd=2tané

5 +cose_ sing
sing sing cos @

5c0s 6 + Cos? 0 = 2(1—cos2 0)

3cos?’9+5cos6-2=0
(cos@+2)(Bcosfd-1)=0

Then cosd = -2 has no real solutions, and
cos @ = 1
3

then 6=1.231,5.052

Exercise 6R

cos(x + h)—cos(x)

d .
1 a a(cosx) = Ihm

_lim €os x cos h —sinxsinh — cos x
" hso h

’ (cosh-1) _  sinh
=lim| cosx~—— —sinx>—
h—0 h h
__(cosh-1) _  sinh
=cosxlim— —sinxlim=——
h—-0 h-0 h

=0-sinx(1) = -sinx

sin(Zx + %) -sin(2x)

d, . .
b a(stx):lhlgg h
2
. sin2xcosh +sin2cos2x —sin2x
=lim
h—0 Q
2
. . cosh-1 sinh
:Ihlgg(sm2xT+c052xT
2 2
. . cosh-1 . sinh
=sin2xlim————= + cos 2xlim ——
h—>0 Q h—0 Q
2 2

=sin2x-0+2x€cos2x = 2C0s2x

© Oxford University Press 2019 ﬂ



Worked solutions

sm(x 3h j sin[xj
c i(sinf):lim 3 3 3
dx 37 h-o 3h

- (x . x) . (x
= h+sinh Z|-sin| =
sm( jcos si cos( j si ( J

3h

=lim
0

3‘
N\w

sm[2x+3+2[

j+3j sin(2x +3)

d, . .
d a(sm(2x+3)) = |hIng

h_3
2 2
__sin(2x +3)cosh +sinhcos(2x + 3) - sin(2x + 3)
=lim
h—0 h-3
2
. . cosh sinh
:sm(2x+3)|h|ggﬁ+cos(2x+3)l|mh 3
2 2

=0-sin(2x +3)+2cos(2x + 3)-1 = 2cos(2x + 3)

tanx + tanh tan x
tan(x + h)-tanx —
a i(tanx)=|im ( ) _liml=-tanxtanh
dx h—-0 h h—>0 h

tanh (1 +tan’ x)
h

. > . tanh > >
=lim =sec” xlim—— =sec” x-1=sec’ x
h—0 h—0 h

COS(X+h) COS X
i sin(x+h) sinx
= h

d __cot(x +h)—cot(x)
b d—x(cotx):llmg h

sinx cos(x + h) - cos x sin(x + h)
sinxsin(x + h)

=lim
h—-0 h

sin(x - x —h)

sinxsin(x + h) ) 1 -1 1 -1 5
=lim————= = -1lim— - =—Ilim— =—5—=-CsC" X
h—0 h o sinxsin(x +h) sinxh-0sin(x +h) sin®x

tan(3x + g) —tan3x
h
3

d :
c &(tan3x) = Ihlgg

© Oxford University Press 2019 ﬂ



Worked solutions

tan3x + tanﬁ
—tan3x

1—tan3xtan§ tanﬁ (1 +tan?33x)
=lim h =lim A
3 3
tanﬁ
=sec? 3x|hin3 3 _sec?3x-3 = 3sec?3x
3
Exercise 6S
d d (cosx i(cosx)~sinx—i(sinx)-cosx _sin? x — cos? x 1
1 a ¥_9(< _dx __dx = : = — =—csc? x
dx dx\sinx sin® x sin® x sin® x
b ﬂ=i[ _1 J=—1><(Sinx)'2><COSX=_FOZSX=—COtXCSCX
dx dx\sinx sin” x
2 a ﬂ=i(sin2X)=COSZX><2=2COSZX
dx dx
b % = dix(cos(2x+ 1)) = -sin(2x + 1) x 2 = -2sin(2x + 1)
C % = dix(cos(B - 3x)) = -sin(8 - 3x) x -3 = 3cos(8 - 3x)
cos 7 -2x
a Y _d [7-2x)_d 13
dx dx 13 dx 7 -2x
sin
13
—sin 7-2x xlzxsm 7-2x - cos 7-2x xixcos 7-2x
_ 13 13 13 13 13 13
sin? 7 -2x
13
2 (7 -2 (7 -2x
13(sm[ 3 j+cos[ 3 J) 2 c2[7_zxj
sin? 7—2XJ 13 13
13
df(X) ; 5 4 4 5
3 a ™ =—sm(x —3)><5x = -5x sm(x —3)

df (x)  d(sin(x* +1))*
dx dx

= _1xsin?2 (x2 + 1)>< cos(x2 + l)x 2x

_ 2
LX) oot o+ t)esc(x +1)

sin? (x* +1)
df(X) _ d 3 2 -1y _
C _E(cos(4x -2x +7x+17)) )=
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~1x(cos(4x> =2x* +7x +17))? x —sin(4x> = 2x* + 7x +17) x (12x* = 4x + 7)

~ (12x2 —4x + 7)sin(4x3 —2x% +7x + 17)
- cos? (4x* - 2x* +7x +17)

=(12x2 —4x + 7)tan(4x3 —2x% +7x + 17)sec(4x3 —2x2 +7X + 17)

df (x) d 1

dx  dx cos(ﬁ)

—1x (cos(\/e" + 1))‘2 x —sin(»\/e" + 1) x ej(ex + 1)71/2 x e

e* tanyJe* +1sece* +1

[1J e sin(ﬁ) 1

2 Je* +1 cos? («/ex +1) e 11

dx

Exercise 6T

1 a

b

y' = cosx(2x +1) +2 sinx
y'=-2(x +x*)sin2x + (1+2x)cos 2x

Y = —SINXxX—-C0SX —COSX—XSinx

X2 X2

,  2x8in2x -2(2x +3)cos2x  2sin2x —(4x +6)cos2x
- sin’ 2x - sin? 2x

1
sec® x ( 2—x)—tanXX%x(2—x)'ix—1

'

y:

2-X

_secszrl>< tan x
2-x 2 (2-x)"

y' =3cos3x

Then evaluate at the point,

T 3z
= =3 —_— =—3
(5)-2(3)

y'=-2sin2x

Then evaluate at the point,
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5z . 5z
"= |=-2sin(2=)=-2
y[4J in( 4)

c y =sinx+(x-2)cosx
Then evaluate at the point
y'(0)=0-2(1) = -2

d y'=-3cosx+3xsinx

Then evaluate at the point

S T 3r . & 37 3x
y'|=|=-2cos—+—sin==0+—=—
2 2 2 2 2 2

e y =3x’tanx+x’sec® x

Then evaluate at the point
(37 3z Y 3z 37\ 5( 37 277 277

y'|=|=3| = | tan| = |+| = | sec’| = | = -
4 4 4 4 4 32 16

3 a sina+cos’a =1, so the gradient is 0.

_te.mﬂ =secf, so the gradient is tan gsec g
sing
sin® X +2sin2x + 3sinxsin2x + cos® X + 2 cos® 2x + 3 oS 2X CoS X

¢ The gradient is
9 (cos x + cos 2x)?

_ 3(cosx +1)
(cos x + cos 2x)?

Exercise 6U

1 a Llet f(x)=cosx,then f(x)=cos*x =y, then f(y)=cosy and so

gy 1t 1 1 1 !
dx df -siny sin(cos?x) [1-cos’((cos?x)) 1-x?
dy

Then, we use the chain rule

i(arccos 2x) = _t 2= 2
dx J1-ax? 1-4x?

b We use the form obtained in Investigation 8, and find

1
J1-x2

3
241 - X2

i(arcsinéx) = ><§ =
dx 2 2

c let f(x)=tanx, then f'(x)=tan*x =y, then f(y)=tany and so

dy 1 1 2 2 1 1
-~ =—=———=C0S"y =cos(tan™ x) =
dx df sec’y y ( ) 1+x?

dy
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Then
i(tan’1(2x+1))= 1 Sx2=— 2 =— 1
ax 1+(2x+1) Ax*+4x+2 2x°+2x+1
ay = i(2x arccos x) = 2arccos x + 2x (_—IJ =2arccos x — 2x
dx dx J1-x2 1-x?
————x 2X —2arccos x +2arccos x
d_yzi arccos x| _ 1 - x? _ 1 - x2
dx dx 2x 4x° 4x?
-1 _arccos x
2x+1 - x? 2x?
2
ﬂ=2xarctan3x+3xx—_12
IX 1+9x
d . 1 1
— (arcsinx +arccos x) = - =0
dx V1-x* \1-x

This is valid because we are calculating two angles that add up to 7 in a right-angled
triangle.

d 1 1
— (arctanx + arctan(—x)) = - =0
dX( " (=D 1+x2

Here both inverse tangents correspond to the same angle, in different quadrants (due to the
negative sign). So the rate of change between both is zero.

d ( 2x 2 1 2(x* +1)-2x(2x)
——| 2arctan x - arcsin| — X
dx x“+1

:X2+1_\/1‘(X22)+(1j2 (x* +1)
2 1 X[—Z(Xz—l)]_ 2 2

x*+1 | x*+1 x*+1

Trigonometric functions give angles as outputs, so we can call

6, = arctanx

and

. [ 2x )
0, = arcsin| —
x +1

Then we want to show that

so we check

X 5 1 . 2x
Ud+1 Ix¥+1 X +1
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Exercise 6V
1 a f(x)=sin(3x+x)

The tangent is

=350

We calculate

f'(x) =3cos(3x + 7)
Then f’(%] =3cos(z+7)=1

So the tangent equation is

y=x-%
3

The normal is

@[x—%j+0
3

b f(x)=arccos2x

y:
y:_

We calculate the derivative f'(x) = X
1-4x°

Then f(0.05) = -0.101

and f(0.05) = 1.147

The tangent equation is y = -0.101(x —0.05) +1.147

and the normal is y = — (x-0.05)+1.147

-0.101

or equivalently y =9.9(x -0.05)+1.147
c f(x)=xsin2x

We calculate f'(x) = sin2x +2x cos2x

and so f'(-0.5) =-1.382

and f(0.5)=0.421

Then the tangent equation is y = -1.382(x +0.5) + 0.421
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and the normal is y =
1.382

(x +0.5)+0.421

xcos2x =tan(3x + ) -1

Point of intersection (using GDC) is (0.298,0.247).
Normal to y = xcos2x

f'(x) = -2xsinx +cos2x

so £'(0.298) = 0.653

Then the equation of the normal is y =
0.653

(x -0.298) +0.247

y =-1.531(x - 0.298) + 0.247
Normal to y =tan(3x +z)-1
f'(x)=3sec®(3x + )

so £'(0.298) = 7.65

Then the equation of the normal is y = 7__615()( -0.298) +0.247

y = —0.131(x - 0.298) +0.247
We calculate the y -intercepts of each of the normal functions, which we call y, and y,
respectively.

¥, (0) = -1.531(0 - 0.298) + 0.247 = 0.703

and y, (0) = -0.131(0-0.298) +0.247 = 0.286

The intersection between both function is given by x =0.298, as it is the point that they
both share.

Then the two lines form a triangle, with sides

c=0.703-0.286 = 0.417

a=/(0.298-0.703)’ +(0.247 - 0} =0.474

b =(0.298 -0.286)" +(0.247 - 0)’ = 0.247

2 2 2
Then cosC - 0474 +0.247°-0.417>
2(0.474)(0.247)

C =c0s'0.477 =1.073 = 61.5°

~ (cosx — xsinx)(x +cosx) - xcosx(1-sinx) cos? x - x>sinx

(x + cos x)* (x + cos x)?
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b Tangent at point [%,OJ . We calculate

coszz—zzsinﬁ
y’(zJ: 2 272 _ 4

T T2
— +COS —
(5 +cos3)

Then the tangent is given by

1 V4 V1
y=—"|x-=[|+0=x-=
-1 2 2
2
4 a y'=(8x)arctan2x+4x +212
1+x

b y'(0.5)=8(0.5)arctan(2x0.5)+2 = 7 +2
and y (0.5) = (4(0.5)" +1]arctan0.5 = 0.927

and so the equation of the tangent at 0.5 is

y = (7 +2)(x -0.5)+0.927 = 5.14(x - 0.5) + 0.927

Exercise 6W

9 6.1 _0.1rotst
dr 60

and tang = Y = y =100tané#
100

Then dy _ 100sec? Hﬁ =10sec? &
dat dt

We are measuring ¢ with respect to the shoreline, so when they are at right angles with
respect to each other is exactly when 6=0, so

dy

=10ms™
dt

6=0

b tan49=5—0:9=tan‘1

= 0.464
100

N[~

Then ay =12.5ms*
dt 0=0.464

¢ When the ray approaches being parallel to the light beam, the velocity of the light beam is
increasing and is undetermined at the point where it is exactly parallel.

2 a ﬂ=90k—m=90 1 . ><1m|n><1000m
dt h 60min 60s 1km
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Worked solutions

We measure the angle with respect to the horizontal of the camera ‘line of sight’. Then we
can write

tang = 2 = 30tand =y
30

Then ay _ 30sec? 6@ = Ecos2 0= a0
dt dt 30 dat

At 0 =0, the bird is directly in front of the camera, so we calculate

%X 1-0.833 rot s

We integrate % function with respect to t to find

t? = 2tan¢9
25

then at ¢ = 0 is when the bird is directly in front of the camera. So one second later is at

t=1, gives 8 =0.695, so we evaluate % at this value of ¢ and we get 0.491rots™

We use the cosine rule to write a relationship between the decreasing angle ¢ and the
decreasing side 6 -y so we are modelling the decrease y as

5+5 - (6-y) 50-(6-y)

cosf =
2x5x%x5 50

Then (6 - y)2 =50-50cosé
We differentiate both sides with respect to t and get

—2(6—y)% = 505in6%

or equivalently, substituting with % =0.1cms™ we get

(0.004y -0.028)csco = 22

In this case, we change the 6 for a 5 in the expression above, and write the rate of change
as

5+5 -(5-y) _50-(5-y) _25+10y -y?

cosf@ =
2x5x5 50 50

50cos6 =25+10y — y?

Then differentiating we get

_50sing9? _ 109 5, I _ _ 1
505|n9dt_10dt 2ydt_10(0.1) 2y(0.1)=1-0.2y

and so

do 02y-1 0.2y-1

— = - = cscé
dt 50sing 50
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Worked solutions

4 a We have the relationship for the volume of the sphere

"4 =i7z'r3
3

We differentiate with respect to t and get

dav 4 dr
=2 — 232
dt 377 dt

We use that v _ 3cm®min™ and rearrange to get

3 o
4zr’*  dt

so evaluating at r =10 gives

% =0.002387 cmmin™*
47[(10)

We have the relationship for the surface area of the sphere

SA = 4zr?
and the relationship between the surface area and the volume as

ér:V.

3
so differentiating with respect to t gives the relationship

dA 1, Adr_dv
dt "3 3dt dt

For r =4.5, we use the relationship in a to get that

3 3 —¢:0.0118

4rr’  4r(4.5)7 dt

which we substitute into the rate of change for A, then

4z (4.5)

AL a5 7 (35) (011823
dc 3 3

Hence

gA _ 1.333cm?s™
dat

take y to be the horizontal distance, and calculate the expression

y
0 =
10000

Then
y =10000tané@

dy into m s~ to keep units consistent, so

We convert —
dt
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dy km

Worked solutions

=1025— =284.72 ms™*
dy h

We differentiate the expression for y to get

dy doe
9 _10000sec 999
dt sec’ 0

_dy
Cdt

The angle we're looking at corresponds to

6 =tan™ 8000
10000

=38.7°

Then we substitute into expression for the derivatives to get

do _284.72

= 238.7°=0.017 =
ot = 10000 cos” 38 0.017degs

b When the plane is directly above the radar, 6 =0, so

do 284.72

—= 1=0.02 =
7 = 10000 X 0.028degs

6 a We can write the distance between the camera z and the train as

z=\y*+22 =y* +4

Then we use the chain rule to get

dzl

a2 ) (Zy)ccjl};

We evaluateat z=4 so 4=

get that

9z 346, 75_ga.0KM
dt = 4 h

y dy
y? +4 dt

y*+4,s0 y =3.46. Substituting into the above equation we

b So we are looking for % when y =3.46, wheretang y

S0 6 = tan‘l% =

de dy1

dt dt2

sec’ 6—

60° . We differentiate with respect to t and get

which then substituting and converting 75 km/h to 20.8 m/s gives

sec 60°d = 20. 8><—

dt 2
which gives

do

P = 2.6 degrees per second.

7 We have that

cosé =

W<
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Worked solutions

where y is the horizontal distance in metres. Then

y =3cosé
We convert to meters per second, % = % =0.06m/s. We differentiate with respect to t and
get
. do dy
-3sing— = —
dt dt

The angle corresponding to the horizontal distance of 1 mis

sing = 1
3
SO 0= sin’lé =0.34. We substitute all together is
-3sin0.34 a0 _ 0.06
dat

then ﬁ =-0.06
dt

Chapter review

1V =4 =64cm’

cube

we equate to the volume of the sphere
64 = — zr?

SO

then
r=2.48cm

2 a V=V, +Y

cone

\/cane = %ﬂ'rzhcone = %7[(6)2 (14 - 6) = 301.6cm3
V, = l(i ﬂl‘3j = l(ﬂ7r(6)3j =452.4cm?
2\3 2\3

V,, = 301.6 + 452.4 = 754cn?®

tot

b For the surface area we need to be careful to not count the circular base.

The cone slant height is

s=\8+6 =10
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Worked solutions

SA.,. = ars = z(6)(10) = 188.5cm?

cone

SA, = %(4;”2) -2 (47 (6)") = 226.2cm”

N+~

Then

SA,, =188.5+226.2 = 414.7cn?

2 2 2
3 a coscAB=>_1> -3 _0.833
2x3x5

then cos™0.833 = 0.586 = 33.6°.

b i Note that AY = XB as this is an isosceles triangle. Then
AB-BY = AY
5-3=2
Then
AB = AY + XB + XY
5=2+2+XY
Then XY =1.
So the length of the perimeter is

CY +CX + XY =4.516

i A, =310 = 2(3) (0.833) - 3.749cm’

ACX 2

ifi Height of triangle ABC is

h=9-2.5% =1.66
A = 2> ;'66 = 4.15cm?
Then

Apc — Ay =4.15-3.749 =0.401 = A, = A,
Ay = Ause — 2Aos = 3.348cm’
4 a 6sin®’x=5+cosx
6(1 — cos® x) = 5+ cos x

6cos’x+cosx—-1=0

(3cosx-1)(2cosx+1)=0

1 1
and so cosx:§ and cosx:—E

b x-= cos’lé - 360° - 70.529 = 289.4°,430.5°, and x = cos’l—% = 180° + 60° = 240°, 480°
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Worked solutions

5 4tan’x+12secx+1=0

s 2
430 X 12 1 1.0
COS™ X COS X

4sin’x +12cosx +cos?x+1=0

4(1—cos2x)+12cosx+cos2x+1=0

3cos’x-12cosx-5=0
Then

cosx =4.38

which is undefined, and
cosx =-0.38
cos'-0.38=112.3°
and -112.3°

tan A +tan2A

6 tan3A=tan(2A+A)=_———r- o

tan A 2tanA
~ "1 _tan’ A _ tanA (3 -tan? A)
- - 2
1_tanA 2tan;4 1-3tan’ A
l1-tan“A

7 We use a change of variables. Let ¢ = 30. Then we can rewrite the equation as
cos (ﬂ ¢j =CoS ¢
3
or equivalently

COS(ZH‘ - g:p} = COS ¢
nr+2rx = §+i [/

3 3
Then

g =27 47 67 4 on
777

If we substitute into the equation cos460 = cos36 , and apply the identities for cos(26'+ 29) and

cos(26 + 6) we get the equation

8cos’0+4cos’0—-4cosf@—-1=0

so the roots to the equation are precisely cosz7”,cos47”,cos6—7” where x =cos@

Substitute the inverse roots to show the required equality.
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Worked solutions

sin x cos 60° + sin60° cos x = cos x

3

1_
—SinX + —COoS X = COS X
2 2

x =15°,195°
b tan(A—x):MZE
l1-tanAtanx 3

3-tanx _2

1-3tanx 3

3(3-tanx) =2(1-3tanx)

3tanx =-7
o4 7
X = tan —§=293°,113.2°
9 sin3A=sin(A+2A)=sinAcos2A+sin2Acos A

=sinA(1-2sin? A)+2sinA (1 -sin® A)

=sinA-2sin’ A+2sinA-2sin’ A= -4sin’ A+3sinA
10 We can write the equation for the angles, relabelling arctanx =6, and arctan% =0,

01+92=5?”

Then we calculate the sine on both sides (could be cosine or tangent, any function will do) and
get

sin(6, + 6,) = sin(%[)

sing, cos g, —sing, cos g, =1

We complete the triangle and get that
X X x?

Il o -2 1-x* =1

172 4

or equivalently

[ perr(5]

which simplifies into

x*—x*=0
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Worked solutions

which has solutions
x? (x2 - 1) =0
and so

x=0,x=+1

%)

siné
A B—C= 2

11 tan—tan X
2 2 cosé cos B-C
2 2
Note that
A+B+C=nx

as ABC are the angles of a triangle. Then

A_/Z'—(B+C)

2 2
SO

A [ B+C B+C
sin=— =sin| = - = CoS

g =sin(5-(255 )| -o[ %5°)
and

A r (B+C . (B+C
COS— = CoS| = — =sin
2 {2 [ 2 j] ( 2 J

Then we substitute back into the first equation to get

B c .B.C, .. B c . C B
(cos = cos— -sin—=sin—)(sin = cos - —sin—cos —)
2 2 2 2 2 2 2 2

. B c _.C B B c . B_.C
Sin—CoS = + Sin = COS = || COS = COS = + Sin—=Sin—=
2 2 2 2 2 2 2 2

Note that
. B B 1.
sin—cos— = =sinB
2 2 2
and equivalently for C. We multiply the brackets and substitute with the form for sinB to get

sin B(cos? % +sin’ %) - sinC(cos® g +sin® g) _sinB-sinC
B, sinB+sinC
)

sin B(cos? ¢ +sin? E) + sinC(cos? B +sin?
2 2 2
Finally, we have that the sine rule holds, so we rewrite in terms of only sinC to get

b . . b
—xsinC-sinC —-1
c c ~_b-c

gsinC+sinC b,y b+c

12The angle CAB is
CAB =247°-36° =211°
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Worked solutions

and the two sides adjacent to it are 120 and 234, so the distance to C corresponds to the third
side, calculated with the cosine rule as

c® =120% +234% -2x120x234cos211°

c =342.5km

The bearing of town B from C is given by the complementary angle to
360°-36°-211°=113°
so the angle we are searching for is

180°-113°=67°

13a The acceleration is given by the double derivative of x with respect to t, so (assuming a
constant)

d—); = -2acostsint = -a sin2t

SO

d*x
—— =-2a cos2t
dt?

b The particle is at rest where the velocity is zero, so where

ax

— =0=-asin2t
dat

Then we have that 2t =nz,and so t = n?”

c First we check where the acceleration is zero, which will give us the turning points of the

velocity, as

d*x

—— =-2acos2t =0
dt?

so 2t = % +nz andso t = % + n7” . To find whether it is a maximum or a minimum, we

check that the velocity as time approaches t = % it decreases from both the right and the

left, so this is @ minimum. For t = %” . we have the opposite behaviour, so this is a

maximum. This is for positive a. If we have a negative a, the maximum and the minimum
will be reversed.

Exam-style questions

14a A=%x5x105in30°=% (2 marks)
b BD? =5%+10% -2 x5x10cos30° (2 marks)

BD = 125 - 5043 (1 mark)
BD = f25(5—2J§) (1 mark)
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Worked solutions

BD = 5\5-2\3
- Ay . 0
c sinCDB _ sin45 (2 marks)
13 s55-2{3
o 132
sinCDB = ———— (1 mark)
105- 23
d The angle CDB can either be acute or obtuse (1 mark)
and the two possible values add up to 180°. (1 mark)
15a /=v5+3? =5.83cm (2 marks)
S =2x(zx3x5.83...)=110 cn’ (2 marks)
2><l><7r><32 x5
—3 X100 =30.9% (2 marks)
7x3.1°x10.1
16 2cos? x =sin2x = 2cos’ x —2sinxcosx =0 (1 mark)
2cosx(cosx —sinx) =0 (1 mark)
cosx =0, cosx =sinx (1 mark)
(or cosx =0, tanx=1)
cosx:0:>x=£,x=3—” (1 mark)
2 2
tanx=1:>x=£,x=5—” (1 mark)
4 4
17a i -1<y<3 (1 mark)
ii 2 (1 mark)
b a=-2 (1 mark)
b:z?ﬂ.:ﬂ' (2 marks)
c=1 (1 mark)
c —2cos;rx+1=0:>cos;rx=% (1 mark)
7 n 5r 7rx
X €d——,—,—,—, 1 mark
g e{ 3'3'3"3 } ( )
1157
X TSI SrSr o1 1 k
e{ 3'3'3'3 } (1 mark)
18a X _tanx - X _SX (1 mark)
1-sinx 1-sinx cosx
cos® x —sinx(1-sinx)
= (1 mark)

(1-sinx)(cos x)
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Worked solutions

_ cos® x +sin* X —sinx

1 mark
(1-sinx)(cos x) ( )
= 1.—sinx (1 mark)
(1-sinx)(cos x)
1 (1 mark)
Cos x
=secx
b ﬁ —tan2x = sec2x
1-sin2x
So sec2x =2 (1 mark)
1
COS2X = —= 1 mark
N7l ( )
2X_Z,7_”,9_”,& (2 marks)
4" 4" 4" 4
x=%, /% 97 15w (2 marks)
8 8 8 8
19a d—yz;zx[—izj (2 marks)
CEERTE N
dy 1
=7 1 mark
dx 1+x2 ( )
b Valid attempt to apply product rule (1 mark)
dy " Xzearctanx
-~ =2xe¥ e - — 3 marks
dx xe T X ( rks)
dy « x?
=7 _ ear anx 2X
[dx { 1r X
20 Valid attempt at implicit differentiation (1 mark)
dy - 2
(cos y)& = —sinx (sec’ (cos x)) (2 marks)
At (%,Oj : (coso)j—i = —sin%(sec2 (COS%D (1 mark)
dy _ —sec’0 (1 mark)
dx
-1 (1 mark)
So gradient of normal is —ﬁ =1 (1 mark)
So equation is y—0=1(x—%} , or y=x—% (2 marks)
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21a

22a

S(x) = sin® 2x + cos® 2x + 2sin2x cos 2x

1 sindx

=1+sindx

jVANEERV.e

De—rv T T =X

a 4 n

P [

Worked solutions

(3 marks)

(1 mark) for correct shape, (1 mark) for 2 cycles, (1 mark) for correct max/min

The period is % =24

Therefore B =15

So T =5sin(15(t -C))+17

At (3,12), 12= 5sin(15(t —C))+17
-1=sin(15(3-C))

15(3-C)=-90

Cc=9

© Oxford University Press 2019

(1 mark)
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(3 marks)
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(2 marks)

(1 mark)

(1 mark)

(1 mark)

(1 mark)
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(1 mark)

(1 mark)

(1 mark)



Worked solutions

Therefore T =5sin(15(t -9))+17

b Solving T = Ssin(15(t —9))+ 17 and T =20 by GDC (1 mark)
Solutions are T =18.54 and T =11.46 (2 marks)
18.54-11.46 = 7.08 hours (7 hours 5 minutes) (1 mark)

2
23 v = L pop - 2077 (1 mark)
3 3
av = 10077 (2 marks)
dr 3

av = av x dr (1 mark)

dt dr dt

2 - 100zr dr (1 mark)

3 dt

F-0.4=2-207 dr

dt

:£=icm min (1 mark)
dt 20r
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